Sinusoids and Complex Numbers

The input to this circuit is the voltage source voltage, V (t). + vp(®) -

The output is the voltage across the capacitor, V. (t). The 13\(/)\0/\62 .

25 UF == V()
V,(t)=Acos(wt+0) and v.(t)=Bcos(wt+g) -

input and output are the sinusoids shown below. We expect o C+>
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where A, B, @, @and ¢ are constants to be determined. i)
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2) The peak-to-peak amplitude of the source voltage is 50 V.so A=25 V.
3) The peak-to-peak amplitude of the capacitor voltage is 40 Vso B=20 V.

4) v (0)=24.15V and v,(t) is decreasing at time t=0so & = cos' (%j =15°.

1) The period of both sinusoids is T =62.83 ms so @ = =100 rad/s .

5) V.(0)=18.54V and v, (t) is increasing at time t =0 s0 ¢ =—cos™' (%) =-22°.

S0
V,(t)=25cos(100t+15°) V and v (t)=20cos(100t—22°) V

Apply KVL in the circuit to get
Ve (1) =V, (t) =V (t) =25cos(100t+15°)—20cos (100t —22°)

First, we solve this equation using trigonometry:



Recall that cos(a £ f3) = cos(a)cos(B)Fsin(a)sin(f)
)
25c0s (100t +15°) = 25 cos(100t)cos (15°) —sin (100t)sin (15°) ]
=25cos(15°)cos(100t)—25sin (15°)sin (100t)
= 24.15¢c05(100t) - 6.47sin (100t)
and
20cos (100t —22°) = 20[ cos (100t ) cos(22°) +sin (100t )sin (22°) |
=20cos(22°)cos(100t)+20sin (22°)sin (100t)
= 18.54cos(100t) +7.49sin (100t)

The KVL equation indicates that

Ve (1) =v () =V (t) =25c0s(100t+15°)—20cos (100t —22°)
=[24.15c0s(100t) - 6.47sin (100t ) |- [ 18.54 cos (100t ) +7.49sin (100t) ]
=(24.15-18.54)cos (100t ) +(—6.47 — 7.49)sin (100t)
=5.61cos(100t)—16.96sin (100t)

We need another trigonometric identity. Consider

Acos(wt)+Bsin(wt)
V A2+ B2
* B =vJA>+B? {Lcos(a)t)+Lsin(a)t)
f VA? +B? VA? +B?
X =+ A +B? [cos(@)cos(a)t)+sin(6)sin(a)t)]
5 =+ A% +B? [cos(—e)cos(a)t)—sin(—O)sin(a)t)}
sin(6) = Nrams =+ A’ + B cos(wt-0)
A 4 Bj
0)=—— here 0 = tan™'| =
cos(0) Nras where an (A
Consequently
Vi (t)=5.61cos(100t)—16.96sin (100t) =~/5.61> +16.96° cos(lOOt—tan_l(_;66'?6D

=15cos (100t —(—68.1°))
=15cos (100t +68.1°) V



Second, we will solve the KVL equation using complex numbers. To do so we associate the
complex number AZ# with the sinusoid Acos(a)t + 9) . That is

Acos(wt+60) < AZ6

Using this association:

25¢08(100t+15°)—20cos (100t —22°) < 25£15°—20£L—22°=(24.15+ j 6.47)—(18.54 - j 7.49)
=(24.15-18.54)+ j(6.47+7.49)

=5.61+]13.96=15268.1°
Then
15005(100t+68.1°) < 15£68.1°

We have achieved the same result with considerably less effort.

t 10
Check: i(t)= Vgo(o) = 15005(122:)+ 081 _ 0.05c05(1001+68.1%)

But also

i(t)=(25x10") ‘ Vgt(t) = (25><10_6)%(20005(100t—22°))

=(25x107)(20)(100)(-sin (100t -22°))

=0.05sin (100t +180°—22°) = 0.05sin (100t +158°)
=0