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Abstract

In what follows we deal with a "complex version" of packing of
spheres. Among other things we present a "complex" generalization
of the beautiful "Four Circle Theorem of Descarte" for arbitrary finite
dimension. The "Boul Of Integer Property" (BOIP) of F. Soddy is
extended in various directions. We also present a new approach to
"Mauldon Inclination Theorem". This includes a consideration of the
hyperbolic space as a projection of a "complex sphere" in an higher
dimension. Our methods are mainly geometrical, but in some cases
it is more natural to use the classical "Darboux-Frobenious" theorem,
which is purely algebraic.

1 Introduction

This paper deals with packing of spheres. The starting point of this inves-
tigation goes back to the Ring Lemma of Rodin and Sullivan [1] and, in
particular, to the finding of the sharp constants (for each n) that appear in
this lemma [2-4].

The Four Circle Theorem of Descartes is a cornerstone in finding the
precise value of these constants [3, 4].

Another important ingredient in what follows is the “Bowl of integer
property” (BOIP from now on). This property goes back to F. Soddy [5].
Roughly, it states that if the first four bends (which mean reciprocal of radii)
in the Apollonian packing are integers, then all bends in the Apollonian
packing are integers. This property is the reason why all constants in the
Ring Lemma are reciprocal of integers [3, 4].



Among other things, we discuss in this paper many ramifications of
BOIP, in particular in connection to reflected Apollonian packing, dual Apol-
lonian packing, etc. We note in passing that a very interersting connection
between BOIP and number theory was established in a recent paper [6].

The research on Apollonian packing is quite broad. For a survey of
various ramifications, the reader is referred to [4].

We recall that the beautiful Four Circle Theorem of Descartes states
that the bends {b; }§:1 of four mutually disjoint tangent discs satisfy

2
<z§_1bj> = 257,07, (1.1)

This fundamental theorem was extended to n dimension by Gossett [4] and
later by Mauldon [7] to n+2 spheres in R", n > 2, having mutual inclination
~. The case v = —1 is the Gosset theorem, i.e., the case of tangency. One
of the ramifications arising out of what follows is to extend the Mauldon
result to n = 1 as well. In other words, we deal with packings on the real
line after we define what we mean by an angle between two segments. In
fact, this opens a window to some invetigation of packing of the real line by
segments.

One of the central topics in our paper is the complex approach. We
define complex inclination between two generalized spheres in the space C™
and show that it is invariant under a (generalized) Mobius map. We also
take a different approach to the hyperbolic version of Mauldon’s theorem
[7].

In the sequel it will be useful to change the notation of the space C" to
G™. This is done in order to emphasize the fact that we replace the usual
distance C™ by a different concept of a “distance”.

Let {a;}7_;, {bj}7—; be complex numbers. We define

P =57 (a; — bj)? (1.2)

as the square of the “distance” between @ = (a1, ...,a,) and b = (b1, ..., by).
Of course, in general, d? is not real, and thus d? hardly may be considered
as a square of a distance. Also, it may happen that d*> = 0 but @ # b. (For
instance, take @ = (0,0) and b = (1,7) in G2.) In addition, if d? # 0, d may
take two different values. Hence we may say that d(a,b) is not uniquely
defined (but d?(a,b) is). Similarly, we define a “sphere” in G™ as follows.
Let a = (a1,...,an) € G", R € C be a complex number. A sphere in G" is
S = S(a, R) where

io1(z —a;)® = R%. (1.3)



The center of the sphere is at a and its radius is R. As mentioned above,
in case R # 0, we get two different values for the radius of the sphere. If
R=0and a =0, we get

S 25 =0. (1.4)
This is not a single point but an entire variety in G™. This obvious obser-
vation is important when dealing with the concept of Mobius maps in G™.
Indeed, it follows that the inverse of “infinity” with respect to a sphere is
the variety of the sort described in (1.4). Nevertheless, for every point in
G", i.e., not infinity, the inverse is a unique single point. Later on we shall
discuss a space G™ > G" such that on G™ the Mobius map will be 1 —1 (see
section 13.3).

It is worth noting that there are two approaches to the investigation of
these matters. One is geometric, taken by most researchers. A very good
representative of this approach is Coxeter [8]. Another approach is algebraic.
This approach was taken a long time ago by Darboux-Frobenious [9]. In the
present paper we mainly take the geometric approach but in some cases we
shall use the algebraic approach as well.

2 The space G"

2.1 Definition of G"

Let aj € C,1 < j < n,a= (ai,...,a,). We then define the space G"
as the space C™ of all vectors @, but with the “distance” d, where d?> =
(a - b)2 = d2(a, b) = ?:1(0,]' - bj)Q, a = (al, .. .,an), b = (bl,. .. ,bn).
(Note that (a — b)? = (a — b,a — b) is the scalar product and a is replaced
by a. When there is no danger of confusion, we occasionally shall use this
notation. Obviously d(a,b) = 0 does not imply a = b. Also, there is no
meaning to the triangle rule. Thus certainly d may be hardly regarded as
a distance in the usual sense. Moreover, in case d(a,b) = 0, d(b,c) = 0 it
does not follow in general that d(a,c) = 0. (Take as an example the space
G?, a=(0,0), b= (i,1), c=(0,2).) In other words, the property of having
a distance zero is not transitive. (Of course, in G', 22 = 0 implies that
z = 0.) As already pointed out above, we shall introduce at a later stage
an extension G = G™ U M, where M is a colleciton of points, all of them
inverse to points satisfying z? = 0. This process of extension will be done
in such a way as to assure the 1 — 1 property of Mdbius maps on G" and
to keep the property that inverse points on G™ will be mapped onto inverse
points under a generalized Moébius map.



2.2 Spheres and planes in G"
Let a = (a1,...,an) € G", R € C. A sphere in G" is
S ={2,%(z —a;)* = R’} = S(a, R). (2.1)

Note that it may occur that R = 0 and we then get for S = S(a,0) :
S={z%0_1(z — a;j)? = 0}. Of course, S is an entire variety and not the
single point a = (a1,...,a,). If R=10,a =0, we get

525 =0. (2.2)

These are the points on the sphere S = S(0,0). As mentioned above, in
what follows a is replaced by a when there is no danger of confusion.
Similarly, we now define a plane in G™.
Let {aj}}_; € C,8 € C, &= (a1,...,an); then P = P(a,p) is a plane
in G™ where
P ={z%"_ zja; = (z,a) = B} . (2.3)

We differentiate between two cases: o? = 0 and o? # 0.

If a®> = 0 but & # 0, the situation in some cases may cause confusion.
Therefore, we usually only deal with the case a? # 0. In the sequel, when
we speak about a plane in G", we mean only the case o? # 0, unless we
specifically say that the case a® = 0 is under consideration.

Given a plane, it may occur that 5 = 0. This means that the plane
“passes” through the origin 0 = (0,...,0) in G™. If this is not so, we may
write the equation of the given plane in a more convenient form, namely,
in a “normal form”. Indeed, if P = {(z,a) = B,a® # 0,8 # 0}, then
(z,a%) = ﬁ% = g—z, and putting v = %a, we get (z,7) = 2. Note that
both conditions o # 0, 5 # 0, have been used. Indeed, we multiply by the
factor % Since it is not zero, it may be applied only for § # 0. Since we
divide by o2, it is applicable only for a? # 0.

The normal form is more convenient in proving some of our statements,
but we have to keep in mind that the case of a plane passing through
the origin is not covered and has to be handled separately. Geometrically
(z,7) = 72 or (z —v,7) = 0 means that the vector v is perpendicular to
z —~. As in the real case, we may say that v measures the distance of the
origin from the given plane.

2.3 Orthogonal transformations in G"

Let T = (ti;);';=; be an n x n orthogonal complex matrix. We define

an orthogonal transformation in G" by w = Tz for z = (21,...,2,), W =

oo



(w1, ..., wp).

Lemma 2.1. Let T be a given orthogonal transformation in G™. Then
(a,b) = (Ta,Th) (2.4)
for any a,b € G™.

Proof. First note that for a = b we get from a? = (a,b) = (Ta,Tb) =
(Ta)®>. We may say that we have an isometry. To prove (2.4) we write
T = (tij);';—; and we get

n
1,]—
(Ta, Th) = S (Ta)i(Th); = Sy (S0 ytsja;) (Sp_ytina)
= X (Z?:ﬁijtik) (aj,by)
= XJp105k(ay, b)) = (a,b).

Lemma 2.2. An orthogonal transformation T preserves spheres in G™ and
the radius is not changed.

Proof. Let S = {2, (2 — a)? = R?} be a sphere in G". Let T = (t;;)
M=T"1= (mij)i j=1- Since w =Tz we have z = Mw.

Let b = Ta or a = Mb. Then, by Lemma 2.1, R? = (z — a)? = (2 —
a,z —a) = 22+ a® — 2(z,a) = (Mw, Mw) + (Mb, Mb) — 2(Mb, Mw) =
w? + b — 2(b,w) = (w — b)%. This ends the proof of Lemma 2.2. Note that
the center b is T'a, i.e.,. the image of the center a by T.

n
Lj=11

Lemma 2.3. An orthogonal transformation T preserves planes in G™.

Proof. Let (a,z) = 8 be the equation of P in G™. Let T = (tij)?,j:p
M=T""= (mij)%zl. Then for « = My, w = Tz,z = Mw, we get, by
Lemma 2.1, 8 = (o, 2) = (M, Mw) = (v,w). Hence the image of P is

('77 w) = B.

In adddition to orthogonal transformations it will be useful to consider
translations, i.e., w = z + b. Obviously translations preserve spheres and
planes as well.

Indeed, (a,2) = f and z = w — b implies (a,w — b) = § or (a,w) =
B+ (a,b). Similarly, (z — a)? = R? is transformed to (w — b — a)? = R%.

2.4 Inverse points in G"

Let S = S(a,R) = {z, E;L:l(zj —a;)? = Rz} be a given sphere in G™.
Assume further that R # 0. Let ¢ = (c1,...,¢,) € G™. Assume that



(c —a)? # 0. then we define d to be the inverse point of ¢ with respect to S

if and only if
R2
d—a=MNc—a),\= (2.5)

we have (d — a)2(c — a)? = A2(c — a)* = L (c — a)* = R%.

= (c—a)?
Note that if d is the inverse point of ¢, then c is the inverse point of d.
Indeed,

—a 4 2
(e—apy_y_ld-a) B _ R

1
c—a=1(d-a)= R d-af  (d-a7

A

d—a).

We say that ¢ and d are inverse points of each other with respect to S.
In the particular case of S = {z X7 1z = 1}, (i.e., S is the unit sphere
in G™) we get from (2.5),

c 9

Next, we deal with a plane in G". Let P = {z,(a,2) = 8} for a =
(a1, .., an),
B € C. We assume further that P is a “proper” plane, i.e., a® # 0. Moti-
vated by the real case, it is natural to consider b = (by,...,b,), as the in-
verse point of @ = (aq, ..., a,) with respect to P, provided “T‘H’ € P, and also
b—a = Aa for some parameter A\. Hence (a, “T‘H’) = B or (a,a)+(b,a) = 2.
Also b — a = A\a implies (b, o) — (a,a) = Aa?. Thus 2(a,a) = 28 — \a? or
A= Mféza—a) and we are led to the definition:
Given a plane P = {z, (a, z) = B} in G™ and a € G, then the inverse point

of a with respect to P is defined as

B:a+[26 Qaa} (2.6)
7)
)

Q

If P is given in its normal form P = {z, (z,7) = 7}, then v = a,7? = 3

and

b=a+2y(1--257) (2.6)

2.5 Preservation of inverse points under translation and mag-
nification

Lemma 2.4. Translations and magnification preserve inverse points.

10



Proof. Letw—é—i-b’,wf(wl,.. W)y 2= (21,...,2n), B=(B1s---,8n),
S = {z,(z—a)? = R?} a given sphere in G". Let c,d be inverse with respect
to S. If C, D are the images of ¢, d respectively, then C = é+ 3, D = d + f3,
D—C =d—eé. Also S is mapped onto onto S; = {w, (w— A)? = R%} where
A=a+p(as(z—a)=(w—-F—-a)?=R}). D-A=(d+8)—(a+3) =

d—a = Xc—a) = \NC — A) where A = (C}_%ZF = i‘) Thus D is the

inverse point of C' with respect to 7.

If w = pz, p # 0 is a given magnification, then the proof is very similar
and we omit the simple details.

If we consider a plane P = {z,(z,a) = §} and a translation or magnifi-
cation, the discussion is also very simple and details are again omitted.

Next we prove

Lemma 2.5. Orthogonal transformations preserve inverse points.

Proof. Let w =Tz, z= Mw for T = (t;;),_;, T an orthogonal matrix.
We first consider a sphere S = S(a, R), S = {z,(z —a)? = R?}. Let ¢,d be
inverse points with respect to S. Then d—a= &(c —a). Applying T
to this relation, we get T'd —Ta = = a)2 (T'c—Ta) and this means D — A =

ﬁ(C — A) where A, C, D are the images of a, ¢, d respectively. To end
the proof we use the isometry (¢ — a)? = (Tc — Ta)? = (C — A)%.

The proof for a plane P = {z, (z,a) = £} is very similar and details are
omitted.

2.6 Transformation of spheres and planes under inversion

Let S = {z,(z — a)? = R?} be a given sphere. Our aim is to find its inver-
sion (we note that sometimes it is called “reflection”) with respect to another
sphere

Sy, S1 = {2, (2—c)? = p*} we have (z —a)? (( c)+(c—a))?=(2—c)?+
(c—a)? +2(z — ¢)(c —a) = R%. Hence for 72 = R? — (c — a)?

(z—c)?+2z—-c)(c—a)=R*—(c—a)> =12 (2.7)

we separate between two cases, 7 # 0, 7 = 0.
First consider the case 7 # 0.
Let w be the inverse point of z Wlth respect to S1. Then z — ¢ =
2 2

(—w%)Q( ¢), putting this in (2.7) —£=5 oL +(%Uw—;%p (c—a) = 72. Thus (w—

2 2 2 4 2 N2
)2 =2 4 4+2(c fz)(w c)p (c Tcg)p )2 _ %;4_ (c ;12 " [r Jr(Tc4 a)?] _

or (’(U—C—

11



f—iR2 = ("’TZ—ZR)2. Hence the image of S with this transformation (i.e., inver-
sion with respect to Si)

_ 2
(WA =2, A=t CZYO R

72 T2 R2 — (c—a)? (28)

We next consider the other case 72 = R? — (¢ — a)? = 0. From (2.7) we
see that z = c is a point of S in this case. In other words, we may say that S
“passes” through the center of Sy if 7 = 0. Thus it is expected that the image
of S will be a plane in this case. Indeed, from (2.7) (z—c)?+2(z—c)(c—a) = 0

and putting z — ¢ = (—w%(w —¢), we get (_w% + (%%(w —c)(c—a)=
72 = 0. Thus, (w —c)(c—a) = 77’)2 or
2

(w,c—a) =c(c—a)— % (2.9)

For the particular case ¢ =0, p = 1, i.e., S7 is the unit sphere, we get

a R ,

(WA =it A=Gr e =t g 28
1

(w,a) = 7 (2.9

(Note that since a # 0, we can rewrite (2.9') in the normal form, (w, 5%) =

o)

2.7 Invariance property of inverse points

As in the real case, we expect that the property of two points being inverse
to each other with respect to a given sphere or a plane is invariant under an
inversion with respect to a given sphere or a plane.

(In the future we will use the word “reflection” instead of “inversion”.)

As in the real case, it is convenient to talk about a generalized sphere. By
this we mean that we have either a sphere or a plane. Generalized spheres
will be denoted by X, Y, etc. Spheres will be denoted, as before, by S, and
planes by P.

Theorem 2.1. Let 3 be a generalized sphere in G™. Let Yo be another
generalized sphere in G™. Denote by X' the inverse of ¥ with respect to Y.

If ¢,d denote the inverse points with respect to 3, and C, D denote the
images under this transformation, then C, D are inverse points with respect
to the image ¥ of X.

12



Proof. The complete proof of the above theorem will be given at a later
stage, after we define properly the space G™. For the time being we confine
ourselves to “non zero” points. More specifically, we do not divide by zero.
This means that in the following, when we consider 5, we assume that

c? # 0. Similarly, when we consider ﬁ, we assume that (c — a)? # 0,

and so on. After defining the space G, these missing cases will be proved
as well.

It is possible to prove the assertion by an analytic continuation from the
real case, but we prefer to give a direct independent proof.

There are various cases to consider.

> may be a sphere or a plane. The same is true for ¥g. In fact, there
are six cases to check;

(c) P—S—8
d P-S—P
(&) S—P—8
(f) P—P—P

(The above notation means the following: say for the case (d) we reflect
a plane P with respect to a sphere S to get another plane P.)

Note that if ¥ is P, we get only the two cases (e) and (f). This is due to
the fact that inversion with respect to a plane preserves planes and spheres
and cannot, like in the case when Y is .S, transform a plane into a sphere.

Also note that (b) and (c) are in fact the same case because of the duality
property of inverse points.

In addition, the case (d) is trivial.

Indeed, it is enough to consider the unit sphere S = {z, E?le? =1}

If P ={z(z,v) = B}, then if we are in the case (d), necessarily we must
have 8 = 0. Thus z = 5 leads to (w, ) = 0, and the image of P is P itself.
Thus the tranformation simply reverses ¢ and d.

Hence, it remains to check (a), (b), (e) and (f). We will check only (a)
and (f), since the cases (b) and (e) are very similar. For the proof of (a)
consider S = {z,(z — a)? = R?}, a given sphere in G". We may assume
that we reflect S in S; = {z,22 = 1}, the unit sphere in G™. There is
no loss of generality in doing so, as we have shown that translation and

13



magnification preserve inverse points. Since we are interested in case (a),
we assume a? # R?. By (2.8'), we know that the image of S after inversion
in Sy is the sphere S = {w, (w — A)? = p?} for A = —“mr and p = ﬁ. If

¢,d are the inverse points with respect to S, we have to show that C' = 5,

D= d% are inverse points with respect to S, or

D-A = p—Q(C—A) p=L -t (2.10)
- (C— A)2 ’ a2 ’
a R
Sy A Gy 3
We put the notation
R? p2
= = 2.11
Thus we have to check
1 — A)?
c-a=tp-a=CD p_y (2.10)
I p
From (2.11)
1 c+a®-2(a,c) 5 o R?
. 2 e =@ vt - (212)
Similarly, 1 = S22 ysing 02 = (§)° = &, A2 = (2%)"
2(4,C) = 2(7%%. %) = mesey we get
1 l+ a? _ 2(a,0)
o 2l (@—R)? 2(a? - R?)
1 [(@®=R?)?+a’P —2(a,c)(a® — R?)
T 22 (a2 — R2)2
1 4 4 2p2 | 2.2 o o R, 2
= EEE e a*+ R* —2a°R* +a“c* — (¢ +a —7)(a — R?)
where we have used (2.12).
Using p?(a®? — R?)? = R? we get after simple manipulations
1 (a? — R?)? 1

14



From (2.10") and (2.13) it remains to show

C—A=0+7)(D-A) or C+71A=(1+7)D,

where TA = (“2;2R2) (3-1) e = C%(% —1)a. Hence C+7A = C%—i-c%(
l)a

= (c+ (3 — Da) = = (&A—)‘)a) = )\—gd. (The last step follows from
d—a= )\(c —a) as ¢, d are inverse points with respect to S. ) Thus, putting

C+1A= )\c in the above, it remains to check (using D = d2 and cancelling
d) that = U7 or

C2 a2

d* = (1+ 7). (2.14)
But we have seen that d = Ac+ (1 — A)a. Hence, from (2.12)

d? = N2+ (1-N)2a>+20(1-\) (a, ¢) = )\202—1—(1—)\)2@2—1—)\(1—)\)(cQ—i—aQ—T).
Also from (2.13) (1 + 7)Ac? = Ac? + Arc? = Ac? + (a? — R?)(1 — \). Hence
(2.14) is reduced to checking whether A2c?4(1—X)2a2+A\(1—-)) (P+a?— RTZ)
= Ac? 4 (a® — R%)(1—\), which is an identity as can easily be varified. Thus
(2.14) is confirmed and this ends the proof of case (a).

In order to check (f), we consider the planes P = {z, (z,v) = f} and
Py = {z,(z,n) = §}. We reflect P in Fy. Also, let ¢,d be inverse with
respect to P, i.e.,

B—(v,0)
—

€ =c+ My for A=2 (2.15)

Reflecting P in Py, we get z = w + [%%(an)} 7. Hence f = (z,7) =

(w,vy) + 252—(’”)(77 7). Thus the equation after reflecting

(0.9) = 1, where 71 =720, 5, =525 (210
Denote by C', D the image of ¢, d respectively. Then

C=c+ [W} n, D=d+ |:25+2<d777):| 7. (2.17)

We have from (2.17)

15



>From (2.15)

_ _ o - 20 2
D—C=xj— n—Z(d—é,ﬁ) — Ay - n—Z(A"y,ﬁ) — (7 — 2®,m).

>From (2.16) we conclude
D—C =),. (2.18)

Our aim is to show that C, D are inverse points with respect to the image
(w,7;) = 1. We thus have to show that

= 2[81 — (71, 0)]

D-C= Y1- 2.1
C 27% Y1 ( 9)
Comparing (2.18) and (2.19), we have to confirm
2 _ Y —
A= 2= (G (2.20)
7

But 72 = ~2, as follows at once from (2.16). Also A\ = 2[3 — (7,0)]7—12 by

(2.15). Hence (2.20) is reduced to 8 — ; = (¢,v) — (C,v1). By (2.16) and
(2.17) this means

25(n, 2% —2en) . 20D
(7;72 7 @5) - (C+ n2( L (777277)77>
= (07 ’Y) _ [(C, ’Y) _ 2(7’7777)2(6777) + 25(:27 7)
Ay, mn* - 2(e,m)(m,7) N 4(e,n) (n,7)n?
774 ,,72 774 )

which is easily confirmed.

2.8 Points with mutually equal distance in G"

In this section we develop some material needed for a later stage. While
the information we deduce is fairly obvious in R", it seems that in G" it
demands some care.
Lemma 2.6. Let {aj};?:l be n points in G, such that a; # 0,1 < j < n.
Also let

(aj—ap)> =X\, j#k 1<3j, k<n, A#0. (2.21)
Then B B

{0j}j=1, bj=a;—a1, 2<j<n (2.22)

are n — 1 linearly independent vectors.

16



Proof. We have for j # k, 2 < j,k <n, (bj — br)? = (aj —ap)?> = X\ =
b? = b2. Hence, A = b? + b2 —2(bj, by) = b?. Thus

by =2(bj,bx) §#k, 2<4k<n. (2.23)

Denote
(bj bp) =X, i =2X=X j#k 2<jk<n (2.24)

Assume now that, in contrast to the assertion of the lemma, we have E?:y\j l_)j =
0 (where not all A; are zero). Then multiplying by by, we get for 2 <k <n
the system

)\g(bg,bz) +>\3(bg,b2)—|—"'+ )\n(bn,bQ):O
A2(b2,b3) + A3(bs,b3) + -+ An(bp,b3) =0

/\Q(bg, bn) + /\3(b3, bn) —+ 4 )\n(bn, bn) =0.

Hence from (2.24)

)\Q(QX)+)\3X+ + X =0
XX +302X)+ -+ + X =0
Ao X + .- + M (2X) =0.
Thus the determinant is

1 1 1
1 21 1
1 1 2 1
1 1 el 9

But this determinant is easily shown to be different from zero for each n.
Hence we derive a contradiction to the assumption of dependence.

Corollary 2.1. The set {b,,...,b,} defined above may be orthonormalized.

17



Indeed, let

Cy = b2
C3 = b2 —2b3

ck=by +-+bp1— (k—1)b

cp = by +"'+bn_1—(n—1)bn.

We first show that this system is orthogonal. Indeed, (c3,c2) = (b2, ba) —
2(bg,by) = 2X — 2X =0, as follows from (2.21). More generally, for j < k,

(ckrbj) = (357"bg — (k — 1)bk, b;)
S5 (beybj) — (k — 1) (b, b))
= (k—3)X+2X - (k- 1)X
= 0.

We leave it to the reader to show that (cj,c;) # 0. Hence, multiplying
by suitable constants, we can produce an orthonormal set.
We now have

Lemma 2.7. Given the set A ={0,ba,...,b,} in G for the {b;}3 as above,
there exists an orthogonal matrix T = (tij)?,jzl such that applying T to the

set A we get a new set B = {0,dy,...,d,_1} where the n'" coordinate of
each {dj}?:_ll is zero.

Proof. Our aim is to find an orthogonal 7' such that

0 b2 biz -+ bip—

0---
tin tizeer tin 0 by bog - 0...
tnl tnn 0 bn2 bn3 bnnfl 0--- 0
For (t11,...,t1n) we take éa, for (to1 - - - ta,) we take c3 and so on, where the
¢y are defined as in Corollary 2.1.
Hence, the first n—1 rows of T" are éo, €3, . . ., ¢,. Our aim is now to show

that it is possible to “complete” the last row and form an orthogonal matrix
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T. Indeed, for the orthonormal system ¢és...,¢, we create the following
linear system of equations:

xr1C12 + Xocrps + x3c32 + - 4+ TpcCp2 =0
xr1C€13 + Xoco3 + ce + TnCn3 =0

(2.25)
ricln + ®2c2, + -0+ TnCnn = 0.

This system, as a linear homogeneous system of n — 1 equations with n
unknowns, has a non trivial solution z = (z1,...,x,). Hence the vector
T is orthogonal to ¢a,...,¢,. We may assume that (Z,Z) # 0. Indeed, in
the case (Z,z) = 0 it follows that Z is orthogonal to {¢s,...,¢,, T}, i.e., to
a set of n vectors. Since Z by construction does not depend on {¢}3, it
follows that z must be zero in contrast to the above. Thus, by an additional
normalization, the last missing row of T is easily constructed. Since the last
row, T,,, is now orthogonal to the set {¢a, ..., ¢, }, we have the same property
of orthogonality to {b,,...,b,}. Hence the last row of the resulting matrix
after multiplication is indeed composed of zeros as wanted. This ends the
proof of the lemma.

Based on the above, we can now formulate the main result in this section
that will be needed later on.

Theorem 2.2. Let {aj,an,...,a,} be a set of n nonzero points in G".
Assume further that d*(aj,ar) = (a; —ax)® = X for j # k, 1 < j,k < n,
A # 0 (ie., all mutual distances are the same). Then, by a combination
of orthogonal transformations and translations plus magnifications, we can
transform the given set {a;}"!_; to the basis {(0,...,1,0,...)}7

=1
j—th !
Proof. We first translate the set by —a; to create
(@1,an,...,an) — (0,a2 — ay,...,a, — a). Using Lemma 2.6 we get that
the set {by = as — ay,bs = ag — ay,...,b, = ay — a1} is independent. Using

Lemma 2.7 we deduce that the n*® coordinate of all vectors Tb;,2 < i<n
will be zero for suitable orthogonal T'. Also, using (Tby — Tb;)? = (by, — bj)?
we conclude that the given property of equal distances remains valid after
applying T'. Hence, without loss of generality, we may assume that the given
vectors b; = a; — a1, 2 < j < n have all ntt coordinate zero. As in Lemma
2.6 we have:

b7 =2(b,b;), j#k, 2<j, k<n. (2.26)
Denoting b = %Z?ZQEJ- = %Z?Zlgj (for by = @3 — a; = 0) we have

(b—b))>=p, p#0, 1<j<n forsome pu. (2.27)
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Indeed, for j = 1 we get
1

(b—01) = V= (Ssh)°
2(n —1)X +[(n—1)2 = (n—-1)]X n—1
= = X
- (=
(where we recall that X = (b;,b),2X = (b;,b;).)
For j > 2 we claim that:
2 -
ﬁzzﬁzgﬁwﬁw)zzwﬂw. (2.28)

Indeed, 2X = 2[(n —2)X +2X]| where, again, we use (b;, by) = X for j # ¢,
(bj,b;) = 2X. Hence, from (2.28) we have (b — bj)* = b* + b3 — 2(b, b;) =
v? = (=L)X, Thus (2.27) is confirmed and, moreover, u = (21)X.

We next use another translation, namely, we move b to zero. So let

zj =bj—b, 1<j<n. We get from (2.27),
Z=p 1<j<n (2.29)
Now we put the notation
zj = (zj12zj2 - 2jn—-1,0), 1<j<n.

Also, let
a=(0,...,0,ap).

Our aim now is to find «,, such that
(zj —o,zp—a) =0, j#k, 1<k, j<n. (2.30)

In other words we claim that for some value of a, all vectors {z; — 04}9‘:1
are mutually orthogonal. In order to show the existence of such an «, we
have first to show some preliminary facts.
First note that
(25,a) =0, 1<j<n. (2.31)

Indeed, (zj,a) = EZ;%zjk -0+ 0-a, =0. Next, observe that

(2, 21) = const for each j # k, 1 <j, k <n. (2.32)
Indeed, (z; — 2;)? = zJ2 + 22 — 2(zj, z1,). Since by construction (z; — z)? are
all equal for j # k, (2.32) follows from (2.29). We are now ready to show
the existence of «,.
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For j # k,
(zj — o, 25 — @) = (2, 2k) — (21, @) — (25, @) + 2.

But (zx,®) = (zj,a) = 0 by construction. Hence, denoting the constant
appearing in (2.32) by 7, we have (z; — a)?> = 7 + o®. Now taking a2 = o?
to satisfy a? + 7 = 0, we get that (2.30) is valid.

In contrast to the real case, we have to be careful with the possibility
that the length of z; — might be zero or, in other words, that (z; —a)?=0.
We now show that this is not the case. Indeed, by (2.29) and (2.31)

(Zj—a)Q:z?+a2—2(zj,a):zjz+a2:u+a2.

If (zj — @)? = 0, it follows that u = zj2~ = —a? for each j. But we have seen
above that the constant value 7 of (z;, z) satisfies T = (2, z,) = —a?, j # k.
Hence

(zj,20) = —a® =z j#k 1<jk<n. (2.33)

Now, by our construction, (z; — 2x)? # 0. Thus
(27— 21)* = 25 + 2 — 2(zj, ) = |2} — (25, 2)] + |2k — (25, 2)] #0,

in contradiction to (2.33).
We have, by the above discussion,

p+a®=(z—a)’#0, 1<j<n. (2.34)

Using (2.34), we now may assume that (z; —«)? = 1, since otherwise we can
multiply by a suitable factor to get it. Now making the additional translation
w=z—-aqa wj =2 —a 1 <j<n, we derive the set {wy,ws,...,w,}
which is an orthonormal set by the above and by (2.30).

Summing up what we have up to now, we see that we can get by a se-
quence of admissible transformations (i.e., orthogonal, translation, magnifi-
cation) from
our original set, the set {w;,wsa, ..., w,} which is orthonormal. Denoting
wj = (w15, w2, . .., Wn;), 1 <j <n, we want to show that by additional or-
thogonal transformation we can arrive at the set {e;}7 = {(0,...,1,0,...}},

j—th
i.e., we want to find T' = (#;;)7',_; such that

1 0 w11 w21 . Wnpl
1 t11 ti2--+ tin w1 W22
I p— pu— . N p— TW
0 . n tnl e tnn Wnp1 Wp2 - Wpp

21



Since the matrix W is orthogonal, as the set {U_)j}?:l is orthonormal, it
follows at once that 7= W1 oI = W~ is orthogonal.
This ends the proof of Theorem 2.2.

3 Mobius transformation in G" and inclination

By a Mdbius transformation in G™ we mean a chain of inversions (reflections)
with respect to (generalized) spheres, translations and magnifications.

Remark. In [9] it is shown that there is a clear connection between
Mgébius maps and orthogonal transformations. Also a Mébius transforma-
tion can be written as a chain of reflections alone. In addition, there is a
classical treatment of further connection between isometry and orthogonal
transformation. All this may be easily generalized to G™. We omit the
details, mainly because we will not need any of these later on.

3.1 Inclination in G"

Our next aim is to define the concept of inclination.
Given two spheres in G, S = {z, (2 —a)? = R?}, 51 = {2,(2—b)? = p?},
the inclination A between S and S; is defined (for R # 0,p # 0) as

R4 p*—(a—b)?

A R

= X(S, S1). (3.1)

Note that in order to make the inclination A uniquely defined, we must
choose a definite value of R and p.

Given two planes in G", P = {z,(z,7) = B}, P = {z,(z,n) = d}, we
define the inclination \ between P and P; as

A= \P,P) = % (3.2)

Note that as usual we assume 72 # 0, 42 # 0, i.e., we have “proper”
planes. Also, again as in the above case, in order to make A\ uniquely de-
termined, we have to choose definite values of 7,7n (otherwise, since v =

\ /E;?:l*y?, N =4 /E;?Zln?, the inclination is determined only up to a sign,
and can get two possible values).
Given a plane P = {z,(2,7) = 8} and a sphere S = {z, (2 — a)? = R},
we define the inclination A between P and S as
A= AP, S) = (@7 -8

F (3.3)
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(Again we assume that v, R are not zero.) Later on we will show that
inclination is invariant under Mobius transsformation. In section 2.5 we
have shown that a generalized sphere is transformed to a generalized sphere
under a Mobius map. In order to show the invariance, we need to fix the
sign of v (or R) after inversion. We now clarify what we mean by that.

We take as an example the sphere S = {z, (z — a)? = R?} in G". We
reflect S in the unit sphere So = {z,2% = 1}. Let a® # R?. We have seen
in section 2.5 that the result in the image plane is (w — A)? = p?, where
n=tolm.

We state as follows: if for the original sphere S the choice of the radius
was one of the two values that we call R, then the radius of the image sphere
is ﬁ. The motivation for this choice will be clear when we later motivate
our discussion by looking at the situation in the classical real case. Similarly,
given a plane P = {z, (z,7) = v%}, 72 # 0, with a specific choice of one of

the two values of v = E}*Zlfyjz-, we get after reflection with respect to the

. . 2 _ _ o 1 2
unit sphere, the image sphere v* = (z,7) = (%,7) or (w, 2—1—2) = (%) .
Again we state that the image sphere has the radius % and not —%.

3.2 The real case

Our aim in this section is to recall the concept of inclination in the real case,
and to analyze it geometrically.

We start our discussion with two intersecting spheres in R™. Hence, let
S ={z,(z—a)? = R?}
S1={z,(Z - b)* = p*}
a=(r1,...,%n)
d*(a,b) = 2 (x; — y;)* = (a = ).

Figure 1: Inclination: the real case.
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We s _ _ PPHR?—(a=b)? . -

e see that A = \(S, 5,) = =5, is cos ¢, where ¢ is the angle of
intersection between the two spheres. It is well known that A = A(S, S1) =
cos ¢ is invariant under conformal tranformation, and in particular under
a Mobius map. In fact, this invariant property is valid even in the non-
intersection case.

We now point out the fact that even in the real case R # 0 may get two
possible values, namely, R may be positive or negative. R > 0 means that
the sphere bounds a finite ball in R”, R < 0 means that the sphere (in R"™)
bounds the complement of a ball in R™, i.e., containing the point of infinity.
If R>0, p<0, A\(S,S1) changes its sign (see Figure 2).

We next want to give the geometrical interpretation of (3.2) and (3.3) in
the real case. We start with (3.2). It is easy to see that % is cos ¢ for ¢
the angle of intersection between the two planes, or what is the same, the

angle between the two perpendicular vectors to P, P, i.e., v, n respectively.

pP<0 R>0

Figure 2: Two possible values for radii.

To explain (3.3) we start with two spheres and let one of these spheres
change continuously to a plane. Let S be the sphere S = {z, (z — a)? = R?}
and P = {z,(z,7) = 8} be a plane in R". We denote the distance between
a and P by h (see Figure 3).
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P 2y)=p

S (z-a)=R?

d(a,b)

Figure 3: Convergence to a limit case.

We have for the tangent sphere S to the plane P: S; = {z, (z—b)? = p?}

R?+ p? — (b—a)?
2Rp '

A(S, Sp) = (3.4)

In the particular case of the situation described in Figure 3 we have p >
0, R > 0. Also, d?> = d?(a,b) = (p+ h)? = (b — a)?. Hence from (3.4):

R2+p?2—(p+h)? R®—h?>—2ph

AW, 51) = 20R 20R

We now let p — oo continuously. Obviously S7 converges to P. In the limit
we get A(S,S1) — —%. Our aim is now to show that this last expression,
ie., —% is exactly the expression of A\ = A(P, S) appearing in (3.3).

To show that again we take a specific situation in order to illustrate the
geometry (see Figure 4) we first define p such that a — p is orthogonal to

7, ie., (@—py,7) =0 or (a,7) = py*. Hence

(@,79)
v

p= (3.5)
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S = {Za (Z - a)2 = R2}
P ={z(27) =}
P is given in its normal form

S={z,(z-a)>=R%}

Y)

P={z,(zy)=B}

Figure 4: Normal form.

Clearly, the distance from the center a to P is h = vy — py or, by (3.5),

[ — h [ — _ 2
—h = py—v=(@p-1)y= [(Cf;—;)—l]% e, —p = % =
(C_l, ’7) — /8 . 2
’Y—R (where we have used the connection v = 3 as we took the normal

form of P). Thus we can conclude that A appearing in (3.3) is exactly ——

R

in accordance with the discussion above.

After dealing with the geometrical meaning of (3.1), (3.2) and (3.3),
we are ready to prove the invariance of A(X, ;) for ¥,¥; two generalized
spheres. This will be done in the next section. But before turning to that,
we want to point out a few additional facts:

Remarks
(1) Inclination depends linearly on the cross ratio, but we will not make
any use of that [10].
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(2) Inclination is closely related to the concepts of separation and inver-
sive distance, [9]. Separation is the same as inclination, but with a negative
sign. Inversive distance is also a very close concept. It is just the absolute
value of inclination. Thus obviouisly both separation and inversive distance
are conformal invariant as well.

(3) The case of tangency is of particular interest. If S = {z,(z — a)
R%}, S = {z,(2—b)? = p?} are two tangent spheres with R, p > 0 (meaning
that their interiors are disjoint), we get from (3.1):

2:

_ R+ p?— (R+p)?
2Rp

In the case R > 0, p < 0 we get A =1 (see Figure 5)

d*>=(a-by=(R+p)? p=0

A(S, S1) = A =1 (3.6)

Figure 5:

(4) In case of tangency between a plane and a sphere, the situation is
very similar (see Figure 6).

==

Figure 6:
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(5) As mentioned in section 3.1, if we reflect the sphere S = {2, (z—a)? =
R?} in the unit sphere, we choose one of the two possible values of R,
and then the new center after reflection is 55 (provided, of course, that
a? # R?) and the new radius is chosen to be ﬁ where R is the specific

chosen value for S. We now motiviate this in R™. Indeed, we separate
between two caps: a®> > R?, a®> < R%. Suppose R > 0. Then in the first case
the image is bounded and thus rRRQ is the right choice. In the other case,
i.e., a> < R?, the image contains infinity and thus the radius of the image
is negative, and thus, again, ﬁ < 0 is the right choice (see Figure 7)

72=1 S=S(a,R) S=S(aR)
>Rz |, R>0 &<R?z , R>0
Image of Sis bounded. Image of Sisnot bounded.
R
afRZ >0 asexpected. Then, Zre <0
Figure 7:

3.3 Invariance of inclination

We are now back in G™. Our aim is to show invariance of inclination be-
tween two (generalized) spheres ¥,% under reflection in another (gener-
alized) sphere Y. In fact, the invariance property is more general. Any
orthogonal transformation, translation or magnification, keeps this invari-
ance as well.

Lemma 3.1. Given two generalized spheres in G™, and applying an or-
thogonal n x n matriz T = (t;;);_; acting on G", the inclination remains
invariant. Similarly, translation or magnification keep the inclination in-
variant.
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Proof. Let S = S(a,R), S1 = Si(b,p) be two given spheres and 7" an
orthogonal transformation. By (3.1), A = A(S,S1) = %w. We have
shown that applying T" keeps R, p the same. Also T'(a — b) = T'a — Tb and
(Ta — Th)? = (a — b)2. This ends the proof of this case.

Now let S = S(a,R), P = {z,(z,7) = 8}. We have by (3.3) A\(P,S) =
(a’j#. Applying T we get for the image of P: (T'z,T7) = (z,7v) = 8. Also,
Ta, the image of a, is the center of the image of S = S(a, R). In addition, R

remains the same. Also, v = \/Z*y? = \/E}‘ZI(T’y)? =+/(Tv,T7). Putting
all this together, we have for the inclination of the two images of P, S:

(TaTy) — 5 _ (@) =F _\p g

(Ty)2R TR

which ends the proof of this case as well.

The case of two planes (i.e., (3.2)) is even simpler and details are omitted.

The proof for translations and magnifications is really not difficult. We
give one example and leave the rest to the reader. Let S = S(a, R), S1 =
S1(b,p) be two spheres. Suppose we impose magnification by M on G".
Thus (z — a)? = R? is replaced by (Mz — Ma)? = (MR)?.

Similarly, (Mz — Mb)? = (Mp)?. Hence the new inclination satisfies

(MR)? + (Mp)? — (Ma — Mb)?

A= (MR)(Mp)

= X(S, 81).

Theorem 3.1. Given two (generalized) spheres in G™, ¥, and another
(generalized) sphere Xg, it follows that A\(X,%') remains invariant after re-
flection of 3, % with respect to .

Proof. We first note that by combination of Theorem 3.1 and Lemma 3.1,
it follows that any Mobius transformation (i.e., this means a combination
of translations, magnifications and reflections) or orthogonal transformation
keep the inclination invariant.

In order to prove Theorem 3.1, we have again to check various different
cases. In fact, the proofs are simple and we show only one case, namely,
S=%=1{z(z-0a)?=R}, 8 =Y ={z(z-0b?2=p?}, % =S =
{2,2% = 1} and, in addition, a? # R?, p? # b%>. We have for the new \:
(a2§]232)2 + (b252p2)2 - (azg}p - b23p2)2

2

A\ =

_R _._p_
a?2—R?2 " b2—p?
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or
R2—a? p2=b? 2(a,b)

N G LI ) N e )] G )
9 Rp
@) )
1 1 2(a,b)
\_ T Pt @)

R
2@ T

(p* =)+ (p* —a®) = 2(a,b) _ p*+ R —(a—b)*

A=
2Rp 2Rp

3.4 Mutual inclination in G"

Given n different (generalized) spheres {¥;}7_;, we say that they have mu-
tual inclination ~, if and only if A(X;,%,) = for j # ¢, 1 < j, £ < k. For
later purposes we will need

Theorem 3.2. Let n + 1 (generalized) spheres be given in G™ such that
they have mutual inclination A # 1. Then, by a chain of Mdbius maps and
orthogonal transformations, we may assume that all radii of the spheres are
the same.

For the proof of Theorem 3.2 we will need to use Theorem 3.1. In
addition we will use two lemmas that are stated and proved in what follows.

Lemma 3.2. If%, Y are two (generalized) spheres in G such that \(%, %) #
1, then by a suitable reflection it is possible to assume that the two radii of
3, % are the same.

Proof. First note that A # 1 is a necessary conditon. Indeed, given two
(different) spheres ¥, ¥ such that ¥ = {z, (z —a)? = R?}, % = {2, (2 —b)? =
R%}, then \(X,Y) = %‘1_—(’)2 =1- %—;IJQE. Since ¥, are assumed
to be different spheres with the same radius R, it necessarily follows that
a #b. Thus \(X,Y') # 1. Assume now that A # 1. Our aim is to show that
in the space G! we can make an inversion such that the two new radii will
be equal.

First, it is obviously allowed to assume that the two given spheres (ac-
tually segments) in G are bounded, i.e., S = {z,(z — a)? = R?*},S; =
{z,(z — b)? = p?} we put the notation d = b — a. We want to invert with
respect to So = {z,(z — ¢)?> = 1} and find ¢. Changing the variable by
translation it is equivalent to take So = {z, 22 = 1}, i.e., the unit sphere and
find a suitable a provided d = b — a is fixed. After inversion with respect
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to Sy we get the new radii ﬁ, b—Qf?. In order to make them equal, we

. R _ p . . .
need to solve for a the equation pezy el e s Since a is considered

as unknown, it is convenient to denote a = x. Of course, a = x = R or
a+ d =z + d = p are not admissible solutions. By a trivial calculation,

2*(R — p) + 2¢Rd + (Rd®> — Rp? + pR?) =0, z =a. (3.7)
Since A # 1, we have R? 4 p? — d? # 2pR or

(R—p)* #d. (3.8)

We first show that in view of (3.8) the equation (3.7) must have two
different solutions. Indeed, the discriminant A is equal to 4[(Rd)? — (R —
p)(Rd*> — Rp* + pR?)]. Thus $A = R2d?> — (R — p)Rd*> — (R — p)*Rp =
pR[d* — (R — p)*] #0.

Now, if the two solutions to (3.7), (say, x1,x2) are both different from
R, then at least one of the solutions is different also from p — d and we are
done. Hence, it remains to check the possibility that one of the solutions
(say x1) equals R. If the other one is diffeent from p — d, again we are
done. Hence let us assume that z; = R, o = p — d. In that case we get
(x—z1)(z—22) =(x—R)(x—p+d)=0or

2> —2(R+p—d) — R(d—p) =0. (3.9)
Since (3.9) is the same as (3.7), we easily get equating coefficients

2Rd = (—R — p+d)(R—p)
Rd? — Rp? + pR* = —(d — p)(R — p)R.

The second equation leads to a contradiction. Indeed,
d?> + p(—p+ R) = —(d — p)(R — p) leads to d*> = (R — p)(—=d + p — p) or
d = p — R which contradicts (3.8).

Lemma 3.3. Let n + 1 spheres in G™ have mutual inclination A, \ # 1.
Let n of them have the same radius. Then the n+ 1" sphere has its center
on the “perpendicular line” to the “n-plane” of the centers of the n spheres,
emanating from the “center of gravity” of the centers.

Proof. First we note that all mutual distances among the given n-spheres

are the same. Indeed, by assumption, all have mutual inclination A. Also,
p’+R2—(a—b)*

radii are all the same. Now, A\ = F——5r—. If p = R = 7 where
. . _ 272—(a—b)? (a—b)?
7 is the common value of the radii, we get A\ = =——F75— =1 — 5+,
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which means that (a — b)? is equal for all distances, or putting this differ-
ently, all mutual distances are the same. We now make use of Theorem
2.2, and the invariance property of the inclination. We thus may assume
that the centers of the n spheres are located at {(0,0,...,1,0,...,0)}7_4

jth place

(see Figure 8).

A
(0,0,1) radius=1
(0,1,0) radius=1
(1,0,0) radius=1 (For G?)

Figure 8:

Denote, as before, the common value of all equal radii of the n spheres
by 7. Aso denote the coordinates of the center of the n + 1*! sphere by
(21,22,...,2,). Since we are given that the inclination between each of the
n spheres and this .+ 1" sphere is again equal to the same value ), we have

B i b b e e O B i i S Er i o S
= 20pT - 2p7 '

A

Hence we get at once that z; = z3--- = 2z,. Denoting this common value by
a we get that the center of the n+ 1" sphere is located at (o, ..., ). Now,
the center of gravity of the plane determined by the centers is (%, %, cee %)
Since
(v — %, a— %, ...,a—%)is a vector perpendicular to each of the vectors
0,...,1,0,...,)

j—th
— (%, %, ey %) = (—%,...,1 -1 1 ...,—%) (as can easily be checked),
we are done.
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Proof of Theorem 3.2. The proof of Theorem 3.2 is by an induction
process. We have shown that given the mutual inclination A\, A\ # 1, then
we can prove the claim of Theorem 3.2 for n = 1, i.e., for two spheres in
G' (Lemma 3.2). We now proceed, in the induction process, from n to
n + 1. Hence assume that we are given n + 1 spheres in G, such that they
have mutual inclination A\, A # 1. By the induction assumption we may
assume that n spheres have the same radius, denoted by R. Without loss
of generality we may assume that all centers of n spheres are located in the
plane z,, = 0. Indeed, if this is not so, we can arrive at this situation by ap-
plying translations and orthogonal transformations (see Lemma 2.7). Since
the property of equal radii remains invariant by translations and orthogonal
transformations, there is, indeed, no loss of generality to assume that all
centers of the n spheres are located at the plane z, = 0. We have seen
already that if all n spheres have the same radius R, and mutual inclination
A, then all mutual distances are the same.

Our aim now is to use Lemma 3.3. It will be convenient to assume that
the center of gravity is at zero and that the center of the first sphere is
located at (1,0,...,0). Also, we assume that mutual distances among the n
centers satisfy d? = 2. (In fact, what we do is, rotating the plane appearing
in Lemma 3.3 and, after translation, arrive at the situation described above).
Using Lemma 3.3, we know that, necessarily, the center of the n+ 1*" sphere
is located at (0,0,...,0, «) for some a. We have \ = % =1- % =
1— 7z, e,

1

A=1- 7k (3.10)

Also, denoting by p the radius of the remaining n+ 1*® sphere and using the

fact that the inclination of this sphere with all other spheres is equal to A,
we get

B R?+p? — (14 a?)

A 3.11
It follows at once from (3.10) and (3.11) that
2 2 2p
a®=(p—R) _1+E' (3.12)

Our next aim is to make an inversion with respect to a sphere with radius
1 and a center a = (0,0,...,z), = to be fixed later. Obviously, a has the
same distance from all centers of the first n spheres. Hence all radii of the
n spheres will be equal, after the inversion, to R; = WL_RQ. In addition,

inversion ofs the n + 1™ sphere changes the radius p of this sphere to the
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radius p; = (a—_a&_—/ﬂ. It now remains to show that it is possible to choose
x such that R; = p;. Doing so, the proof will be finished, because this will
mean that all radii of the n + 1 spheres are equal.
We need to solve p; = Ry or
R p

= : 3.13
1+22—R2  (a—x)2—p? (3.13)

This is equivalent to R(a?+2%—2az—p?)—p(1+2%—R?) or 22(R—p)—2aRx
+ (Ra? — Rp? — p+ pR?) = 0. Hence, v = %, where

A = o?R?>—(R—p)(Ra*— Rp*—p+pR?) = pRa’ — (R—p)(—Rp*— p+pR?).
>From (3.12) we get, after an easy calculation,

A= pt (3.14)
Hence, x = a%ji‘;z = agfpp . Thus
aR+p aR—p
== = 3.15
z1 R— P y X2 R— P ( )

are two possible solutions for x. This ends the proof of Theorem 3.2.
Our next aim is to analyze the (more restricted) situation in R"™. Hence
consider the real version of Theorem 3.2.

Theorem 3.3. Let n+1 (generalized) spheres be given in R™ such that they
have mutual inclination X # 1. Then A\ < 1 is a necessary and sufficient
condition that these spheres may be transformed by a chain of Mdbius maps
and orthogonal transformation to another set of n 4+ 1 spheres having equal
radit R, 0 < R < o0.

Proof. The process of proving Theorem 3.2 is essentially the same in our
case. If A < 1, one needs to show that we get a real solution. To check the
first step of induction (i.e., Lemma 3.2) we recall that 1A = pR[d?>—(R—p)?].
We need to check that for A < 1 we get two different real solutions. But
A= ig;%'“—Cﬂ and thus A < 1 is equivalent to (R — p) < d? which implies
for A appearing in Lemma 3.2 that A = pR[d*> — (R — p)?] > 0. Hence
VA is real, which is what we need. The next step of the induction causes
no problem, as the passage from n to n + 1 in the induction process implies
by (3.14) that A = p?, i.e., A > 0 for real p # 0. This ends one direction of
the proof, i.e., showing that if A < 1, then indeed we can find n + 1 spheres
with equal radii. Proving the other part is much shorter. Indeed, by (3.10)
we see that A =1 — %. Hence, if A > 1, R is not real.
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We note that in [8] a special case of the above theorem is proved, namely,
the case A = —1, i.e., the case of tangency. The proof is entirely different.

Remark. There is one point in the proof of Theorem 3.2 and Theorem
3.3 that needs further explanation. One may argue that the n + 1*" (gen-
eralized) sphere appearing in the proof of Lemma 3.2 is not necessarily a
sphere, but may be a plane. To complete the argument for this case one
needs only to use an additional reflection with respect to a sphere with a
center at any point of the form (a,«,...,a,t) (for some complex o and t)
which is not on the plane. Then each of the n spheres is reflected to a new
sphere and all n spheres have the same radius after reflection. The plane
is reflected to a sphere and we are back in the previous situation. Indeed,
by additional magnifications, translations and orthogonal transformations,
spheres cannot be transformed to planes.

Thus, only one case remains to be checked, namely, if there is not any
point of the form (o, v, ..., a,t) that is not on the plane. But we now show
that such a case contradicts the condition of mutual inclination. Indeed,
A= (a’::# = %’—;) as B = 0 for the case under consideration. a may be
any of the n unit vectors (1,0,...,0),(0,1,0,...,0),...,(0,...,1). Thus
v, the vector perpendicular to the plane under consideration, must be of
the form (7,7,...,7,7n). Since v is perpendicular to any vector of the form
(o, ..., t), we must have n = 0. Hence the orthogonality condition turns
out to be Zz;llom' = (n—1)ar = 0. This leads to one of the two possibilities:
a =0 or 7 =0. Hence we get the desired contradiction.

4 Inclination theorems

Let n + 1 (generalized spheres {EJ}?LI be given in G" with mutual incli-

nation «y, v # 1, and 3,49 be another sphere in G™ having an inclination p

with each of {3; ;jll, such that p satisfies a certain condition, to be speci-

fied later. Now let X be an arbitrary sphere in G™ which we call “a reference
sphere”. Denote by {\; ?;2 the inclinations of {¥; ;jll with X respectively.
In what follows, we shall prove some theorems concerning relations among
{E)\j}?if .7, . Theorem 4.2 is a generalization of Mauldon’s theorem |[7]

and was announced (for the real case) in [11] without proof.

Theorem 4.1. Let n+ 1 spheres {EJ}?LI be given in G™ with mutual in-
1

clination v,y # 1, and v # —:.. Let Y12 be another sphere in G™ with

inclination pn with each of {3; 7;11 where
1
u2 = 2 Eam (4.1)

1+n
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n+2

Let 3 be any sphere of reference in G™. Denote by {)\ the inclinations

of ¥ with {%; };L: respectively. Then
SN = (n+ Do (4.2)

Proof. Following a model of Coxeter [8], we now take the plane ¥/~ tlz =
1in G™*! and we may assume that all centers of the spheres, %, {%; "+12 are
in this plane. By Theorem 3.2 we may assume that all radii of {3; }" are
the same, say R, and further, we may assume that the centers of {¥; }"+1

are located at (1,0,...,),(0,1,0...,),...,(0,0,...,1). Hence

R+ R%? -2 1 1
= T T 1y = 43
Since Y42 has the same inclination p with each of the set of spheres
{Zj}?ill, we have, denoting by p the radius of 3,9 its center’s coordinates
by (011, a9, ... ,an+1),

_R2+p2—(2j¢ka§+(ak—1)2) _R2+p Ea —1—1—2@}C
N 2pR B 2pR

Hence all {ay} are equal. Also (al, a2, ..., 0pn41) satisfy E”flla] =1 by our

construction. Thus a1 = ag = -+ = apy1 = % The distance dj, of this
)) from the points (0,...,1,0,...,) satisfies

kth

. 1
center (i.e., (n—+1, e n+1

2 =3, ;4—(1— 1 >2 = Z’?‘H;_Fl_i
BT SR G )2 n+1 =1 (n +1)2 n+1
n+1 2
CES A

Hence n
a2 = foreach k, 1 <k<n+1. (4.4)
n+1
2, 2 2 R2 _
Thus p = R ;Z 7 i = +§pR . Using the given condition (4.1) for u, we
get
14+9n
R*+p® — —— = 2Ry, u= .
tr n+1 pEt, 1 1+n
Solving the equation p? — (2R,u)p+R2 — nL—l—l = 0 for p, we get p = Ru+ VA,
A = (Rp)? — (R? - n+1) Putting 2 = 111—777 and v =1 — 75, by (4.3) we
very easily get A = 0. Hence finally we have
p = Ru. (4.5)
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Note that p = 0, ¢ = 0 and v = —% are equivalent. This explains the

condition v # —<. Our aim is now to show (4.2).

Denote the coordinates of the center of the sphere of reference > by
(Y1, -+ Ynt1). Obviously E?illyj = 1, since this point is located also in the
plane

E;-Zillz'j = 1. Denote by 7 the radius of ¥. By definition of {\z}}1] we get

R (S 4 (g — 1)?)

Ak 2rR

or
N R2+r2—2jillyj2-—1+2yk
k= 2rR ’

T A =Y

1<k<n+1. (4.6)

For A, +2 we similarly get Apy2 = or

2rp
2 4 .2 +1,2 1
3 _ptET —ijlyj+n—+1 AT
n+2 — 27”p ( : )
(where we have used Z;-‘illyj =1).
>From (4.6), and again applying Yy; = 1, we have
n+1)(R24+r2 X" y2) —(n—1
sty | i j21y) (=1 (4.8)

2rR
Using (4.5), (4.7) and (4.8) we get that (4.2) is reduced to

(n+ )R+ =%) —(n—1)  (a+ )P+ =S5y + =49)

2rR 2rp

)

=

or (n+1)R?—(n—1) = (n+1)p?+1. This is equivalent to (n+1)(R?—p?) = n.
This is the same (from (4.5)) as (n+1)(R?— R?p?) = nor (n+1)R?(1—pu?) =
n. Putting pu? = 111—7: by (4.1) and v = 1 — %, this follows at once.
(Alternatively we can use A = 0 which is equivalent and was shown above.)
This ends the proof of Theorem 4.1 in the case where X is a sphere.

If ¥ is a plane, say, P = {z,(z,1) = 0, E?illzj = 1} we have (see (3.3))

Aj:"jR_nB, j=1,2,....,n+1. (4.9)
<Indeed, (a,z)T;IB _ 0'771+”'+1'77j};;]0'77j+1+"'75 _ 7737;%[3) Slmllaﬂ%
ity L — g8
Ant2 = ( = ;) (4.10)
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We need to check (4.2), or (using (4.9, and 4.10),

n 1
% +11773) ﬁ] -

1 n
Ry (Elﬂnj —(n+1)8) = (n+ 1#[ o~

o
= ﬂ(E?illﬁj —(n+ 1)5)-

But this follows at once from (4.5), i.e., p = Rpu.

Note that v #£ 1 is a natural condition, as for v = 1 there is no chance
to prove any relation (cf. [7]). This remark applies also for other theorems
as well. Thus the proof of Theorem 4.1 is now complete.

Remark. The discussion of the “plane” case could be omitted using the
remark at the end of Theorem 3.3.

Theorem 4.2. Let n+1 spheres {%; }”+1 be given in G™ with mutual in-

clination v # 0, v # 1, v # =. Let ¥,12 be another sphere which is
orthogonal to each of {E ;Hll Let > be any sphere of reference in G".

Denote by {\; }”+2 the inclination of {¥; }" with ¥ respectively. Then

St - (n+ D) = (a4 D) a =021, @

Proof. Comparing Theorem 4.2 with Theorem 4.1 we see that the con-
dition (4.1) on p — appearing in Theorem 4.1 — is now replaced by the
orthogonality condition, i.e., u = 0. Then we get instead of a linear relation
(Theorem 3.3) the relation (4.11). Like in the proof of Theorem 4.1 we sep-
arate the two cases, namely, 3 is a sphere or a plane. Of course we may use
various formulas developed for the proof of Theorem 4.1.

Hence we now turn to the first case, i.e., ¥ is a sphere. We use the same
notation as in Theorem 4.1, i.e., the center of ¥ is (y1,...,Yn+1), Z;Lillyj =
1. Like in the proof of Theorem 4.1, the fact that >, has the same
inclination g (in this case p = 0) implies that the coordinates of ¥, o are

(%ﬂ, ey n+1) Thus d%, the dlstances of the center of ¥ from each of the
{3 ;Lill, satisfy (4.4), i.e., d? = . Since in our case X, 19 is orthogonal

to {Ej}?ill, we have pu = 0, or

2 2 n
R* — =0. 4.12
P+ m——— (4.12)
Note that if p = 0, then R? = 7 =g ory = —%, which explains the

condition v # —%. The radius of > is, again, denoted by r. To make the
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calculation easier, it will be convenient to put the following notation,

1 n
a=R2—p2—n—+1, b=3xity? 42 - R (4.13)
>From (4.6) and (4.13)

1

and (4.7) and (4.14) yield

1 1 —b—a
A2 = (p* —b— R — = : 4.15
2 <p * n -+ 1> 2rp 2rp ( )

>From (4.14) we easily get (using Ez;lyk =1)
1
ntly \ _ 272 2
() = m[(n + 1%+ (n—1)°+2(n—1)(n+1)b.  (4.16)
>From (4.13) and (4.14) we have
n 1
(SR = m[(n—i—l)bz—l—(n—l— D +2(n+1)b+4(r? + R2—1)]. (4.17)
Using the orthogonality condition (4.12) and v =1— % (from (4.3)) we get

-1 —ny 0 —1—-ny

2

- = . 4.18
P (n+1)(1—7) R? n+1 (4.18)

>From (4.12) and (4.13), using (4.3) we get

_1+’y

a=2R>—-1= .
1—7v

(4.19)

In order to prove our theorem for the sphere case we have to confirm (4.11).
In view of (4.15), (4.16), (4.17), (4.18) and (4.19) this means checking if

[(n + 1)2b2 +(n— 1)2 +2(n—1)(n+ 1)b] — <n + %) @

x [(n+1b* + (n+1) +2b(n+ 1) + 4(r* + R* — 1)]

e

This will be done by equating coefficients.

1
4r2 R2
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In order to check the coefficient of b2, we need to confirm
2
% —(n+ %)ﬁ(n +1)=(n+ %)(1 - 'y)ﬁ. This is valid in view of
(4.18).

Equating the coefficient of b, we have

2(n —1)(n +1) 1\ 1
OR? — n—+ 5 47“2R22(n +1)
14
(n+2)1-2(:2)
4r2p?

which is, again, easily confirmed using (4.18).
It remains to check the free coefficient of b, i.e.,

1 1
12 R2 (n—-1)% - (n+;)((n+1)+4(r2+R2—1))}
_ 1 14+7v2 1
= 0| (D gz 1

We first consider the coefficient of 72 on the left hand side. Then

—(n+2)4r?
% = (n+ %)(1 —7)(—1), since % = 1— by (4.3). This cancels

(n+ %)(1 —)(—1) on the right hand side.
Thus it remains to check

(n—1)% - <n+%> {(n—i—l)—i—él(R? — 1)} = f—j(n—i—%)(l —fy)(i—Z)Q.

Using (4.3) and (4.18), this is the same as

= (ng) [ nea(725 1) | = (v 3) T3 =

or

(n =11 =9) = (my + D[(n+1) =v(n = 3)] = —(n+1)(1 +7)%

which is easily seen to be an identity. This ends the case of ¥ equal to a
sphere.

We now move on to the case where ¥ is a plane P. The direct proof is
omitted, as we can again use the argument given in the remark at the end
of Theorem 4.2, showing that there is no loss of generality to assume that
Y (i.e., the reference sphere) is really a sphere and not a plane.

40



Remark. It is worthwhile to consider the situation in R™ instead of G™.
As Mauldon pointed out (see [7, section 5]), if three (generalized) spheres in
R™ have mutual inclination A, then necessarily A > 1 is impossible. Thus one
can use Theorem 3.3 to give a “real” proof of Theorem 4.2, provided n > 2,
since for such n there are at least three spheres having mutual inclination
A, which cannot be bigger than 1, as explained above, which enables one to
use Theorem 3.3. On the other hand, if n =1, A > 1 is not excluded as we
now show. This means that for n = 1 we need to use the “complex” proof
to get the real result.

We now show that A > 1 is, indeed, possible for n = 1. Consider the
spheres S1 = {z, (z+a)? = R?}, Sy = {z,(2—a)? = R3}, S3 = {2,(2—b)% =

p?}. We have for A = A\(S1,52), A= ﬁ;—RZTTZ

Comparing with the notation of Theorem 4.2 (for n = 1), we have S; =
Y1, Sz =3, and S3 = 3. This means that S3 is orthogonal to {S;};=1 2.
In other words, R+ p? = (b+a)?, R3+p? = (b—a)?. Hence R?+ R3—4a® =

_ 2 2 2 S A L
2z for x = —a“ + b p-. For \ we get A R1R2 \/(b+a)27p2\/(b*a)2*p2'

By a trivial calculation % =1- 4:%22 p?. >From the definition of z, taking
a # 0, a®> < b?, and p small enough, we have 0 < % < 1,A > 0, which
means A > 1. Thus, indeed, A > 1 is possible for n = 1, in contrast to the
other cases, namely, n > 2, and thus, indeed, in view of the limitations of
Theorem 3.3 (i.e., A < 1), our proof of Theorem 4.2 cannot be “translated”
to a real proof for this particular case.

Our next aim is to prove a lemma which will be useful for “translating”
inclination theorems to results about radii. In many similar cases we will
omit the details of this translation, which is, indeed, very simple.

Lemma 4.1. Let S; = {z,(z — a;)? = R?}j:m be two spheres in G". Let
Sy = {z,(z — cu)® = R?} be a sphere of reference in G™ such that ¢ # 0.
Denote by \j, j = 1,2, the inclinations of S; with S, respectively. Then, if
u — 00, we have

A I

—, n — o0. 4.20
)\2 Rl’ ( )
R24+-R?—(aj—cu)® .

Proof. Clearly, \; = %, j = 1,2. Hence i_; = %.
R24+R2—(a1—cu)? R2+R2—(a?+c?u?—2(a1,cu)) . 2
Loty —lar—cu)”

R R (ar—cu)®’ But R2+Ré (a1+02u2 —azcn) 1, as u — oo (since ¢© # 0).

This ends the proof.

Our next theorem is a corollary of Theorem 4.2. We use the concept of
Poincaré extension [12], or more precisely, the complex version of it, which
is of the same nature as the real case. We note that instead of using our
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approach, we could give a direct proof which is very similar to the proof of
Theorem 4.2. The present proof is considerably shorter.

Lemma 4.1 will be used to prove, from our next theorem, the complex
version of Mauldon’s theorem. (Using Lemma 4.1, one can give a “radii”
version of Theorem 4.2 as well, but we omit the simple details.)

Theorem 4.3. Let {E ”+2 be n+2 spheres in G™ having mutual inclination
v #0,v#£ 1. Let & be cmother sphere in G™. Denote by {)\]}7;;2 the
znclznatwns of {3; }”+2 with 3 respectively. Then

2
<2”+2Ak> — (n +1+ %) SN = (n +1+ %) (v—1).  (4.21)

Proof. It will be more convenient to prove the theorem for G~ and use

Theorem 4.2 for G". Hence, let {¥; }”+1 be given in G~ having mutual

"‘H the inclinations

inclination v # 1. ¥ is another sphere in G"~! and {)\
with respect to 2. We now use the Poincaré extensmn from G™ 1 to G,

and consider the extended spheres {¥; ;lill and ¥ in G". (See Figure 9.)

=
;&2 :

J

Figure 9: Poincare’ extension.

Clearly, the inclinations of the extended {EJ}?ill with the extended ¥
remain the same, i.e., {}; }"+1 Also, it is clear that 2z, = 0 is an orthogonal

plane to each of the extended {%; }”Jrl It turns out that o, the inclination of
zn = 0 with respect to the extended 3, is also zero because of our construc-
tion. We are now in a position to apply Theorem 4.2 for the n + 1 extended
spheres {Ej}?ill, the orthogonal sphere z, = 0 to each of the (extended)
{3, ;Lill, and the sphere of reference (extended) ¥. Hence, from Theorem
4.2 (noting that the notation o replaces \,42 in Theorem 4.2 and also that

o =0), we get (from (4.11) using o = 0)

<E"+1Ak>2 - <n+ %)22@%2 = —<n+ %)(1 —) =(y- 1)<n—|— %)
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But this is exactly (4.21), replacing n — 1 by n. This ends the proof of
Theorem 4.3.

Remark. Since we have used Theorem 4.2, one might think that we
have the limitation n+ 1 +% # 0. But since p # 0 for the case n+1 +% =0,
we can use a simple continuity argument to complete the proof for this case
as well.

We next apply Theorem 4.3 and Lemma 4.1 to get the complex version
of Mauldon’s theorem.

Theorem 4.4. (Complex version of Mauldon’s theorem). Let {S]};Zif be
n + 2 spheres in G™ having mutual inclination v # 0, v # 1. Denote their
radii by {R]};Zif respectively. Then

snt2 1\? 1 snt2 L
i) ~ i e - (4.22)

Proof. Using (4.21) we have

e )2 1 e )2
( k=1 )\n+2 Y k=1 )\n+2

1 1
BRI\ R
< v Ao
Now taking the sphere of reference as in Lemma 4.1, and letting © — oo, we
have le — 0, ﬁ; — R]’%—:z for k=1,2,...,n+1, and we get (4.22). For

A = —1, i.e., the tangency case, we get from (4.22)
1)? 1
n+2 n+2 _
<2j_1 —Rj> S0 e o 0. (4.23)

This is the complex version of Gosset’s theorem. For n = 2 (i.e.., G?) we
get
(24_1i>2 — 224_1i =0, (4.24)
J= Rj J= Rj2-
which is the complex version of Descartes theorem.

Later on, we will give some more inclination theorems that will be, in
fact, generalizations of the results in section 4. These generalizations will be
concerned with two spheres of references instead of one, like in the above.
But before doing so, we want to use some of our results to deduce new facts
concerning hyperbolic space and its connection to inclinations.
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5 Inclination and hyperbolic space

Let (21,...,%n, 2nt1) € G"1. We introduce the notation
zi=xj+itj, 1 <7< n, zpp1 =ixg+to (5.1)
for {z; }?:0, {t; };?:0 all real numbers. Consider the sphere S = {z, Z?illz? =

R?,
R= z} We consider the subspace of G"*1 by putting the restrictions t; = 0,
0 < j < n. Then, in this subspace, S is reduced to
2 (N2 2
Yi i+ (iwo)” =4 = —1. (5.2)

This is the same as

L+ 5727 = g, Sf_ga = (20— 1)(wo+1). (5.3)

This means that S is “projected” onto a hyperboloid of the form (5.3). We
recall the transformation [12]

Tj = yj(l +$0), 1<5<n. (5.4)

>From (5.3) and (5.4) we get

-1
ynog2 o 20T o 5.5
j—ly_] T0 + 1 ( )
Consider now another sphere centered at (fiq, ..., f,,ify) and with radius
R. Then
iz — Mj)2 — (w0 — M0)2 = R?, (5.6)

which is another hyperboloid.
We will be particularly interested in the case of orthogonality of the two
spheres introduced above, namely,

P+ R =d* =305 + (ipg)?, R*—1=30_45 — ug. (5.7)

Following the standard notation, (cf. [12]), we denote the (real) hyperbolic
n dimensional plane by A”. One of our aims in this section is to give a new
proof for a theorem of Mauldon [7], i.e., the hyperbolic version of inclination
theorem in A™. Our different proof will motivate some new insight later in
the present paper.
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Theorem 5.1. (Mauldon hyperbolic inclination theorem). Let n+2 spheres

of {51, 52, ..., Sn+2} be given in the hyperbolic plane A™. Denote by {3; };Lif
the hyperbolic radii of {S; "2 respectively. Assume further that {S; nt2

j=1 j=1
have mutual inclination v # 0, v # 1. Then
1 2 1 1 1
i (= )T = (4 14 ) (- 1). (5.8
( =t tanhﬂj> (n—&—fy—i— ) j=1 tan 725, (n+ +,y)('7 ). (5.8)

For the proof of Theorem 5.1 we will need some preliminary results.
First, we need the “translation” of Theorem 4.2 to the radii version (see
Lemma 4.1). Following the notation of Theorem 4.2, and using it for n + 1
instead of n, we further denote the radii of {¥; };Lif by {R; };‘;2 respectively.
Also, for our purposes we shall need to take the radius of ¥ to be i. Then the
“radii” version of (4.11) (replacing n by n + 1, and noting that R, =),

En+21 ? 1 En+2 1 _ 1
jzlE - n—i—l—i—; jle—?— n+1+; (7—1). (59)

The idea of the proof of Theorem 5.1 will be by transformation of (5.9) to
A", using (5.4). Our aim is to derive (5.8) from (5.9). In order to do that
we need to show first that the inclination in the original space G"*! remains
invariant, i.e., that it is the same after the transformation into A™. As a
matter of fact, this is generally not true, but if one uses the orthogonality
conditions (5.7), the result is valid. Thus we have

Lemma 5.1. Let 51,55 be two “projected” spheres
S (@5 — py)? + (iwo —ipg)® = R?, (5.10)
Sp_y(aj —my)® + (izo —ing)? = p?,

where both spheres are orthogonal to the “projected” sphere E;-‘:lxg + (iz0)?

= 2 = —1. Assume further that these two spheres are transformed, as

explained above, to two new spheres in A™. Then the inclination A between
S1 and Sy is the same as the inclination v between their images in A™.

Proof. 1t will be convenient to introduce the notation
=505, =Yg, (wn) = S um;. (5.11)
By the definition of A we have

p2 +R?—d? _ 02 + R? — [2?21(%' - 77j)2 + (g — Z'770)2]

A= A1 52) = 2R 2R
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Hence 2 2 2 2 2 2
N PP Bt 2(pn) + g+ — il
2pR '

Using the orthogonality condition (5.7) applied to S;,j = 1,2, we have

R —1=p—pg, p*—1=n"—np (5.12)
Putting this in the above expression for A\, we get

o 2m) = 2pme +2 1+ (um) — pigo
2pR pR '

Again using (5.12) for p and R, we have

_ 1+ (p,m) — pono

V1+p2 = pg/1+n? = ng
In order to confirm that X is equal to 7, i.e., the inclination between the
images, we first need to find expression for the images of S;,j = 1,2. We
have from (5.10) Z?le]z + p? = 2(x, p) — 23 — pd + 2z0p9 = B2 We now
use the transformation (5.3) to get pu? — 1 — 2(w, ) — p + 2xouy = R%. By
(5.12) R? 4+ p2 — % = 1. Hence —2 — 2(z, ) + 2zopy = 0. Using (5.4) we
have 0 = —1 — (x, ) + zopg = —1 — (1 + o) (y, 1) + xopy. Denote

= (y. ). (5.14)

We have from (5.14) and the above

(5.13)

1
w0 = — L. (5.15)
Ho—T
>From (5.5) and (5.15) we easily get
2T 1—pyg
o2 = ) 5.16
7=1Y] 1+M0+1+M0 (5.16)

>From (5.14) and (5.16) we get at once

2
Y . S S Sy 7 WY N el el
i=1\% 77 1 A+m)?  (L+m)?
+ Ko + o + ko) (1 + po)

Using (5.12) we finally get

2 2
14 R

(g = ) = , 5.17

3_1(% 1+N0) <1+M0> (5:17)
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which is the equation of the image sphere of S7 in A™. In other words, the

new radius is —2— and the new center is “A> Similarly,

i 1
144 Idpg? """ 14pg

n\2 p 2
¥n ;— J = 5.17
J_l<y] 1+770> (1+770> ( )

is the image of Sy in A™.
Our aim is now to find -, the inclination between these two images and
confirm that v = A. For v we have

2 2 - 2
() + ()" — Y — )

2 (%)

or
R, 2w P 2
I+pg © (I4m)2 ' (4me)(At+pg)  (I4m9)%  (I4pg)?
5 )

(T+mo) ~ (T+m0)
From (5.12) we have
R [T Sy 1 R e )

(T4+p0)?  (T4+mp)? (I+m)? L14p

. . 2 2 1—
Similarly, @ an)Q - fno)g =7 +Zg Hence we get for
1-ng | l—pqg 2(n,4)
_ Idmo ~ 1dwe © (14m0)(+po)
= 9 R _p_ :
Itpg  1+mg
or
Vzl—nouﬁ(n,u): 1+ (1, m) — poTlo
ftp VI+ 12 = g/ 1+ =g

Hence v = A by (5.13) and the proof of Lemma 5.1 is now complete.
Next, we shall find the connection between R and the hyperbolic radius
of its image in A".

Lemma 5.2. With the above notations the hyperbolic radius 3 of the image
sphere of S1, given by (5.17), satisfies

R =tanhp. (5.18)
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Proof. Recalling that the new radius is % and the new center is 1_+‘u#_o

(see (5.17)), we have for D, the hyperbolic diameter of the image sphere,

Ly (i) 1 (158

D =/¢n 14+pg . 1";/‘0
- (f550) 1+ (50

(see Figure 10).

(By distance we mean, Euclidean)
I

Distance of A, the center, from the origin is 7 o
. ... R
Distance of B from the origin is £—— Frto

. i i MR
Distance of C' from the origin is § i

Figure 10:

_ (A+potptR)  (A+pg—ptR)
Hence, D = ¢n [(1+ME—M—R) . (1+ug+u—5’-) . But

(I+po+R+m)(I+pg+R—p) = (1+p+R)>—p’
= 14+ pd+ R?— 1 + 20 + 2R+ 219 R

= 2+42pug+2R+2uyR
where we have used (5.12). Similarly,

I4+pg—p—R) (A +pg+p—R)=24+2p5— 2R —2pyR.
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Hence, for the diameter D,

D=/ — _ .
"TYw-R—pR (U +pm)1-R 1-R

Thus we finally get for the hyperbolic radius 8 = %D,

1 1+R

(5.19)

>From (5.19) we get (5.18) by a simple calculation. (Indeed, i%g =% or
R = Zi?ﬁ = ZZ;Z:? .) This ends the proof of Lemma 5.2. Having Lemma

5.1 and Lemma 5.2 at hand, it is now easy to prove our theorem.

Proof of Theorem 5.1. By the conditions of Theorem 5.1, we are given
n+ 2 spheres {S1,52,...,Sn42} in A™ with hyperbolic radii {5y,..., 08,42}
respectively. Also, it is given that the mutual inclination ~y satisfies v # 1.
Assume for a moment that this set of n+2 can be realized as images of n+2
spheres having radii {R; ;L;Q respectively. Using Lemma 5.1 we have that
these n + 2 spheres have mutual inclination A\, A = ~. Also, by Lemma 5.2,
applied for each sphere of the set of n + 2 spheres, we have by (5.18) that

Rj=tanhf;, 1<j<n+2. (5.18)

Hence (5.8) follows at once. It remains to show that realization is, indeed,
possible. So let S be a given sphere in A", with the notation

i1y — &) =17 (5.20)

It has to be shown that the sphere can be viewed as an image of a suitable
sphere in G™. This means that we have to check the conditions
:u] . 2 R2
£, = , 1<j<n, r"=—, 5.21
7 14 p (1 + p0)? (5:21)
such that, in addition, the orthogonality condition (5.7) is satisfied, namely,
R? =1+ p? — pd for 2 = Z,’f:l,u?. Thus, in view of (5.21)

R = (14 pg)*r? =14+ % — pd = 1+ (1 + pp)* — i

(where ¢2 = E;-‘:lf?). Solving for g we get at once

D e S e A it 3 i it S
Mo = 72_52_’_1 )
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or
—r2 4 €241
r2—¢24+1°
Hence the two solutions, py = —1 and pg = ;ZA_JEQ% to = —1 is excluded,
as g + 1 # 0 is a necessary condition by (5.21). The other solution is

possible, as obviously 1 + (iji;ﬁ) =po+1#0.

To complete the discussion, note also that the denominator r2 — ¢2 + 1
cannot be equal to zero, as 2 = &2 — 1 leads to a contradiction. Indeed, by
construction, £2 < 1 and thus 72 < 0, which is not possible. This ends the

proof of the theorem.

Ho =

Remark. It is worthwhile to note that all R; satisfy R; < 1. Indeed,
this follows from (5.18"). It is possible to give a direct proof of this fact.
We differentiate between two cases: pg < |u|, po > |- If po < |p], then

R .
€| + (1-510) - |{‘|+ZO < lyields R < 1+ pg— |p| < 1. If pg > |p|, then

the orthogonality condition R? = 1 + p? — p3 implies R < 1. This remark
raises the question about equivalence of (5.8) and (5.9). In fact, in (5.9) no
restriction is needed on R;. One is led to the question: Is it possible to give
a hyperbolic translation of (5.9) in the general case as well (i.e., without the
limitation R; < 1, 1 < j < n+2)? Later on we will again discuss the
issue and other matters concerning hyperbolic space and inclinations. In
the meantime we go back to the previous line of reasoning.

6 Further results on inclinations

In this section we aim to deal with various topics. First, we plan to generalize
some known results on radii to results on inclinations. This will help us later
on to discuss further the BOIP (bowl of integer property) and inclinations.
In addition, we will discuss Apollonian packing, dual Apollonian packing
and super Apollonian packing in connection with inclinations.

6.1 Some connections between Theorems 4.2 and 4.3

We recall that Theorem 4.2 deals with n + 1 spheres in G™ having mutual
inclination v # 1, and an orthogonal sphere ¥ to all of them. Theorem
4.3 deals with n + 2 spheres in G" having mutual inclination v # 1. First
note that A\, 2 is a notation of two different quantities in Theorem 4.2 and
Theorem 4.3. In order to avoid confusion, we first change the notation in
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Theorem 4.2 and replace A2 appearing there by o. Hence o is now the
inclination of the orthogonal sphere with the reference sphere. A,z is (as
before) the inclination of the n+4-2 sphere with the reference sphere. Hence,
with the new notation we have instead of (4.11),

1 1
= (w2 )shi = (n4 D)= - 0. @)
We have

Theorem 6.1. Let 31,39, ...,3,12 be n+ 2 spheres in G™ having mutual
inclination v £ 0, v # 1, n +% # 0. Let g be orthogonal to each of

{3 ;L;rll Let X be a sphere of reference in G™. Denote by {)\j}?if the

inclinations of {2]};1;2 with X respectively. Denote by o the inclination of
Yo with . Then

E?ill)\j:ta\/(n—{—l—k%)(n—&—%)(l—fy)

I
n =
+3

>\n+2 - (61)

Proof. It will be convenient to denote
a=3pt N, b=t (6.2)
>From Theorem 4.3 and (4.21), we have with the notation of (6.2),

(a+ Mny2)? — (n+1+%>(b+Ai+g): <n+l+%>(7—l).

Solving this quadratic equation for Ao we get

ai\/(n—i-l—i-%)[a?—(n—i—%)b—l—(njt%)(l—y)}
n+ '

)\n+2 = 1
v

>From (4.11") we get

a? — (n+%>b+ (n+%>(1—7): (n+%>(1—7)a2.

Substituting this expression in (6.3) we have

oz Jor 1t Do Ha—me ],

1
)‘n+2 - 1
n+;

o1



which is another form of (6.1). This ends the proof of Theorem 6.1.
We now specialize (6.1) for a particular case.
Let n =2 and v = —1 (tangency case). We get,

S Mt Xt+Atoy/B-1)(2-1)-2

A 21
or
A= A+ A2+ A3 £+ 20. (6.4)
Also, for this particular case (i.e., n = 1,7 = —1) we have for o (from (4.11"),

M+ A2+ 23)2 =X + X3+ X2 +2(0? —1). Hence
02 = A2+ A1 A3+ AoAg + 1. (6.5)

>From (6.4) and (6.5) we have

A=A+ Ao+ A3 20/ A1 ha + Az + Aods + 1. (6.6)

Using our standard procedure to “pass” to radii, we use, as usual, Lemma
4.1. Then from (6.6),

A4 A2 A3 A2 A3 s 1
R
A1 A1A Ao AN

and dividing by R;,

R, 1 1 1 1 1 1
—_ = 4 — 4+ —4+2 . 6.7
Ry Ry + Rs * R3 \/Rle * R1R3 * RyR3 (6.7)

Here (6.7) is the complex form of Descartes 4 circle theorem. Similarly, from
(6.5), passing to radii and denoting by p, we get the radius of the orthogonal
sphere X,

1 1 1 1

- =+ + + . 6.8

p \/R1R2 RiR3  ReR3 (6.8)
We now point out an important result that follows very easily from Theorem
6.1.
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Corollary 6.1. Let ¥1,%9,..., 2,41 be n+ 1 spheres in G™, having mu-
tual inclination v, v # 0 v £ 1, v # %1 Let E}LH,E%H be two addi-
tional spheres, each having inclination v with {¥; ;Lif Let X3 be a sphere
of reference in G™. Denote by {)\J};Lill the inclinations of {Ej}yill with Y.
Also denote by )\}HQ, )\%H the inclinations of 2711+2, Z%+2 with X respectively.
Then )
n

Zj:l Aj

-
n + 5

Az +Xiig =2 (6.9)

Proof. The result follows at once from (6.1), adding the two posssible
solutions for A, 4.

Denoting by {xj};‘ill the “bends” (i.e., reciprocal of radii) of {EJ}?LI
respectively, and by xﬁl 19,7 = 1,2, the bends of Zi 12,J = 1,2 respectively,
we get from (6.9)

1
i(zyj}%). (6.10)

P

Trpz + g =2
This is the complex form of a known result in the real case (cf. [13]).

6.2 Matrix approach and inclinations for Apollonian packing
in R?

We now specialize our discussion for the real case. Moreover, we take v =
—1, i.e., the tangency case, and also n = 2. This is the setting for creating
the Apollonian packing. We start by recalling a few basic known facts.
Let X, %1, Y2, Y3 be four mutually tangent (generalized) spheres in RZ.
We also assume that their interiors are disjoint. Given g, X1, Yo, then in
addition to X3 there is another tangent sphere to {¥; }?ZO, say, X1 (again,
with disjoint interior). Given X, ¥y, 33, we have similarly, in addition to
>0, another sphere, say Y4, also tangent to 31, X9, 33, and having disjoint
interior with each of them. We may say that after putting >4 in the “hole”
created by {¥; }2:1» three new “holes” are created and we can “put” three
additional spheres in these holes. If we continue with this procedure for
ever, we get the Apollonian packing in R? (see Figure 11).

In the situation described in Figure 11, we have for the straight lines,
>, X1, that the bends of both of them are zero, i.e., zg = 1 = 0. Denoting
the bends of 3; by z;, we now describe a known technique (see [14]) of
operating with three different matrices in connection with “filling” the three
“holes” as described above. To be more specific, let 31,39, Y3, ¥, be the

53



Figure 11: A special case of Appolonian Packing.

spheres described as above. Thus we may say that >4 “fills” the “hole”
created by X1, Y9, ¥3. Three new holes are created, i.e., by {31, %9, ¥4},
{21, 33,24}, {32, X3, X4}. To simplify notation, we denote by X5 the sphere
which “fills” the “hole” for each of the three cases. Thus, we arrive at the
following three options:

(21722323724) - (21723724725)

(21722323724) - (21722724725)

(21722323724) - (22723724725)'
We first analyze the case (21, 22, 23, 24) — (21, 23, 24, 25). Since {21, 23, 24}
are mutually tangent to each other, and X1, X5 are the two options to “com-

plete” this set to four mutually disjoint four spheres, we get from (6.7) (or
(6.10) for n = 2 and 7 = —1) that

X9 + Ty = 2(.7}1 +x3 + £U4). (6.11)

This may be written as a matrix form, namely,

I1 1 0 0 0 Tl
zz| [0 O 1 0 T2
T4 o 0 0 0 1 X3 (6'12)
5 2 -1 2 2 T4
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Similarly, the case {¥1, X9, X3, X4} — {¥1, X2, X4, X5} may be described by

T1 1 0 0 0 Tl
z2| |0 1 0 O T9
z4] |0 0O 0 1 x3 |’ (6.13)
Is5 2 2 -1 2 T4

and the third case, namely, (X1, X9, X3,24) — (X2, X3, X4, X5) may be de-
scribed by

) 0 1 00 1
zz3| [0 0 1 0f]a
T4 o 0 0 0 1 I3 (6'14)
5 ~1 2 2 2) \ay

The three cases will be called the “Ring Lemma Case” for (6.12), the “Knife
Case” for (6.13), and the “Spiral Case” for (6.14) (cf. [4] for motivation of
these names).

A similar description to the above may be given with the aid of the “dual
Apollonian packing”. We then also get three matrices, but with nonnega-
tive entries, which is sometimes more convenient. The “dual Apollonian
packing” is simply the Apollonian packing created from a given Apollonian
packing, by taking all orthogonal spheres. This means creating, for each
three mutually tangent spheres in the given Apollonian packing, the orthog-
onal sphere to all three. Denoting these three spheres by 31,3, 33 and
their bends by 1, x2, x3 respectively, and the bend of the orthogonal sphere
by 0 (123), we get from (6.7) and (6.8),

T4 =121+ T2 + T3 + 20(123). (6.15)

Also,
r3 =1+ T2+ x4 — 20(124) (6.16)
(with an obvious notation).
>From (6.15) and (6.16) we at once get
0(124) = 1+ 2+ 0(123) (617)

(see Figure 12).

Y5 and X3 are both tangent to X1, 3, X4.
Y5 has a smaller radius, hence x5 > x3.
Thus

T5 = x1 + T2 + Ty + 20 (124

T3 =T+ T2+ g4 — 20(124).
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21

23

Figure 12: Dual Appolonian Packing.

In view of (6.15) and (6.17) we get

T 1 000 T

T2 o 01 0O €T

T4 o 1 1 1 2 I3 (618)
0 (124) 1 1 0 1/ \o(@23

This replaces the description (6.13) for the “Knife Case”. As said above,
the fact that there are no negative entries in this matrix is sometimes an
advantage. Similarly, for the “Ring Lemma Case”

I1 1 0 0O Il

T3 100 1 0 T2

T4 1111 2 T3 (6.19)
0'(134) 1 011 0'(123)

and for the “Spiral Case”

i) 01 0 0 I

I3 . 0 01 0 )

T4 111102 T3 (6.20)
0'(234) 01 1 1 0'(123)
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(For reference of (6.18), (6.19) and (6.20) cf. [2] or [14]).

It is our aim now to show the complete analogy between the above and
the discussion for inclinations. Indeed, using (6.6) (or (6.9) for n = 2 and
v=-1)

MM =200 4+ Ao+ X3). (6.21)

Thus, instead of (6.12), we now have the more general relation

A1 1 0 00 A1
x| [0 0 1 o] a ,
Ml T lo 0 o0 1] | (6.12)
A5 2 -1 2 2 g

for the “Ring Lemma Case”.

For the “Knife Case”, instead of (6.13), we get
A 1 0 0 O A1
Ml [o1 0 o x :
M {00 0 1 A3 (6.137)
A5 2 2 -1 2 A

For the “Spiral Case”, instead of (6.14), we have
Ao 0 1 0O A1
M| [0 01 o] ,
M |0 001 A3 (6.147)
s 12 2 2/ \\,

We now turn to the other description (namely, the one involved with the
orthogonal packing). With an obvious notation, we get from (6.4),

A=A+ X+ A3+ 2/\(123); (6.22)
A3 = A+ A+ g — 2)\(123). (6.23)

>From (6.22) and (6.23) we get
)\(124) =+ Ao+ )\(123). (6.24)

Thus (6.22), (6.23) and (6.24) are generalizations of (6.15), (6.16) and (6.17)
respectively. (The choice of sign is, again, explained by Figure 12.) Indeed,
one may use Lemma 4.1 and the fact that in the limiting case we get the
results for radii.
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Hence, for the “Knife Case”, from (6.24) we get

A1 1 0 0O A
v | o1 o o]| x
A3 1111 02 A3 (6.25)
A(124) 11 0 1/ \Auas)

(In the limiting case, if the center of the “sphere of reference” tends to
infinity, we get (6.18) from (6.25).) Similarly, for the “Ring Lemma Case”,

A1 1 0 00 A1

A3 100 10 Ao

A4 Tl 11 02 A3 (6.26)
A(134) 1 011 A(123)

and for the “Spiral Case”

Ao 0100 A1

A3 {00 10 A2

A 11112 A3 (6.27)
)\(234) 0 1 1 1 )\(123)

Here (6.26) and (6.27) are generalizations of (6.19) and (6.20) respectively.

We end this section by answering a question posed in [4], where the
significance of eigenvalues and eigenvectors of the matrices introduced above
was investigated.

We consider the “Ring Lemma Case” and the matrix appearing in (6.12)
or (6.12') representing it. It is known (cf. [4]) that the eigenvalues and eigen-
vectors of this matrix are {7, (0,1, 7,7%)} {2, (0,72, 7, 1)}, {-1,(0,—-1,-1,-1)},
and {1, (1,-1,—1,—1)} where 72 — 37 +1 = 0.

In [4] the eigenvalues 7 and % are explained and the same is true for the
respective eigenvectors. This was done with the aid of the relation given
in (6.12), i.e., by investigating the geometry of the dynamic of changes of
the values of radii. Now we are able to explain the other two eigenvalues
(and their respective eigenvectors) with the aid of the more general relation
(6.12).

Let {X1,¥9,X3,%4} be any “quad” (i.e., four mutually tangent spheres
with disjoint interiors). We now take in particular ¥, the sphere of reference
to be X1. Then

M =AEE)=1L)=XEX%)=-1, j=2,3,4
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Since,

1 1 000 1
~1| (o o 1 0]|]|-1
—1] "o 00 1]|-1
-1 2 -1 2 2/ \-1

This means that As = A(X, 35) = —1 (in view of (6.12)).

Figure 13 explains the situation where we have chosen > = ¥; to be a
straight line. Of course, in view of the invariance of inclinations, there is
nothing special in this choice, and we can take an arbitrary quad.

22

23

21=X

Figure 13: "Ring Lenna" case.
Of course we can continue this process:
(X1,%2,%3,%4) — (31,23,%4,%5,) — (X1, 24,55, 56), ... -
All corresponding vectors of inclinations:
(A1, A2, Az, M), (A1, Az, Ag, As), (A1, Ag, As, Ag)s - -

are all equal to (1,—1,—1,—1) as X4, X5, X, . .., are all tangent to 3 = ¥
with

disjoint interiors, which implies A(X;,X) = —1, j = 2,3,.... This explains
{1,(1,-1,—-1,-1)}. To explain the remaining eigenvalue and eigenvector
{-1,(0,-1,1,—1)}, multiply by a to get another eigenvector, namely,
(0, —a,a, —a). To motivate the choice of a, we use (4.21) for n = 2,y = —1,
to get (A1 + A2+ A3+ M)? — 2(A3 + A3 + A\ + \]) = —4 and for our vector
(0, —a,a, —a) thisis (0—a+a—a)?—2(a®+a®+a?) = —4ora® = %. Hence,
a= i%. Thus (since A\ = A(X, ¥1) = 0), this means that ¥ is orthogonal
2

to X7 and intersects with g, 33,34, ... in an angle +¢, as cosp = i\/g
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We now use, again, the model described in Figure 13. It is well known
that if the radius of X3 is chosen to be 1, then the radius of g is 7, where
T satisfies 72 — 37 + 1 = 0, i.e., the eigenvalue described above (cf. [4]).
Also it is known that all tangency points among (X2, X3), (X3,24),... are
on the perpendicular line to 3 ([4, p. 521]). We now choose ¥ to be
this perpendicular line. It is an easy calculation to show that A(X,¥y) =

N ANE,XE3) = %, AE, Ey) = \7—%, ... (see Figure 14).
— _h
cosp = —5-
sinp =14 =L
T+1 V5
S 3+2\/5
cosp = %
2
he
: 23
22 T o
1
21 /@ >

Figure 14:

Note that if the line ¥ is chosen as in Figure 14, then h is positive for
Y9,%4,... and negative for X3,¥s5,... where A\(3,%;) = \; = _%’ j=
2,3.4,....

Summing up, we have for {3;}{ and a = %,

(Alv)‘%)‘?n)‘ll) = (07 —a,a, _a) - (07 a, _ava) = ()‘17)‘37>‘47)\5)-

This ends our discussion of eigenvalues and eigenvectors of the matrix asso-
ciated with the “Ring Lemma Case”.

Next, we will be interested in particular with some aspects of Apollonian
packing in R'. But before, we want to make some remarks concerning
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packing in R™ and G". We point out that the discussion about matrices
may be generalized to R" and even to G". Of course, the disccussion in G™
is formal, since it is hard to give a geometrical reasoning to “packing” in G™.
But we definitely may speak about “chains” of spheres like in R?. We restrict
ourselves to one case, namely, the “Ring Lemma Case”, just as an example
to what can be done also in all the cases treated above. Hence consider, as
in Corollary 6.1, {¥; 7;12 spheres in G", having mutual inclination ~, and
{Ej}?ill, Y n+3 having also mutual inclination 7, provided v # 0,y # 1,y #
—21. Then, from (6.9) we have Ay + A3 = —2 (E;‘ig)\j + A1),

n—&-%
A3 ) A2
0 0 .. 1
Ant3 2 2 Ant2
nts nty

(6.28)
Instead of three matrices in R? representing the three cases, “Knife”, “Ring”
and “Spiral”, we now have n + 1 matrices in G". We will not push further
this line of reasoning.

6.3 Apollonian packing in R!

First, we recall the concept of inclination in R!. It is sometimes more con-
venient to consider “balls”, i.e., segments in R! rather than “spheres”, i.e.,
pairs of points. Hence, let two “balls”, 31, with radii R', R? respec-
tively, be given, such that the distance between their centers is d. Then the
inclination between ¥; and X5 is,

R? + R3 — d?

AL ) = = e

(6.29)
(see Figure 15).

In case the two segments intersect, we may talk about the “angle” ¢
between these two segments determined by cosp = A\(31,X2). As usual,
R < 0 for the “ball” ¥ = {z, |z —a| < R} means the complement of ¥ in R,
ie., R\Z.

We check first Descartes “three circles theorem “ and show that it actually

degenerates. Indeed, the theorem reduces to (R% + R% — R%)Q = (n + % +

1) (RL% + RLE + Rig) for n =1, and v = —1 (in the case of tangency). Hence
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Figure 15: Packing of the real line.

1.1 1y_ 1,11 1 1 1 _
(R_1+R_2_R_3) _R_%+R_§+R_§ or RiRs R1R3+R2R3' Indeed, R3—R1+R2,
and thus, this is a trivial identity (see Figure 16).

21 22
23 I I 23

Figure 16: Degenerate case (tangent).

In order to understand better why this is a degenerate case, note that
for x; = R%_, j = 1,2, we have to solve (z1 +x2+1)%? = (2-{—%)(1‘%-{—:13%—}—%2).
Hence, if v = —1 (the tangency case), we get only one solsution. But, as we
see, for other values of v we get two solutions, which makes the situation
very similar to what occurs in R™ (or G™) for n > 2. Solving for x we get,

z1+ 12 £ VA 1 1
x:_L_JLr_ﬂA:42+—ﬂ@y+@V—<1+—>@?+ﬁ4.msm
1+ 5 Y Y
As an example fo “Apollonian packing” in R!, such that all {R;} become
positive, consider the case 1 + % < 0. Then for a = x1 + 2, b= 2?3 + 3,

1
f>wwu+?,A>& (6.31)

Hence, for the choice x = (:Ul + z9 + \/Z) . H;l we get x > 0 and thus
vy

Rs = % > 0. It is possible to continue in this way, and to create infinite

“Apollonian packings” (see Figure 17).

An interesting question might be to investigate the size of the residual
set (say, the Hausdorff dimension). Similar questions in R? are very deep
and not yet completely solved (cf. [4]).
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Ri R R R R

Figure 17: Non degenerate case (inclination).

In the next section we will be interested in the BOIP for R? and R3. Also,
we will discuss the BOIP and its connection to reflecting the Apollonian
packing in any of its spheres.

7 “Bowl of Integers” property

7.1 Inclinations, Apollonian and dual Apollonian packing

As mentioned already in the introduction, Soddy was apparently the first
to discover this property [5]. It was rediscovered many times later on.
We now recall what we mean by this property. Suppose we are given a
quad in R?, say, (X1,%2,%3,%). Assume further that its bends z; =
R%’ 1 < j < 4 are all integers. Then creating the Apollonian pack-
ing from this quad, one gets all bends as integers. This is a surpris-
ing fact, but very easy to prove. Indeed, consider for instance the “Ring
Lemma Case”. Since (X1, X9, X3,34) — (31,23, %4, X5) we have xg + 5
= 2(x1 + x3 + x4) and thus if {z; };’f:l are integers, then obviously x5 is an
integer as well. Thus, by the same reasoning, all bends of this particular
Apollonian packing are integers. For R? we get a similar situation. Indeed,
consider for instance, (X1, 32, X3, 34, X5) — (21, X3, 34, X5, 26). Then we
have for the bends {zj}?zl, T+ g = m% E?:3x]~ = E?:3x]~ as n =3 and
v=—1 !

Thus again, if {a:j}?zl are integers, all bends of this particular Apol-
lonian packing will be integers. (In fact, one may consider the case n—l—% =1

or n + % = 2 even for higher values of n, i.e., for R, n > 3. We then get
the same result again, i.e., all bends will be integers provided the starting
n + 2 bends are such.) Now, if we make a Mobius transformation, of course
the radii are changed, and the BOIP may be destroyed. It is a nice fact
that we have a similar situation for the inclinations (meaning the BOIP).
But contrary to the previous case of radii, inclinations are not affected by a
Mobius transformation, as inclinations are invariant under such maps. We

63



start with a known theorem of Boyd [9]. Our proof is much simpler.

Theorem 7.1. (Boyd). Given any Apollonian packing in R™, for n =2 or
n = 3, all mutual inclinations between any two spheres of the packing are
odd numbers.

Proof. We first recall (as Boyd mentioned in his paper quoted above)
that the special “spiral” case was proved earlier by Coxeter [8].

Since, as noted above, the inclination remains invariant under a Mobius
map, we can choose a convenient setting. Hence, consider the situation
described in Figure 18.

Figure 18: Mutual inclination (odd numbers).
Let 3 = ¥ be the sphere of reference. Then

M=AEE) =1L, A=AMEE) =-1,
A3 = )\3(2’ 23) = —1, Ay = )\4(2, 24) = —1.

Thus, using A5 + A1 = 2(A2 + Az + A\g), we get A\s =2-(—3) — 1= —7. More
generally, by induction, we have (3;;, ¥i,, ¥i;, Xiy) — (34;, Lig, Liy, Xi5) for
two quads: i, + Aig = 2(Ai; + Aig + Aia) and thus, assuming A, Aiy, Aig, Aiy
to be odd integers, it follows that the same is true for \;;.

For n = 3 the proof is very similar. We take two parallel planes ¥; and
Y9 and three spsheres X3, 34, 35 between them and all are mutually tangent.
Then for X = 21, )\1 = )\(2,21) = 1, )\j = )\(E,Ej) = —1 for ] = 2,3,4,5.
Thus from A1 + Xg = Ao+ Ao + Ay + A5 we get \g = —4 — 1 = —5. The
passage from n to n 4 1 is very similar and is omitted.

Next, we prove a similar theorem for the dual packing.
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Theorem 7.2. Given an Apollonian packing in R, consider the dual (i.e.,
the orthogonal) Apollonian packing. If L is any sphere in the original Apol-
lonian packing and K is any sphere in the dual Apollonian packing, then the
inclination A\ = A\(K, L) between the two spheres is an even integer.

Proof. Let L be any sphere in the original Apollonian packing and K any
sphere in the dual one. Our aim is to show that A\(L, K) is even. We take K
as a sphere of reference. Denote it by 31 = X. If (21, ¥a, 33, %4) is a quad,
then A\(3,%1) = A2, %1) = 1, M35, %;) = —1 for j = 2,3,4. Let (123
be orthogonal to the set Y1, X2, ¥3. Then, obviously, A(X(123), %) = 0. The
given sphere K is orthogonal to three spheres of the original Apollonian pack-
ing. Denote these three spheres by (3, ¥,+1, Xn+2) and K by Ynnt1n42)-
Operating with the three matrices described in (6.25), (6.26) and (6.27)
(i.e., “Knife”, “Ring” and “Spiral”), we can reach in a finite number of
steps, say n — 1, from (X1, ¥y, X3, 2(123)) to (En, Y41, 242, En,n+1,n+2)'
We now proceed with the induction process. The first “move” is already
explained above. Indeed, )\(2(124), ¥) =0 is an even number. As explained
above we reach the final stage by a finite number of “moves”, say, n — 1.
Assume, as an example, that the second “move” is with the “spiral” ma-
trix, i.e., the situation described in (6.27). We then have, A\(¥(234), %) =
)\(22, Z) + )\(23, E) + )\<Z(123)7 E) But )\(Z(123), E) = )\(E(123), 21) =0 and
A(X2,X) = A(Z3,X) = 1, as ¥ = ¥; and thus (X, 39, ¥3,%4) is a quad.
Hence A(¥(234),%) = 2 which is an even number as claimed. More gen-
erally, the m' “move” is very similar. Assuming that A, met1,m42)5 2)
is even by the induction assumption, and using Theorem 7.1, we get that
)\(E(m7m+2’m+3), Y)) is an even number too, as a sum of two odd numbers
and an even number. (In the notation above, we used the “Ring” case,
(mym+1,m+2,m+3)— (m,m+2,m+ 3, m+4) with an obvious nota-
tion. Of course, the reasoning is identical for the other two options.) Thus
showing the assertion from m to m + 1, we now have that at the final n*®
stage, A(X(nnt1,n+2), %) = AK, L) is an even number as claimed.

Remark. The situation in R3 is different. Indeed, going back to
Theorem 6.1, we get from (6.1) for n = 3 and the tangency case, i.e.,
v = =1, that Ay = (B30 £0/B+1-1)B-1)(1+1))55 or Ay =
2[M + A2 4+ A3g] £ 0v/3. In view of Theorem 7.1, {)\j}?:l are odd integers
and thus ¢ = A\(K, L), K a sphere of the original Apollonian packing in R3,
and L a sphere in its dual Apollonian packing, is an irrational number of
the form (2A4 — A\ — Ao — /\3)% (except for the trivial case of orthogonality,

ie,oc=0).
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7.2 Reflected Apollonian packing and inclination

Given an Apollonian packing, we have seen that it is worthwhile to consider
the dual (orthogonal) Apollonian packing. We can consider also other Apol-
lonian packings created from the given one. Indeed, it is possible to reflect
the Apollonian packing in any of its members. We first recall some known
facts about this procedure (cf. [4]), and then relate the results to the BOIP.
To make the discussion easier and more geometrical, we confine ourselves to
R", rather than to G™.

Hence, let X1 be a sphere in R", 3 be a sphere of reference and Xg
another sphere. We aim to reflect 31 with respect to ¥y and find how the
inclination A\(31,%) is changed after the reflection. We further denote by
Y] the reflection of ¥; with respect to ¥g. Our aim is to confirm that in
the special case of tangency between ¥ and ¥y (from outside),

A(S, 55) = A(S, 1) + 2M(E, %) (7.1)

First we consider the situation without the limitations of tangency. Be-
cause of the invariance property of the inclination, there is no loss of gener-
ality to assume that Yy is a plane.

We now introduce some notations:
h1 = the distance of the center of ¥ from X
h = the distance of the center of ¥ from X
d = the distance of the centers of ¥ and ¥4
d* = the distance of the centers of ¥ and X
R = the radius of X
R; = the radius of 7.

We have (see Figure 19)

—h
M, o) = —, A2, 50) = R—l. (7.2)
1
Also,
P =a>+ (h—h)% (d)?=a® + (h+ h1)? (7.3)
and R?2 4+ R? — ¢ R? + R? — (d*)?
—+ 1 * + 1 -
A X)) = —mm——— A\, X)) = . 7.4
( ? 1) 2RR1 bl ( I 1) 2RR1 ( )
Hence, combining (7.3) and (7.4), we get,
2hhy
.Y =AM X)) = ———. .
A, 51) - A(E, 50) = 2 (7.5
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Figure 19: Reflected Appolonian Packing.

Since % RO RS (‘Tfl) (_R—hll) we deduce from (7.5) with the aid of (7.2),

1

AE,EH) = A2, 51) — 20(Z, Zo)A(Z1, Do). (7.6)

Specializing now to the case of tangency of ¥; (from outside) to 3¢, we get in
particular that hy = Ry, A(2X1,¥0) = —1, and thus (7.1) follows from (7.6).
We now make use of the invariance property of the quantities appearing in
(7.1). Hence consider now the case where X is a sphere of radius p, and we
use Lemma 4.1, as usual, to pass from inclinations to radii by letting the
center of ¥ tend to infinity. Denoting by R the radius of ¥; and by R* the
radius of the reflection of 31 with respect to g, we then easily get,

1 1 2

R + . (7.7)
Comparing (7.6) and (7.7) we see that again, as in previous cases, we have
a complete analogy between the case of inclinations and the case of radii.

We now restrict ourselves to R?. Also, to make things clear, we spe-

cialize ourselves to the “Knife” case, having in mind that “Ring” and “Spi-
ral” cases are similar. Hence, let (X1,%2,%3,%) be a quad in R? and
¥ be a sphere of reference in R2. {)\j}?:l will denote the inclinations of
{Eﬁ?zl and ¥ respectively. Since we are interested in the “Knife” case,
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we consider (X1,X9,33,34) — (31,32,24,%5) and we recall (6.13') for
>\j = )\(Z,ZJ),l S] <5

M 10 0 0\ /M
| o1 0 of X
M|l Tloo 0o 1]]xs
A5 2 2 -1 2/ \\

It is our aim now to show that operating with the transpose of this matrix,
we get information about reflection of the quad (X1, X2, 33, 34) with respect
to 4. This somewhat surprising fact was already pointed out in [4]. Indeed,
we have

A+ 20 1 0 0 2 A1
Ao+ 2M4 . 010 2 Ao

- 10 0 0 -1 A3 (7.8)
A3+ 2)4 00 1 2 A4

Comparing with (7.1) we see that the new vector on the left of (7.8) actually
describes the new inclinations after reflection. Here ¥¢ = ¥4 (as we reflect
with respect to ¥4). Hence from (7.1) we get for our case

AE,E5) = A, %)) +2A(5, 54,5 = 1,2,3, (7.1)

(Note that (7.1") does not apply for j = 4 as 34 is not tangent to itself from
the outside!)
Since the reflection of ¥4 with respect to itself changes the sign of the
radius, we get that
AE, 1) = =2, 2y). (7.9)

Denoting A} = )\(Z,Zj),j = 1,2,3,4 using (7.8), we get from (7.1) and
(7.9),

M\ /100 2\ /A
Ml o1t o 2]
IV e O Y P (7.10)
v/ o1 o2/ \N

(see Figure 20).

Since (X7, X35, X%, X3) is a quad, note that (AT, A3, A3, A\}) = (A1+2\4, Ao+
2A4a
— A4, A3+2)4) must satisfy (4.21) forn = 2,7 = =1 or ((A1+2X1)+(A2+2X4)
+ (A3 +2X\g) — )\4)2 - 2(2?:1(/\j +2X\)% +A3) = —4 provided {);}{ satisfy
(4.21).
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ZI

Figure 20: BOIP and reflection.

We leave it to the reader to check this simple calculation. Specializing
to the radii, (7.8) is reduced to

r1 + 214 1 00 2 T
To + 214 . 010 2 T2

— w000 <1 |l (7.11)
T3 + 2134 001 2 X4

where {z; };*:1 are the bends {Rj_1 ;*:1.
We also have a similar remark in the special case, namely, the Descartes
four circle theorem must be satisfied by (z1 + 2x4, T2 + 224, —24, x3 + 224),

or,

253, (2 + 224)% + 23] = [(w1 + 224) + (w2 + 224) + (23 + 224) — 24),
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provided 22;*:13:? = (E?lejf. This is easily checked to be valid.
We are now in a position to relate the BOIP to reflection.

Theorem 7.3. Let A be an Apollonian packing in R?, and let AP be its
dual Apollonian packing. Let o be any sphere in A. Reflect A and AP with
respect to Xg to create two new Apollonian packings. Consider ¥; € A,j =
1,2 and their reflections with respect to 3o denote by X7 respectively. Then

the inclination \($1,%3%) is an odd integer. Consider any X € AP and its
reflection (XP)*. Then A\(X1(XP)*) is an even integer.

Proof. The proof is an easy corollary of Theorems 7.1 and 7.2, and (7.1).
We have, by Theorem 7.1, that A(X1,X2) is an odd number. The same is
true for A\(X1,Xp).

>From (7.1) we get

)\(21, Z;) = )\(21, 22) + 2/\(21, 20)

Hence A(X1,X3) is an odd integer. To prove the second assertion, we use
Theorem 7.2. We have that A\(Xq, Ef) ) is an even integer. Applying, again,
the relation (7.1), we have

AZ1, (7)) = AE1L, E7) + 2A(51, Do)

Hence (31, (3P)*) is even as the sum of two even numbers. This ends the
proof of Theorem 7.3.

Note that in the limiting case we get a BOIP for radii in view of (7.7).
Indeed, if we are given an Apollonian packing that contains a quad with four
bends that are integers, then not only all bends of the Apollonian packing
are integers, but all bends of reflected Apollonian packings, and repeated
reflections with respect to each of the spheres will give a similar result. We
can now state

Theorem 7.4. Given any Apollonian packing in R?, having a quad with
four bends that are all integers, we have necessarily the BOIP for the dual
Apollonian packing and any new Apollonian packing created by a finite num-
ber of reflections with any of the spheres in the construction.

Proof. To complete the proof, there is only one thing to check. Since by
the above discussion there is nothing left to prove concerning the reflections,
we are left with the following assertion to prove: Given a quad having four
bends that are integers, then necessarily the bends of the orthogonal spheres
are also integers (see Figure 21).
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Figure 21: Preservation of BOIP under reflection.

But (see (6.7) and (6.8)
T4 =21+ T2 + x3 £ 20,

where o is the bend of the orthogonal sphere, ¥(123), to (31, X2, ¥3). Hence,
what is left to show in order to confirm that o is an integer, is that E?lej —
x4 is an even integer. Indeed, (E?lej) —xy = (Z?lej) — 214 implies that
it is enough to show that E?lej is an even number. Instead we show the
equivalent thing, namely, that (E‘llxj)Q is an even number. But this follows

at once from Descartes’ four circle theorem, namely, (E?lejf = 22§:1m?.
This ends the proof of Theorem 7.4.

The situation in R? is different. In fact, we have already seen that
for n = 3 and v = —1 (i.e., the tangency case) we get from (6.1), \s =
M+ X+ A3+ M £ 2\/50)%. Hence, except for the trivial case o = 0, if
{)\j}?zl are integers, then o is never an integer. In fact, it is an irrational
number of a specific form, namely, ﬂ?) for some integer m. On the other
hand, a similar result for reflection still holds. We omit the details.

We end this section by discussing the nature of the matrices associated
with reflection in R3. It turns out that the nice property of the transposed
matrices that we have shown in R2, is not valid any more in R3. This makes
the property in R? even more mysterious and hard to motivate. Hence, sup-
pose we are given (31, Y2, X3, X4, 35), a set of five spheres in R?, mutually
tangent, and with disjoint integers. Let ¥ be a sphere of reference in R? and
denote by {\; }?:1 the inclinations of ¥ with {3; }?:1 respectively. Suppose
we consider the “move” which is similar to the “Ring Lemma Case” in R2.
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Then Ao + Ag = A1 + A3 + A4 + A5 and the matrix description is

A1 1 0 000 A1
A3 0 0 100 A2
M|=1]10 0 010 A3
A5 0 0 001 A
A6 1 -1 111 A5

Hence, it turns out that instead of the last line, we have to take the vector
(2,—1,2,2,2) and then take the transpose. Indeed, doing that, we get

Al A+ 25 1 0 00 2 A
A5 — X5 0010 —1 Ao
XMNl=X+2s|=[01 0 0 2 A3
)\;; A3 + 225 0010 2 A4
)\Z A+ 25 00 01 2 A5

A7 ?:1 are the values of the inclinations of the {E;‘ ?:1 with respect to X,
where X7 is the reflection of X; with respect to X5 for each j,1 < j <'5.
Obv1ously {Z* _; must satisfy the mutual inclination theorem. Indeed,

putting n = 3 and v = —1 in (4.21), we have to check (¥7_ 1)‘k) —
322 (Ar)? = —6, provided (22 1)\k)
— 322:1()%)2 = —6. We leave it to the reader to check that this is, in-

deed, correct.

Our aim in the next section is to give a “translation” of inclination
results proved earlier, to radii results. We have done that already by taking
a limiting process, namely, sending the center of the reference sphere ¥ to
infinity. We now take a different procedure.

8 Further “translation’” of inclination results to
results on radii

8.1 The linear theorem

Instead of a limiting case, we now take fixed spheres with mutual inclination
~ and let the sphere of reference ¥ be arbitrary. We then equate coefficients
and find more detailed information about radii and coordinates of the given
fixed spheres. To make things more clear we start “translation” of the
linear theorem, i.e., Theorem 4.1. Hence, as in Theorem 4.1, let n + 1
spheres {3; }"+1 be given in G" with mutual inclination v, v # 1,7y # —21,
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Y42 be another sphere in G™, with inclination p with each of ¥;,1 <
j < n+ 1, satisfying (4.1). X is the sphere of reference. We denote by
a;j = (aj,,...,aj,) the centers of {ZJ}?LI respectively, { R; };lill are the radii
of {Ej}?ill, r,y denote the radius and center of ¥ where y = (y1,...,Yn).
p, ¢ denote the radius and center of %, 19 for ¢ = (c1,...,¢,). With these
notations we have

\ _r2+RJ2~—(aj—y)2

P = 1<5< 1. 1
y R, 1<j<n+ (8.1)
2+ p° — (c—y)?
A = . 2
n+2 27‘p (8 )
By Theorem 4.1 we have from (4.2),
2+ R? — (aj — y)? r2 4 p? — (c—y)?
D )

2rR; 2rp

As explained above, we fix {3; };lif and let X move freely, or in other words,
we consider r and {y1,...,yn} as n + 1 free parameters.
Cancelling r from both sides in the above equality, we have,
r? + R — af —y® +2(a,y) (41 72+ p? — (c — y)?
=1 R. =n ):u .
j p

yrtl

Equating coefficients on both sides, we start with the free term. Then

CL2 c2
2Ry — #) = (n+u(p— ;). (8.3)

Equating the coefficient of 2,

1 (n+1)u
yotl = — 22 = 20 4
J=1 Rj p (8 )

Similarly, equating the coefficient of y?, we get again the relation (8.4).
Equating the coefficient of {y}}_; we have (using (a;,y) = X} akyk, (c,y) =
Ezzlck‘yk)?

sl ik TR =12, . (8.5)

Summing up we have
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Theorem 8.1. Let n+1 spheres E;Lill be given in G™ with mutual inclination

v,y £ 1,7 # _71 Denote by {Rj};bill their radii and by a; = (aj,,...,ajn)
their centers, respectively. Let ¥,12 be another sphere in G™ having in-
clination p with each of {Ej}yill where p? = 1;—1? Denote by p and
¢ = (c1,...,¢p) the radius and center of ¥. Then we have (8.3), (8.4)

and (8.5).

It is of interest to give another proof of Theorem 8.1. For this aim we
need two simple observations. We put these observations as lemmas, since
they will be needed also at a later stage.

Lemma 8.1. Let X be a plane in G™,Y = {z,(2,a) = B} for a® # 0. Let
Y be a sphere in G™ where ¥, = {z —ua)? = R*} and a,R € C, a® # 0,
R#0. Thenﬂzzo’—gu)ﬁ() as u — Q.

Proof. The proof is immediate. Indeed, we have

Ao, Xy)  (ua,a) =B

= — 0 as u — oo.
u2a? Rau?a?

We also have

Lemma 8.2. Let X = {z,(z — a)? = R?} be a sphere in G". Let 3, be the

plane z, = 0 for some k, 1 <k <n. Then fora = (a1,a2,...,0%, xt1,---,0nJ)
A, 2p) = %, 1<k<n. (8.6)

Proof. The proof follows at once. Indeed, the equation of ¥ is (z,a) = 0
for a = (0,0,...,1,0,...,) where 1 stands at the k" plane. Hence

a, X1 _jaja apo a
A(z,zk):(Ra): J 1; ;: ]’ﬁ%a’f:%
R Elozj

Since a = o? = 1.

Using the above two lemmas, we can now give another independent proof
of Theorem 8.1. We have to show (8.3), (8.4) and (8.5). (8.4) is an immediate
corollary of Theorem 4.1. Indeed, we use the limitation process (Lemma 4.1).

To prove (8.3) we separate the two cases: p? — 2 # 0, Rjz — a? 2 0 for
all 1 < j <mn+1, and the other case is a possibility where some (or all) of
them are zero.

We now reflect {¥; 31212 with respect to the unit sphere in G". Then the
new radii are -4 for 1 <j<n+1and 0—2%. Thus, (8.3) follows at

T_p2
a; Rj
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once from (8.4) and invariance property of inclination under reflection. In
the other case, namely, ajz- — RJZ =0, or ¢ — p? = 0, we have to extend (8.4)
for the limiting case R; = oo for some j or p = oo, or both. For this aim we
go back to Theorem 4.1 and use it in addition to Lemma 4.1 and Lemma
8.1. Thus we start with (4.2), i.e., ST\ = (n+ 1)pAy42.  For X, the
sphere of reference, we now take

Y ={z, (2 —ua)® = R% a® # 0,u a parameter}.

2, P2 (N2
If 3, is a sphere, X = {2, (2 — a)? = R2}, then A\, = W
If ¥ is a plane, ¥ = {z, (2,m;) = 81}, then \; = %&

For the case of a sphere , _—2‘5? — leR as u — 00.

For the case of a plane, % — 0 as u — oo.

If we agree to consider a plane as a sphere with radius co (or bend zero),
we may say that _—7’1\5? — ﬁ also for the case of a plane. In any case,
the result (8.4) (and thus also (8.3)) is extended for the case where some of
the spheres (or reflected spheres) may be planes. It is left to prove (8.5).
But this follows at once from EZillx\j = (n + 1)pAn42 where the sphere of
reference is ¥y = {z, 2z = 0} for some k, 1 < k < n. Indeed, by Lemma 8.2
we have

A= < <1 A = G
R, p

This ends the alternative proof of Theorem 8.1.

8.2 Translation of Theorems 4.2 and 4.3

We start with Theorem 4.2. Hence let &; = {z, (z — a;)? = RJQ- ;L;Q where
{3 ;LLQ satisfy the conditions of Theorem 4.2. Let ¥ be a sphere of refer-
ence,

Y={z(z—- y)2 = T2},y = (y1,...,y2). Thus

2 2 . 2 2 2 2 2 '
P O kil G k) e s G AL )
! g 2Rj’l“ 2Rj7"

It will be convenient to put the notations:

r? =y =21, =90+ 2yni1 = {1 Ui + 2Wns (8.7)
Bl p 1<j< ~
oR, = Pjo, 1<j<n+2; (8.8)
1 .
E =Pjpy1, 1<j<n+2; (8.9)



4k
R;
We have from (8.7)-(8.10) and the expression for \;,

=Py, 1<j<n+2, aj=(aj1,...,a5,) 1<k<n. (8.10)

1 1 .
AjZ;U%+J%wwm4+2£4%wdZgﬂRm+2ﬁj%wd,1§J§n+2
>From Theorem 4.2 we get (multiplying by v = 2y,11 + %2)),

2 1 2
(521 [Pro + SR Pyew] )™ — (n+ 2) 551 [Pro + 5020 Py

1
= (n+ 5) (1= N{(Pug2 + ZZI%Pn+2,kyk:)2 — (2yn+1 + Zpqvh) }

We now change to homogeneous coordinates, i.e., we replace y; by Z—’g for
1 <k <n. Then

1
[E?i%EZIé(ijyk)]Q —(n+ ;)27211 (Eziolpjkyk)2

1
::(n+;ﬂl—w{@ﬁﬁ&%mwf—ﬂwwww—ﬂéwﬂ-
Thus
1
St (S P S0t Pie)ywye — (n + ;)Eﬁig (S04 Pt Pie) yrye

1
= (n+ ;)(1 —N{(EF Lo Ptk Por2.vkye — 2Ynt190 — i1Vt }-

Since the sphere of reference is arbitrary, it follows that the center’s coordi-
nates and radius of this sphere may be considered as free parameters. Hence
it follows at once that (yo,y1,...,Yn+1) may be considered as free parame-
ters and we can equate coefficients on both sides. We differentiate between
various cases.

O 1<kl<n, k£

1
S PSS P = (no+ 2) %54 PP

1
= (n+ ;) (1 =) Poy2kPoy2e

>From (8.10) we get

1 Bk g1 Gje L\ 1 @jkse
1
= (nju_)(l_q,)w7 k0
Y Tn+2
1<k t<n.
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S <n, =n-+
(I) 1<k< ¢ 1
1
S Pk S Pyt — (n + ;)Z;‘lillpjkpjﬂﬂ
1
=(n+ ;) (1 =) Pt kPriznt1:

>From (8.9) and (8.10) we have

1%k w1 L L\ ¢nt1 %k
n+ 31 -9)a
( 7)(2 7) M e
Rn+2

() k=¢ 1<k<n
1 1
(2ﬁj3@2—0r+;ﬁﬁjpz:(n+;x1—wuﬁﬂﬁ—1y

J

Using (8.10) we have

2
(zg_ll%f ~(n+ %)2;&11%“ (8.13)
S =L P
2 Rn+2
(IV) k=l=n+1

1 1
(E?;Lllpj,nﬂ)Z —(n+ ;)E;‘lillpj%n+l = (n+ ;)(1 - V)Pr%+2,n+1
and using (8.9),

1
Rivs

(Eﬂﬂif —(n+ %)Z’P“i =(n+ %)(1 -7) (8.14)

=R, =R
This ends all cases arising from 1 < k,Z < n+ 1. We are left with cases
involved with &k or ¢ (or both) zero.
(V) k=¢=0
n+1 2 1 2
(X2 Pjo)” — (n+ ;)(1 — P20
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Putting the value of Pjy by (8.8),

R? —a? 1 R? —a?
(=7~ (n+ D) S () (815)
_ 1 RY s —anis
= (e By -y ety

(VI) ¢=0, 1<k<n
1 1
S P S0t Pio — (n+ ;)E?i%ijPjO =(n+ ;) (1 =) PayoxPry2p0,

and using (8.8) and (8.10),

2 2
aji B =95y s Lgmr1%k o o 8.16
; ) (”+)j:1R2(J a;) (8.16)
v j

An42. k
n—(REYfFQ - a31+2)-

1
IR

(VI) ¢=0, k=n+1

1

S Pinsa 554 Pio = (n 4 2) X52 Pinsa Pro
1

= (n+ ;)(1 —VPrr2nt1Pasro — 1]

and, from (8.8) and (8.9),

R? —a? 1 1
#) —(n+ ;)E’.‘“—(R]? —a?) (8.17)
J

n 1 n
ars Nard( =192 J
j
1
= (n+ ;)(1 -7

j=1 R]‘

M(Rr%ﬂ - GEL+2) - 1]'

Analysis of the above seven cases shows that there are in fact two differ-
ent groups. If k = ¢, (i.e., cases III, IV and V), the results are elementary
consequences from the previous theorem. The situation is different for the
other four cases. In fact, the information in these four other cases leads us
to guess a new interesting more general theorem that will be proved at a
later stage. To be more specific we start with case (III). We first choose
¥ ={z, 2z = 0} for some k,1 < k < n, as the sphere of reference, and we
use Lemma 8.2. Then we have \; = A(X;,%) = %, 1<j<n+2, and we
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get from (8.13) (E?ill)\jf - (n+ %)Z?ill)\i =(n+3)1 - YV(A2y — 1),
i.e., we are back in Theorem 4.2. Continuing with case IV, i.e., (8.14), we
see that we have the well known radii version of Theorem 4.2.

Case V is similar to case IV. Indeed, (8.15) is again the radii version
of Theorem 4.2, but after reflection with respect to the unit sphere in G".
(Compare with Theorem 8.1 and its second proof.)

We now consider case I. Using Lemma 8.2 for ¥ = {z,z; = 0}, ¥/ =

{z,z¢ = 0} we have from (8.11),

1 1
(E?ifkj)x?if(%) - (n + ;)2?111)‘3')‘;’ = (n + ;) (1- ’Y)/\n+2/\;z+2
A= AE;,Y), /\; =AZ;,Y), 1<j<n+2 (811)
Note that X is orthogonal to X'.
Comparing (8.11") with Theorem 4.2, one is naturally led to guess that
one more general relation might exist, namely,

1
ST, — (n+ ;)E?;l)\j)\; (8.18)

= (n+ %)(1 = 7) (A2 e — A(E, X))

for \j = A(%;, %), X, =A(%;,Y), 1<j<n+2 Indeed, if ¥ =3’ we
are back in Theorem 4.2, as A(X,Y') = 1. If ¥ is orthogonal to X', we have
(8.11").

It turns out that this guess fits the other three remaining cases as well.
Indeed, the results of cases II, VI and VII follow from (8.11"). Later on we
present (8.18) in the form of a theorem. In the meantime we present the
above more particular results.

Theorem 8.2. Let n+ 1 spheres ¥ = {z,(z — aj)* = R?}, 1<j<n+1
be given in G™. Assume that they have a mutual inclination v,y # 0,y #
Ly # -1 Let S0 = {2j(z — an)* = R2,,} be another sphere in G"

n

which is orthogonal to each of {Z]};‘;z Denote aj = (aj1,a42,...,a5,) for
1 <j <n+2. Also denote by { R} 7;;2 the radii of reflected spheres {¥; 31212

with respect to the unit sphere in G™. Then (8.11) (or, alternatively, the
more general form (8.11') is satisfied.
Putting \j = %;“ for some k, 1 <k <n, we also have

A 1 A
st sl — (g - D)L O o (g D) (1 — ) 2R 8.12’
1=1"7"j=1 Rj ( 'Y) 7=1 Rj ( ’7)( )Rn+2 ( )
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Also
1

1 1 1 1
byt (- )2 = = (n4 =) (1 — ) Ao - , (8.16°
j=17"“j=1 R; ( ’Y) j=1 JR;- ( ,7) n+ R;H-Q ( )
1 1 1 11 1 1 1
En+1_2ﬂ+1_ _ _ 27}+1__ — —)(1 = I ———
j=1 Rj j=1 R; (n+ ,Y) j=1 Rj R; (n+ ,Y)( 7)[Rn+2 R;H-? + ]
(8.17")

Proof. In fact, almost everything is proved above. We just note that
2_R2
R = a]R_ L. That is why the plus sign appears in (8.17"). We also note that
1

J

yei may be equal to zero (in the case a? — R]2 = 0) (see Theorem 8.1 and its
second proof). Note also that only four of the seven cases were presented in
the statement of the theorem, as the other three cases (i.e., k = ¢) are most
elementary (this was explained earlier) and essentially presented previously.
As mentioned above, at a later stage we will prove a more general theorem
that will imply Theorem 8.2. Indeed, this will imply an independent proof
of (8.11"), (8.12"), (8.16") and (8.17").

Our next aim is to present a similar theorem to Theorem 8.2, arising
from Theorem 4.3 instead of from Theorem 4.2. In other words, we now
consider the case of n + 2 spheres with mutual inclination v instead of n+ 1
spheres with mutual inclination v, and an additional orthogonal sphere to
these n + 1 spheres. For this aim we start with Theorem 4.3, i.e., with
(4.21) and imitate what we did earlier in order to prove Theorem 8.2. We
use, again, the same ideas and the same notation, i.e., (8.7)-(8.10).

We then get

1

Sitmo (ZA Pk S Pje)ykye — (n+ 1+ ;)Eﬂio (Z520 P Pie) yrye
1

=(n+1+ ;)(7 — 1) [2yn+1%0 + Zi1vi]-

As in the previous proof, here too we get seven different cases.

) 1<kl<n, k#2,

ajk aje 1 ik Qip
zyifRszyijij —(n+1+ )22 L = (8.19)

) 1<k<n, (=n+1,

nt2 Gik —nta 1 1\ opaoajr 1
Ejifﬂ%jEjifE—(nle—i-;)E- P2 — =0. (8.20)



) 1<k l<n, k=2¢

Ak 2 1 a2k 1
(zg;fﬁj) —(n+1+;)2§‘:11RLj2:(n—l—l—i—;)(’y—l). (8.21)
(V) k=l=n+1,
1 1 1
(zyjllﬁjf —(n+1+ ;)E;gfﬁ = 0. (8.22)
J
(V) k=0, £=0,
n Rz—aQ 2 n R2_a2 2
() - o+ 1+ S ()P =0 (629
(VI) £=0, 1<k<n,

R? — a? & R2—a?
(S EE =) - 1+ D) () =0 820
(VII) £=0, k=n+1,

R2 — 42 1 1 R2 — g2 1

n+2/"Y Jyynt2 L 2yym42_ J
S 5 )EFle (n+1+’y)23:1 T (8.25)

= (n—i—l—i—%)(’y—l).

Like before, cases III, IV and V are not essentially new. We present the four
other cases in the form of a theorem.

Theorem 8.3. Let n + 2 spheres ¥; = {2, (2 — a;)? = RJQ-}, 1<ji<n+2
be given in G™. Assume that all spheres have mutual inclination v, v # 1.
Denote aj = (aj1,...,ajn), 1 < j <n+2. Also denote by {R; ;Lif the radii
of reflected spheres {E; ;L;rl? with respect to the unit sphere. Then we have
(8.19), (8.20), and

: 1 1 a1
syp+2likygmt2 - 14 2y =g oo 8.24’
( =1 R]) 7=1 R; (n+ + ’Y) =1 Rj R;’ SRS, ( )

1 1 1 11 1
D 1+ )22 —— =2(n+1+=)(1—7). (8.25
Jj=1 Rj Jj=1 R; (TL+ + ’Y) Jj=1 Rj R}’ (n+ + ,7)( 7) ( )
The proof is given above. Again, note that the sign in (8.18’) is reversed,

y Ry
as Rj = oy g

with two spheres of references instead of one, which will be presented later
and will contain Theorem 8.3 as a special case.

Like before, here too we have a more general result involved
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9 Two spheres of references: Generalization of
Theorems 4.2 and 4.3

9.1 Generalization of Theorem 4.2

As explained in the previous section, in view of the results there (i.e., The-
orems 8.2 and 8.3), it is natural to conjecture a generalization of Theorems
4.2 and 4.3, where two spheres of reference replace the one sphere. We first
start with an extension of Theorem 4.2.

Theorem 9.1. Let n+1 sphe’res {%; }” *1 be given in G™ with mutual incli-

nationy £ 0,y # 1,v # —=. Let Xy, 19 be another sphere which is orthogonal
to each of {%; }”Jrl Let 3, E/ be two arbitrary spheres of reference. Denote

by {\; ”ff and {p;}} "*2 the inclinations of {%; "ff with X, Y respectively.
Also denote by A2, E ) the inclination between 2 and Y. Then

(En+1)\k) (En-l-l :uk) ( P];/) En+1)\k¢ﬂk (9‘1)
= (n + %) (1 — 'Y) [)‘n+2ﬂn+2 - )‘(E’ E,)}‘

Proof. The proof is very similar to the proof of the particular case ¥ = ¥,
i.e., Theorem 4.2. The notations introduced in the proof of Theorem 4.2
will be used here and the same is true for the ideas of the proof. Hence we
follow again the model of Coxeter [8] (as in Theorem 4.1 and Theorem 4.2)
and consider the plane Z"sz = 1in G™*. We may assume by Theorem

3.2 that all radii of {%; nfil are equal. The common value is denoted by
R. Their centers are located at (1,0---),(0,1,0--+),...,(0,0---1). As
in (4.3) we have vy = 1 — %,1 —y = %. The radius of ¥,,12 is again
denoted by p, and its center is necessarily at (%_H, cee n—_IH) As before,
the center of ¥ is denoted by (y1,...,yn+1) and its radius is denoted by

r. For the other sphere of reference ¥’ we now put the notation 7 for its

radius and ¢t = (tl, . tn+1) for its center. We recall the orthogonality
condition (4. 12) , p? + R2 — n—+1 = 0. We use, again, the notation
a=R?—p?— n_+1’ b =92 — R? (see (4.13)). In addition, we now put

the notation
c=t* -7 - R% (9.2)

Exactly as in the proof of Theorem 4.2 we now have (see (4.14) and (4.15)),

MNe=Qur—1-0)7—

1 1
= (2t —1— 1<k < 1; .
o R7 Mg = ( k C)2TR7 = <n+ ) (9 3)
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nt2 = . 4
An+2 2D Hni2 27p (9.4)
We also have ) ) s o .0
re 474 -yt —t* + 2y, t
ANE, Y = . .
(2, %) oy (9.5)
Using Z”+1 yr = 1, it follows easily from (9.3) that
n n (n+1)b+(n—-1)(n+1)c+ (n—1))
(Zkii}/\k) (Ek+% k) Arr R2 (9.6)
(compare with (4.16) for A, = p;, and b = ¢). Similarly,
Sy — n—=3)+(n—1b+ (n—1)c+ (n+ 1)bc+ 4(t,y) (9.7)

4rTR?
(compare with (4.17) for b = ¢ and (y,t) = y?). >From (9.4), using (4.19),

(b+ }J_F—Y/) (c+ }f—l)
4rTp? '

>‘n+2un+2 = (98)

Using 2z = 1 — 7, (9.5), (9.6), (9.7) and (9.8) we get that (9.1) is reduced
to

(n+1b+ (n—1))((n+1)c+ (n—1))
—(n+ %) [(n=3)4+(n—1)b+ (n—1)c+ (n+ 1)bc+ 4(y,t)]

L (b ) (e 4 1)

= (n+-)] 5 1= —2(r? + 72 — 2 — 2+ 2(y, )]
Y p

>From p? + R? — 71 =0, R? = 7, we easily get
2 —(ny+1) '
p v

Also from b=y? — 12— R?, ¢c=t>— 72— R? and R? = lv,we have
2 2 2 2

bde=t2 4y —r? 72 - (9.10)
11—y
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Putting (9.9) and (9.10) in the above equation, we get

[(n—3)+(n
- 1 0+ ) e+ )+ D -y
= )l o+ )
+2(b+c+—— —2(y,t))].

Comparing coefficients of bc, b, ¢, (y,t), this is easily seen to be an identity
for each . This ends the proof of the theorem.

9.2 Generalization of Theorem 4.3

Theorem 9.2. Let {Zj}yif be n + 2 spheres in G" having mutual incli-
nation v # 1. Let X,% be two spheres of reference in G™. Denote by
{A 7;12, {1, ;Lif the inclinations of {3; ?;2 with ¥ and X' respectively.
Also, \(X,%) denotes the inclination between Y and ¥'. Then

1
(720 (S ) — (R + 1+ ;)zg;kauk (9.11)
=(n+1+ %)(v —DHAE, Y.

Proof. Theorem 9.2 follows from Theorem 9.1 in exactly the same way
as Theorem 4.3 follows from Theorem 4.2. All considerations are identical
and thus the details are omitted.

We note that, alternatively, we can give a direct proof as for Theorem
9.1 (the same is true for Theorem 4.3).

10 Complex approach to hyperbolic transforma-
tion
10.1 Poincaré extension and hyperbolic transformation

We use the notations introduced in section 5. We started there with the
sphere {z,Z?leJQ- = R?, R = i} and considered the “projected” sphere
E?:ﬂ? + (izg)? = 2 = —1, or 1 + Z?leg = 22. In other words, the
hyperboloid 1 + Z;-L:lac? = x% is viewed as a projected sphere in G"1. We

84



then considered the sphere centered at (py, ..., ft,, ifg) with radius R, i.e.,
X (my— ,uj)2 — (g — py)? = R? is another hyperboloid which is viewed as
a projected sphere in G"*! from a sphere with center (piy, ..., ft,, iflg) and
a real radius R. We then found the condition of orthogonality of these two
spheres (i.e., (5.7), or R? — 1 = p? — 2 for p? = Z?Zl,uiz).

Later, in Lemma 5.1 we proved that if two such projected spheres (see
(5.10) are both orthogonal to the sphere S mentioned above, then the inclina-
tion between these two spheres is invariant under hyperbolic transformation
of these two spheres (or hyperboloids) onto the hyperbolic space A™. Using
the orthogonality conditions for both spheres, we showed (see (5.3)) that the

inclination A satisfied A = %ﬂl, which is the same as the inclination
between the images X7, (yj _I—F:—LO)Q _ (14{20)2’ D (yj —11—%0) = (1-55)770)2
(see (5.17) and (5.17")).

We now propose a different way to look at these issues. Since S is orthog-
onal to the two mentioned spheres, it is clear that if we use a Mobius trans-
formation to map S on to z,+1 = 0, the two spheres will be mapped onto
two orthogonal spheres to 2,11 = 0. Indeed, this is assured by the invariance
property of the inclination via a Mébius transformation. it is only natural to
expect that the Poincaré extension of the two spheres mentioned above (i.e.,
(5.17) and (5.17") are exactly these two orthogonal spheres. This is indeed
correct, as we verify below. Of course, this gives a new proof of Lemma
5.1. But not less important, it gives a new look at hyperbolic transforma-
tion. Indeed, we may view this transformation as a Mobius transformation
in G"*! that maps S onto z,,1 = 0.

10.2 A Mobius map from S onto z,,; =0
Theorem 10.1. Define in G, a = (0,...,0,—i) and

(w—a)
—z=2 10.1
“=z (w+a)? (10.1)
Then the sphere w? = —1 = i% is mapped onto z, 1 = 0. Also define in
G™*1 the sphere
(w — ﬂ)2 = R27 o= (B -5 fhns hg) (10.2)

p* =’ — pg = Siapi, — o
Assume also that R? + ()2 = R? — 1 = ji® (orthogonality condition). Then

i

2 2
N 1+#0) - (1+M0)

=1 (2 if po # —1, (10.3)
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Yiazip;+1=0if p=-1 (10.4)
Proof. To prove the first part, note that a®> = —1. Hence, from w? = —1
we get —1 = (w— a—i—a)2 = (w—a)*+a*+2(w—a,a) = (w—a)?*-14+2(w—a, a).
Hence 1 + 2((w ayz> @ a) = 0. From (10.1) this means that 1 + (a — z,a) = 0
or 1+ (a,a) — (z,a) = 0. But (a,a) = a® = —1 now yields (z,a) = 0 or
zn+1 = 0. This ends the proof of the first part.
To prove the second part, we start with

(w—f1)* = R?, o= (fi1, - - s ittg) i = u® — .
(w—a+a—p)? =R (w—a)?+(a—p)?+2w—aa—j) =R
Hence, (w—a)?+2(w—a,a—fi) = R?—a®—ji*+2(a, i) = R2+1—[2+2(a, 1)
= 2+ 2(a, i) where the orthogonality condition R? — fi?> = 1 has been used.
But (a,f1) = py as a = (0,0,...,0,—7) and 1 = (pq, fg, - - -, ipy). Putting
this in the above, it follows that (w —a)?+2(w —a,a— fi) = 2(14 ). Thus
w—a v 2014 pg)
=M = Tw—ap

Using (10.1), this implies 1 + (a — z,a — i) = M Again, by (10.1), w

w—a)?
have (a—2)? = 4ww__ac)l)2 = 4(w — a)?. Hence, 1+(a—2z,a—fi) = M))Q(a—z) or
1+(a,a—p)—(z,a—f) = 1+“ o (g—2)2. We have (a,a—fi) = a®—(a, i) = —1—
to- This implies —py — (2, ) +(z, 1) = %(z—a)2 = 1+—2“0(z —2(a, 2)+a?)
or —po—(z,a)+ (2, t) = 1+”0( —a)—(a,2)(1+4 ug). Cancelling —(z,a) on
both sides and using (z, i) = X7_; 2kt +iboZn+1, We have —pg+X7_ 2+

1+2(

o Zn+1 = 1+—2'—’”(z2 - 1)
—up(a, z). But (a,z) = —izn41, and thus ipgz,4+1 is cancelled with —pg(a, 2).

Hence —jig+X7_ 2p iy, = (H—2%)(22—1) or =21 +250_ zppy, = (1+pg)22 —
1 — pg. We get

(1+ 1)z + (g — 1) — 2(2, 1) = 0. (10.5)

If g # —1 we divide by 1 + o and then 2% = 1&;5) - ﬁl Hence,
2 _ 1= 2 l-pgte? 2, 2 _ p2

(e~ %) = T + Wy = W Bt l-mg 2 =14 =R
by the orthogonality condition. Thus (z -7 fﬂ0)2 = (1 fu - )2 which confirms

(10.3). This ends the case py # —1in (10.5). If ug = —1, then (10.5) implies
—2 —2(z, ) = 0, which is (10.4). This ends the proof of the theorem.

Note that both generalized spheres in (10.3) and (10.4) are orthogonal
to znt1 = 0, as expected. Indeed, the sphere in (10.3) is centered at (uq,
Hay - -y fhy, 0), and thus is orthogonal to z,4+1 = 0. The same is true for the
plane ¥7_, z;jp; = —1 appearing in (10.4).
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11 Some additional aspects of the hyperbolic
space A"

11.1 Exponential hyperbolic radius

In section 5 (see also section 10) we pointed out that the limitation R < 1 is
somewhat artificial. More specifically, R = tan h3, where (8 is the hyperbolic
radius, implies that R < 1 (see (5.8)). On the other hand, there is not any
limitation of this sort before applying the hyperbolic transformation.

This naturally raises the question whether one can extend the definition
of R to avoid this limitation. This is our first aim in the present section.

Let E;L:l(xj — aj)2 = p? be a sphere in R". We denote, as usual, by
o= a—2i’—2 the radius of the sphere after inversion with respect to the unit
sphere. We then have

Definition 11.1. The “Ezponential hyperbolic radius” R is defined by

(

To justify this definition, we now prove

1 1
s ;). (11.1)

=
N =

Theorem 11.1. Let E?zl(xi —a;)? = p? be a sphere in A™. Denote by 3
its hyperbolic radius. Also denote R =tanhf. Then (11.1) is satisfied.

Proof. We have for the hyperbolic radius S,

B = %En [1 j z]jr: for a? = E;":lajz.
Then
R e T e | R ey
Hence, for R = tanhfg = 1 we get

e2f+1

Hence,

1+p?-01-p?% _ 4p 2
(1+p)24+(1—-p)2%—2a2 2(1+p%)—2a2 1+ p2—a?

87



This implies

1 1+p°—a® 1(1 (a2—p2)) _ 1(1

R 2 2 p 2% p

Hence (11.1) is confirmed and this ends the proof of the theorem.
It is only natural now to make

Definition 11.2. Given the sphere Z;-‘:l(:rj —a;)? = p? in R™, we define
the hyperbolic radius of it by

(11.2)

where R is the exponential hyperbolic radius defined in (1.1).

Note that if the sphere is in A™, then [ is the ordinary hyperbolic radius
by (5.19) and Theorem 11.1. Indeed, R = tan hf3 is equivalent to (11.3).

We now prove the following generalization of the Mauldon hyperbolic
inclination theorem (Theorem 5.1).

Theorem 11.2. Let n + 2 spheres {S1,...,Sn+2} be given in R™. Denote

by {B; ?if the (generalized) hyperbolic radii as defined above.

Assume further that {SJ};‘ilz have mutual inclination v # 0, v # 1.
Then

n+2 1 2_ l n+2 1 o l -
(=i tanhﬁj) (n+’y+1)2j:1—tanhgﬁj = (n+1+7)(v 1). (11.3)
Proof. We have to show for R%_ = %(% — %) = m that
npel 1 1ya gzl b 1y
(Zj=12(pj p;)) (n+1+,y)2j:l(2(p] p;)) (114)

= (n—|—1+%)(7—1).

For this aim we use Theorem 4.4 and Theorem 8.3. >From (4.22) we get

1.9 1 1
S —) — (n+ 1+ )2 =0, 11.5
(B - e 1+ D)ot (115

1.9 1 1
Y20 (n4 14 =)unt? =0. 11.6

( 7=1 p;) (TL ,7) 7=1 (99)2 ( )
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>From (8.18') we have

1 1 1
2oyt (p 414 2 )unt?
7=1 pj 7=1 p; ( 'Y) 7=1

>From (11.5),

1 1.2 1 1.2 1 1 1
—(er2 ) (a2 )t 2 2
4( j=1 pj) 4( =1 P;) 9 7=1 pj j=1 pg
n+1+1 11 1 1
= u 2?212——2 + E?ﬁﬁ — 22?212 -
4 Pj P; (1) P;P;

1
= (n+14+—=)(y—-1).
a1+ e
>From (11.6) and (11.7) this is reduced to

Lony2 1 qnge 1 (n+1+%) npe L1 1
szzl pjzjzl ; 5 an o 7 (n+1+7)(’y 1).
But this is equivalent to (11.7) and thus the confirmation of (11.3) is estab-
lished, which ends the proof of Theorem 11.2.

It is worthwhile to point out that the above method gives not only a gen-
eralization of Theorem 5.1 (i.e., the Mauldon complex hyperbolic inclination
theorem), but also an alternative proof of it.

We now have
Theorem 11.3. Let n + 1 spheres {Sj}yill be given in R"™ with mutual
inclination v # 0, v # 1, v # —%. Let Sp+2 be another sphere in R™
which is orthogonal to each of {S;}"]. Denote by 18, 7;12 the (generalized)

7=1
hyperbolic radii of {S; ;‘;2 Then
1 2 1 1
DD —— — R 3 11.
( 7= tan hﬁj) (n + 7) 7=! tan h2ﬁj (11.8)

1 1
= (n+;)(1—v)(m—1).

Proof. The proof is very similar to the proof of the previous theorem.
We use (8.14) (replacing the notation R; by p;),

1

1 1 1 1
(2:;?;11—)2— (n+=)=rH 5 = (n+=)1 - ) , (11.9)
v Pj v

Pj P%Jrz
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1.2 1 1 1 1
S =) = (n+o)Ei =(n+)1-7)—— 11.10
B e R = e )0 (10
We also use Theorem 8.2. From (8.17') we get
ol 1,11
1 1 1
= (n+-)1- +2].
(n 7)( V) {anr? p;L+2 }
In view of (11.8) we have to show for R% = %(% - %) = m that
n+11i_i 2 _ l n+11i_i 2
Ej:l(Q(pj p;)) (n + 'V)Ejzl(Q(pj p;))
1 1,1 1 2 ]
= (h+)1-7) (5 IR
(n ’7)< g [(2(Pn+2 p/n+2))

Putting (11.9) and (11.10) in the above, we are left with

1
Ayl (”Jr?)znﬂil
277 Ty 2 T
1 1 1 1
= (n+-)(1 —’y)[—g—,— —1].
v Pr+1 Prt2

But this is equivalent to (11.11) and thus (11.8) is confirmed. This completes
the proof of the theorem.

11.2 An extension of Theorem 11.3

We start with a slightly different approach to the concept of exponential

hyperbolic radius.
Let S = {y, X7 (y; — a;)? — p*}. We define {n;}1:m0, R to satisty

R "5 2 .2 2 .
= y a; = 5 — — —1’ 1 é Sn 1112
1+, j 1+ 7, n ny =R J ( )

Compare this with (5.7).

p

We have
2 772 2 2 2 2
G =-———5, N — TNy = P(1+770) -1,
(1+mp)? 0
a®(L+ng)® —ng = p*(L+ng)*—1,

a*(L+m9)? = p*(1+ng)®+ (3 —1).
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Cancelling by 1+ 7, we deduce that a(1+ny) = p*(1+ng) +ny — 1. Hence

1+ a?— p? 2
=——, 1 =—7. 11.13
Mo 1_a2+p27 +770 1+p2_a2 ( )
>From (11.12) and (11.13) we have
2p 1 1,1 1
R=——°o""  _— _—Z(Z__= 11.14
1+p2—a2’ R Q(ﬁ p/)’ ( )

where p’ denotes, as usual, the radius of the inverse sphere, i.e., p/ = a—zf7.

We conclude that R is the exponential radius of S. Also note that

R |2

77.
S = {1 Smal — 15) =

(Compare this with the discussion in section 5, in particular (5.1)).
Now consider n + 1 spheres in R",

Se={y, Sh_1(yj —ar;)* —pi}, 1<k<n+1

having mutual inclination . Also, consider an orthogonal sphere S,12 to
{S}t] where

Sntz = {4, St (yj — ani2,)” = prial)-

In addition, consider a sphere of reference S where S = {y, Zyzl(yj —a;)? =
p*}. Similarly to (11.12) we define {s;}, {Rx} as follows:

_ Ry, i — g
L+ 7 14 o

i . 1<k<n+2 1<j<n. (11.15)

In addition to (11.13) and (11.14) we also have similarly,

1+a2 —p? 2
s/ et/ S S L 1<k<n+2, (1116
Hro 1_ai_pi Mo 1+p—]€2—ai ( )
2 1 1,1 1
Ry, Pk (= - ). (11.17)

Cl+pi-a R 2 1
Hence Ry = tan hf, are the hyperbolic exponential radii of the spheres Sy,

1 <k <n+ 2. Denote, as usual, by Ag, the inclination of S to the sphere
of reference S. By an identical computation to the one in section 5 we have

A — 1+ (g, M) — oo
=

1<k< 2. 11.1
AR , 1<k<n+ (11.18)

91



We now use Theorem 4.2 and substitute {\;}}*7 in (4.11) to get

nt L+ (B M) = BeoToyy2 1 g1 o 14 (e m) — BroMo |2
(Ekzl( RLR )) (n+ ,y)zkzl( RLR )

= (n+ %)(1 —7) [(1 + (un+2}%z)+;éun+z,o,n))2 .

Multiplying by R? and using R? = 1+ n? — 13 from (11.12),

(ZZI%(l + (Mk’-gi_ :U’k:0770))2 . (n 4 %)Ezi_%(l + (,U/k,gl— :uk0770)2
=(n+ %)(1 [ (MMQ;%ZL; Unan)y2 14 p - )]

We can now compare coefficients of {n;}}_, (see section 8). Doing this
we may derive similar relations that appear in Theorem 8.2. Details are
omitted. It is worthwhile to point out that comparing the free coefficient,
we get

st L e Ly S e Do - (e - 1),
g g Riis
This gives an alternative proof of Theorem 11.3.

In the next section, instead of one orthogonal sphere, we consider a set
of orthogonal spheres. This will give a natural generalization to some of the
previous theorems.

12 Set of orthogonal spheres: The algebraic ap-
proach

12.1 The algebraic approach: Clifford’s formula

In our paper we mainly have taken the geometrical approach. For the topics
that we consider in this section, the algebraic approach is very useful and
we will use it. Clifford discovered a special case of the Darbeux-Frobenius
Formula for “Poly spherical coordinates” (see [9] for a detailed discussion of
the above connections).

Clifford’s theorem. Let {Ej}zif be n+ 2 spheres in G™. Let 3,%' be two
spheres of reference in G™. Denote by A\(X,Y) the inclination between X

and Y. Also denote by {)\J};Lif and {p; ?if the inclinations of {ZJ};L;Z
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with X and X' respectively. In addition {'y]k}"+2

between X; and Xy respectively. Then

det (A(Ef/) AT) =0 (12.1)

1 will denote the inclination

A

where AT = ()‘17 s 7)‘n+2)7 MT(ﬂlv s 7Mn+2) and A = (’YJk);L;grzl

Originally Clifford’s theorem was proved for the real case (i.e., R" instead
of G™). But the proof is identical. We shall also need the following

Lemma 12.1. Let u, {)\j}" {,uj}”Jr2 be complex numbers. Let A be a
matriz (’yjk);.l}il which is symmetric such that det A # 0. Assume also

u AT
det (u A) =0 (12.2)
for X" = (A1, ., Ang2), T = (pg,---, fyyo). Then
u=ATA"ty (12.3)

where A1 is the inverse matriz of A.

The proof of Lemma 12.1 is exactly the same as in [9, p. 306] and is
omitted.
Using the above we now have

Theorem 12.1. Let {%; }"+1 be n + 1 spheres in G, n > 1, k > 0,
having a mutual inclination v # %1, v # 1, v # 0. Assume further that
{%; }”t’;_‘tg is another set of spheres in G™* that are mutually orthogonal
and, in addition, each of them is orthogonal to all spheres {3; }"'H Let
¥, %! be two spheres of reference in G"*. Denote by (3, %) the inclination
between ¥ and X'. Also denote by {\; }”+k+2 {u]}"+k+2 the inclinations

{3 }”+k+2 with X, respectively. Then
1
SISy — (n+ —)2?211)‘3‘,%' (12.4)
j=n+2

— (=) i) (S A, — M, ).

Proof. We first note that the above theorem is a generalization of The-
orem 9.1. Indeed, putting £ =0 in (12.4), we get (9.1).
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Since we follow the notations of Boyd ([9, p.306-7]), it will be convenient
to prove the above theorem by replacing n with n 4 1.

>From Clifford’s theorem stated earlier, by using (12.1) and replacing
n+ 2 with n 4+ k + 3, we get

AT, Y XT>
det ] =0, 12.5
(M2 (12.5)

~T - .
where A = (A1, A2, ..o, Angkes)s A7 = (K15 Hos- s pgiys)- Using the
given conditions about inclinations, we have A(3;,3,), j # p, is equal to v,
1 <j, p<n+2. Obviously A(X;,%;) =1for 1 < j <n+k+3. In addition,
using the orthogonality conditions, we have A(X;,%,) =0for 1 < j < n+k+
3,
n+3<p<n+k+ 3. Hence,

A0
s= (9, w20
where
1 fy o .. fy
v 1 gl
a=|T " T = wra—yr (12.7)
vy e 1

where J is a (n + 2) x (n + 2) matrix, all of whose entries are 1; I,1 are
identity matrices; and 0 is a zero matrix. Combining (12.5) and (12.6) we
get

MY Ay A2 : Ant3s s Aptkts
M1 :
: A 0
JL2T))
det | — 0. (128)
Hni3
: 0 I
Hp4k+3

We now multiply the n+ 3 row by A3 and subtract from the first row.
We then multiply the n + 4 row by A\,14 and, again, subtract from the first
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row. Continuing in this way for n+3 < 7 < n+k+ 3, as can be easily seen,
we finally get

u )\1/\27---;)\n+2 0 0---0
M1 :
: A 0
det |  Hn+2 = 0, (12.9)
M43
: o I
Hn+k+3
where u = A(X, %) — Z?jﬁjﬁ’)\juj. But this leads at once to
u AT
det <u A) = 0. (12.10)

We now use Lemma 12.1 for this specific value of u. Hence from (12.3) and
(12.7)
w=A, A7y, (12.11)
where u = A(S, £') — 08N, and A =y + (1 - y)1.
We now find specifically A~L. In view of J? = (n+2)J it is not difficult
to guess that A~! = ﬁ(bJ + I) for some b. Indeed, A™1A = I leads to

L(bJ +D(vJ+ (1 =) = L(byﬂ +9J 4+ (1 =~)bJ + (1 —~)I)

1—v 1—x
1
=71 _’y(bv(n—i—Q)J—l—’yJ#— (1 =7)bJ + (1 —~)I).
Solving for b, we have by(n+2)+~vy+(1—7)b=0, or b= (fil) Thus
" v
ATl = ! =~ (—J + (n—l—l—l—l)I). (12.12)
(1= (n+1+7) g

>From (12.11) and (12.12) we get

)\T
(1—fy(n+1+%)

u= (—J+(n+1+%)l)u.

95



Hence 1 .
(1= (n+1+ ;)u =-NJu+(n+1+ ;)/\TIM.
It is easy to check that
NTp= (S72%) (3725 ny), N =S50,
Thus we get
1 1
(1-y)(n+1+ ;)u = —(ZEN) (B0 ) + (n+ 1+ ;)Z;jf/\juj.

But u = A\(2,Y) — E?iﬁig/\juj yields

1 1
zyjijzyjfuj —(n+1+ ;)zyjijuj =(1-7)(n+1+ ;)(—u)
1
=(1-9)(n+1+ ;) (z;?jﬁig’Ajuj - AZ, ).

Replacing n + 1 by n, we get (12.4).

It remains to check the condition ~y # —ﬁ (where again n+ 1 replaces
n). We prove this by induction on the number of orthogonal spheres. If there
is only one orthogonal sphere, the condition is already proved in the special
case of Theorem 9.1. For the general case, let n + k + 3 spheres be given in
G"1. The n + k + 3 sphere is orthogonal to all other spheres {3;} j;rf”.
Hence, by a Mobius transformation, we may assume that this sphere is
the plane z,+1 = 0. Now, reversing the Poincaré extension, we reduce the
number of orthogonal spheres by 1 and we may look at G™ instead of G"*1.
Using the induction assumption ends the proof of the condition.

This ends the proof of the theorem.

12.2 Comparison between the algebraic and geometrical
methods

The above proof of Theorem 12.1 gives a new approach also to the special
case of Theorem 9.1. Hence, for Theorem 9.1 we have two independent
proofs, except for the condition v # —%, which does not seem to follow
from algebraic considerations very easily. It is worthwhile to note that the
geometrical proof of Theorem 9.1 may be extended to the more general case
of Theorem 12.1. Indeed, we may use an induction process as for the proof
of the condition ~ # n_—+11 given above. Indeed, using the symmetry of the
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situation, it is enough to restrict the proof for the case A 4443 = ft,, 113 = 0.
Using a Mobius transformation, we may assume that the n + k + 3 sphere
is the plane 2,41 = 0. But the assumption \,{x43 = f,1 13 = 0 implies
that not only all spheres {X; }"+k+2 are orthogonal to ¥, %13, but also X
and Y. Thus it is possible to use the Poincaré extension idea (in the reverse
direction) and complete the induction process, giving an alternative proof
of Theorem 12.1. We also note that the linear theorem (Theorem 4.1) was
proved only geometrically.

12.3 Further radii results: The hyperbolic “translation”

As in the previous cases, we can “translate” the inclination theorem proved
above to radii results. We take the special case ¥ = ¥ in Theorem 12.1.
We also use Lemma 4.1 in the standard way. Thus we get

Theorem 12.2. Let {S; }n+1 be n + 1 spheres in G"t*, n > 1, k > 0,
having a mutual inclination ~y, ~v # —%,7 #% 1,7 # 0. Assume further
that {¥; };”/fi% , 1s another set of spheres that are mutually orthogonal and,

in addition, each of them is orthogonal to all spheres {E "H Denote by
{R; }nH€+2 the radii of these spheres respectively. Then
1 1 1 1 1
41 +1 +k+2
(232 T ) = (n+ 7)2?; o =(1 —7)(n+;)zyzn+2R—?. (12.13)

Next, we give the following generalization of Theorem 11.3.

Theorem 12.3. Let n + 1 spheres {S; ;Lill be given in R with mutual

inclination v, v # 0, v # 1, v # % Let {S]}yiffjg, k > 0 be another set of

spheres in R"F that are mutually orthogonal and, in addition, each one of
them is orthogonal to all other spheres {S;}] "+ Denote by 18, }”+k+2 the

(generalized) hyperbolic radii of {S; }"H“Jr2 respectwely. Then

(En+1 1

2 _ l n+1 1
fa mnhﬁj) (n+ 7)2_ — (12.14)

J=1 tanh?f3;

1 1
=(n+=)1 )Xtk _— 1),
( ’Y)( 7)( J=n+2 tanhQBj )

Proof. We can prove it in a similar way for the particular case of Theorem
11.3. Alternatively we can use the technique introduced in Theorem 5.1,
namely, using transformation from G™*! to R"™. We omit the details that
are very similar to previous considerations.
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12.4 Mutual orthogonal spheres

We now consider in particular n + 2 spheres that are mutually orthogonal,
i.e., in other words, we consider the case of mutual inclination v where v = 0.
We have

Theorem 12.4. Let {¥; }"+2 be a set of mutually orthogonal spheres in
G"™. Assume that X,%' are two spheres of reference in G™. Denote by

ey ;le,{ "” the inclinations of {¥; }"*2 to X, % respectively. Also de-

note by )\(Z s ) the inclination between > and ¥'. Then
SIS = A5, ). (12.15)

Proof. We use Clifford’s theorem quoted in section 12.1. In our case,
using v = 0, we have A = [. Using Lemma 12.1, we get (12.15) from (12.3)
where u = A(3, Y).

Remark. “Translation” for radii give for n+ 2 mutually orthogonal spheres
{S; }”+2 having radii {R; } 2 respectively, so that

1
2
arss 2 = 0. (12.16)

In particular for G2 we get for the two planes z; = 0, 29 = 0 and the two
spheres having the radii R, +R and centered at the origin that

1 1

E§:1$?:0, 1:1:07 1’2:0, $3:E7 1“4:&7

where {z; }§:1 are the “bends” {R% ?:1- (The two planes z; = 0 and 25 = 0
may be considered as spheres with infinite radii.) Obviously, we have a
similar situation in G".

13 Transformations of the unit sphere: Points at
infinity
13.1 The unit sphere and half plane

Let a = (0,...,1) € G™. Consider the map w = a + ?éz a‘)lg) We show that

this is a map from w? = 1 onto z, = 0. Indeed,

w? = ((w—a)+a)2:(w—a)2+a2+2(w—a,a).
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Hence w? = 1 implies that (w—a)?4+2(w—a,a) = 0. Thus 1+ (2 ((QZU:;))Q ,a) =

0. But (w—a)? = 4((;__;)112 = (Z_4a)2. We get 1+ (@(w —a),a) = 0.
2(z—a)

Putting w — a = —a)? by the given initial transformation, it follows that
1+ (2 —a,a) = 0. Hence (z,a) = 0 as a> = 1. But this is equivalent to
zn = 0, and thus our assertion is proved. We point out the fact that this
map implies that z = a + ?gﬂ;g as may be shown easily. Hence 22 = 1 is
mapped onto w, = 0 by the same transformation.

We now have

Theorem 13.1. Given the map w—a = ?Z(,Z_;)lg) from the unit sphere z? =1

onto wy, = 0, we have
(dw)? B 4(dz)?
w  (1—22)2

(13.1)

Proof. We have dw; = (Zzilzj)z — 2((51;;1)61((2 —a)?), 1 < j < n, where

2j—a; . )2 T (zj—a;)?
wj = aj + %ﬁzﬁ, 1 < j < n. Hence 1(dw)? = (i(ig)4 4+ 2 (1Z(_3(1)81) (d(z -
2
a)Q) 2
n i—a;,dz; 27_,(zj—ay) z—a)?
_ 223':1 (zj(zi]a)ﬁz]) (d(z — a)2), But - (1272)8 LR ngags = (z—la)ﬁ‘ Also,

d((z — a)?) = d(2(z; — a;)?) = 2571 (25 — aj,dz;). Hence, the two last
expressions are cancelled and we have

1 s (dz2)?
4(dw) BRCETIL (13.2)
We now calculate (1 — 22)2. We have
4(a,w—a) 4w — a)?
2 2 )
T e T
- 14 4(a,w) — 4a® + 4
B (w —a)?
4(a, w)
= 1+ —-=.
T w=op
Hence 22 — 1 = (‘igi;”)é = (13”‘_”;‘)2 or
(1—2%?2= 16wy (13.3)
- (w—a)* '

99



But (w—a)? = oot (zfa)Q or (w—a)*= %;. Putting this in (12.3)
we get
(1—2%)°
Dividing (13.2) by (13.4) implies (13.1), and thus the proof is done.
We next prove the invariance of the hyperbolic “metric” for the unit

“disc”. For this we need the following

Lemma 13.1. The hyperboloc “metric” on the “upper” half plane in G™ is
mwvariant under a self map.

Proof. We have to show for the mapping of the upper half plane onto

. 2 .. )
itself that Cfu% remains invariant.

First let w = Az for a complex number A. This yields for w = (wy, ..., wy,)
and z = (z1,...,2y,) the self map from z, = 0 onto w, = 0. Obviously,
2 2 2
wy, = Az,, and thus %LQ = % and the invariance property is proved

for this case.
We now consider the translation by 8 = («g,...,a,-1,0). This means
that for w = z 4+ 8 we have w, = z, and thus, obviously, the invariance
proeprty is proved for this case as well.
It is left to show the invariance property for the inversion w = Z.

2 . dz; 1
We have w; = %, 1 < j < n. Hence dw; = — — ;zjd(zQ), 1<

. 2 (dZ)Z 2Zn:1(Zj,de) E"Ll
Jj < mn. We get (dw)* = — ~

! Za 2
= — d(2?) + #(d(ﬁ))% But
Z?Zl%g)ﬁ = %6 and d(z?) = d(ZzJZ) = 2X7_,(zj,dz;), and thus the two last
terms are cancelled. This implies

dz)?
(dw)? = (Z4) . (13.5)
Also from w = %, we have w;, = % or
2
w? = % (13.6)

>From (13.5) and (13.6) we get the invariance property at once.

Summing up, for the general self map of the “upper” half plane onto
itself, the invariance property is proved.

>From Theorem 13.1 and Lemma 13.1 we easily get

Theorem 13.2. For the general self map of the unit sphere z> = 1 onto
itself, the hyperbolic “metric” is invariant.
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Proof. Indeed, using (13.1) for z = Tz, the mapping of the unit sphere

2\2 ~\2
(dw) = é(fl;))z. >From the invariance property (Cg‘:%) =

ﬁiw—% that follows from Lemma 13.1, we get that (1(61?;)2 = (1@?22)2,

onto itself, we have

and

the proof is finished.

13.2 Stereographic projection in G"

Let b= (0,...,0,1) € G™*. Denote a = (z1,...,2,,0) and by c its projec-
tion on the unit sphere in G"*!. Then the two vectors c—a and b—a have the
same direction. Hence there exists a complex ¢ such that ¢ = a+t(b—a). Also
c? = b2 = 1, since both are located on the unit sphere. Hence ¢ = a(1—t)+bt
implies 1 = a?(1—1)2+12+2t(1—t)(a,b). Obviously (a,b) = 0 by definition.

Thus a? = (%:i; = Ht In other words
2
a“—1
l=——. 13.7
a?+1 (13.7)
Forc=ci,...,¢j,...,¢n,Cnq1) and ¢ = a+t(b—a), we have ¢; = a; +t(b; —
a])—tb—i—aj( )O<j<ﬂ—|—1 But b; = 0 for 1 < j < n leads to
¢j=a;(1—1t). Alsoa; =a;, t = aLl and thus
22:j B
as a2 = =37 1z = 22, In addition c,41 = thpi1 + ans1(1 —t) =thyy =t =
Z2 +1 Thus we get
2z 2z, 22-1
c= (g, s, ) (13.9)
142 1+22" 2241
is the image on the unit sphere of a = (21, ..., 2,,0). We now consider the
inverse transformation, i.e., the map from points on the unit sphere in G"*!
on to points on the plane z,41 = 0. Hence, let ¢ = (c1,¢2,...,¢n, cnt1) be a
point on the unit sphere in G"*!. Denote its image by a = (21, 22, . . ., Zn, 0).
From the above discussion we now get (see (12.9) that c,11 = jz—ﬁ or
2?2 = ifi—::: Hence ¢; = liZ;Q implies that ¢; = H(i;gnﬂ) Thus ¢; =
1-cny1
2z;(1—cnt1) ¢
TEEL or 25 = 1—ci+1‘
Summing up we have
cj ,
zj=—2— 1<j<n, 2,41 =0. (13.10)
I —cpt1
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Note that if 22 = 0 then ¢,11 = —1 and zj = 521 1 <j <n. On the
other hand, if ¢,11 = 1, then z; are not finite in general for 1 < j < n.
We come to this issue later on in this section when we deal with “points at
infinity”.

We next show that angles are preserved under stereographic projection.

Theorem 13.3. Under a stereographic projection from the unit sphere in
G™ 1! onto the plane, z,.1 = 0 angles are preserved.

Proof. We first recall the notation dw = (dwi,. .., dwy,dwy4+1) and

g .
dw =, /X7_;(dw;)? and a similar notation for dz and dz. So let w; = %,

1<7<n, w1 = zz—;} be the map from the plane on the unit sphere. We
2dz, 2z; .
_1432 - —(H'?Q)Q 257 zpdzy, 1<j7<n.

(Indeed, d(2?) = d(X_,22) = 257_, 2zkdz.). Thus

then have dw; =

(1 + ZQ)Qde 42:]' .
dw; = — d 1< <
wj (1+ 22)2 1+ 22)2 (2,dz), SJxn
or
4
(dw;)* = ESL [(1+ 2)%(dzj)? + 423 (2, dz)?

— A(zj,dz)(2,dz)(1+2%)], 1 < j<n

Hence summation on j gives

;‘:1(dwj)2 = 211+ 2%)2(dz)? + 42% (2, d2)? — 4(z,dz)* (1 + 22)].

(1+22)

Cancelling 422(z, dz)? we get

" (dw;)? = (1%2)4 [(1+ 22)2(d2) — 4(z, d=)?). (13.11)
Also from wp41 = jz—ﬁ =1- ZQLH we get
dwp41 = ﬁd(zz) = ﬁQZ?_lzjdzj
o 16
(dwpy1)? = m(z,dz)Q. (13.12)
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From (13.11) and (13.12) we finally get

4(dz)?
2 2
More generally, by a computation that is very similar to the above one
and which is therefore omitted, we get for dw = (dwy,...,dw,4+1), dw =
(dwy, ..., dwpt1),
A(dz, d3)
- Z, 0% 57 32
Since, as we pointed out above, dw = /(dw;)?, we can write (13.13) in the
equivalent form
2dz 2dz
=" = —. 13.15
dw 1+ 22’ dw 1+ 22 ( )
Hence from (13.14) and (13.15) we get
— — — —
(dw,dw)  (dz,dZ) (15.16)
dwdv —  dzdZ ’ '
which is the desired result we claimed in Theorem 13.3.

It is also easy to show that for u = (u1, ..., Un, Upt1), v = (v1,02,...,0n41)
on the unit sphere on G"*! that are the images of a = (a1,...,an0),
/8 = (617 e 7/871,0) we get

4o = B)? (o = B))*
2 n+1 2 n J J
u—v)"=X" u; —v)° = =437 .
(u=v)” =25 (g —vy) (1+a2)(1+ 5?) N1+ e?)(1 4 6

The calculation is identical to the classical case in R", and thus it is omitted.
We may say that the “distance” |u — v| between two points on the sphere

is equal to the expression %
imitation of the situation in R", and there is no real meaning to “distances”
or “metric” here.

Similarly, one may show that spheres on the unit spheres in G"*! are
mapped onto planes or spheres on z,+1 = 0, depending on whether the
sphere passes through the north pole or not. Again, details are omitted as
the computations are identical to those in R™*!.

We now move onto the discussion of

But, of course, this is just an
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13.3 Points of infinity

In section 13.2 we pointed out the delicate situation c,4+1 = 1. We first recall

the concept of inversion on the unit sphere in G"*1. Let z = (21, 20, . . ., 21, 0)
be a point on z,41 = 0. Consider the image ¢ = (¢1,¢2,...,Cn, Crt1) on the
2z; 21

unit sphere. By (12.9) we have ¢; = 1755, 1< j < n, cup1 = 553
Let w be the inverse point of z in the plane z,+1 = 0, with respect to the
unit sphere. Since w; = %, 1 < j < n, for the image ¢* we get ¢* =

22]-

— x % _ (2w 2w w?—1 2wj T3 2z
(c1, sy CryCrpr) = (HwQ,..., T, w2+1). Hence 5> = 1+Zi2 = 112
z
1§j§n0rc}f:cj, 1<j<n. Also
. w? —1 Z% -1 122
C = g g = —C 1.
LT w241 T L1 1422 e
z
Summing up, we have that the inverse point of (c1,ca,...,cn,Cnt1) is
<017027-~-7cna_cn+1)- )
In view of ¢,41 = zz—jri, for 22 = 0 we have ¢,.; = —1. These may be
. . 2z, .
considered the points at the “south pole”. But ¢; = FZLQ, 1 <5 <n,

and z? = 0 imply that ¢ = 0. To each point (cy,...,c,, —1), E?:1c§ =0,
we now define the inverse point (ci,...,cp, 1), Ecjz = 0. These are the
points of the “north pole”. In contrast to the case of ¢"t! with the usual
topology |z — w|? = 2 alz = w;|?, we have here many infinity points and
not only one. Indeed, in C" the condition |z|> = 0 implies z = 0, i.e., zj =0,
1 < j < n. Here we get all points satisfying 2?212]2- = 0. In other words,

in contrast to the case of C"*!, each point in G"*! satisfying 2?2103 =0,

cn+1 = —1, may be considered as a point of the south pole suitable to
the point (21, 22,...,2,,0) where, by (13.10), we get z; = T—f:ﬁ = 4,
1 <j5<n, zpt1 = 0. Each of these points has an inverse point which may
be considered as a “point at infinity” and it is the image of (c1, ¢, ..., cp, 1),
i.e., the inverse point of the “south pole” point (¢1,ca, ..., ¢y, —1). In this
way we get a one-one map of the “extended” plane 2,11 = 0 onto the

extended unit sphere in G"*1. Of course, the property where inverse points
are mapped onto inverse points by M6bius maps can be extended now also
to points at infinity, by continuity arguments applied to the unit sphere in
Gt

The discussion of inverse points referred to in the introduction is now
complete.
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14 Spherical geometry

In this final section we give some results in spherical geometry that are very
similar to previous results in the hyperbolic geometry that were presented
earlier. Our aim is to generalize a result of Mauldon [7, Theorem 3.2].

Theorem 14.1. Let n+1 spheres {S}”+1 be given in the spherical n+k—1
space having mutual inclination «y, v #0, v # 1, v # — L and k>0, n>2.

Let {Sjo}ﬁigﬂ be another set of spheres in the same spherical n + k — 1
space, such that they are mutually orthogonal and, in addition, each one of
them is orthogonal to all other spheres {S’jo}"+1 Denote by {BJ}"HHl the

angular radii of the {Sjo}"+k+1 respectively. Then
1 1 1
yotl —(n+ )2 —— 14.1
( =1 tan 532) ( ,.Y) j=1 tan2 /Bj ( )

1 w1
= (n+ D)0 =) (S + )

Proof. We first note that if £ = 0, the set {Sjo}ﬁfg L is void or, in other
words, there are no orthogonal spheres, and we are back to the case Mauldon
considered in the above mentioned theorem. Also, as usual, we consider the
complex case, i.e., the n + k — 1 spheres {SJO}”Jrk'H are located on the unit
sphere in G"F, The definition of the angular radius in the complex case
needs some explanation. We transform the orthogonal spheres {S; }”+k+1

to the unit sphere in G™**, such that the intersection of S; with the unit
sphere is Sjo. Then the angular radius of Sjo is defined as the radius of S}
(see Figure 22).

We now turn to the proof of the theorem. We construct the spheres

{5; }”H‘CH in G"** as explained above. Considering the situation in G"* we

observe that we have the spheres {5 };‘ill arising from {S jo}?ill,
set of spheres {S; }"H€+1 arising from {Sjo}?gﬁ% We now claim that after
the extension, the 1nchnations are preserved. More specifically, we claim
that the sets {S; }"+1 have mutual inclination 7, and the sets {Sj}?gﬁ%
are mutually orthogonal, and that each one of them is orthogonal to each

of the sets {5} }”Jrl To justify this claim, we use a Mobius transformation

and another

in G"* that maps the unit sphere in this space onto the plane 2,1 = 0.
By construction {S; }"Hngl are all orthogonal to the unit sphere in G"*%.
Hence, as a result of the Mobius map described above, the images of these
spheres are orthogonal to z,1 = 0. Also, as a corollary of the above Mobius
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Figure 22: The angular radius.

map, the intersections of them with 2,42 = 0 are the images {SJO}”+k+1.

The assertion about the invariance of inclination follows at once from the
invariance property of inclination under a Mobius map and also under a
Poincaré extension.

Using the above, we now see that the sets of {S;}’ it

have mutual incli-
nation 7, since the same is true for {Sjo};2 ntl Also, {S }”tlfi;‘ are mutually
orthogonal, and each one of them is orthogonal to each of the {S; }”+1 In
addition, obviously, the unit sphere in G™** is orthogonal to all spheres
{S; }”+k+1 Hence, we can now use Theorem 12.2 for the set {Sj}?ill and

the other set composed of {Sj};‘ifi% and the unit sphere (i.e., there are
k + 1 spheres in the second set).

Since the radius of the unit sphere in G"** is 1, from (12.13) we get

(Zn+1 1 ) _( + 7)2n+1 1 — (1 _,}/)(n_‘_%) (En+k+1 1

J 1R J 1R2 +2R2+ ) (142)

This is equivalent to (14.1) in view of R; =tanf;, 1<j<n+k+1.

This research was supported by the Fund for the Promotion of Research
at the Technion.
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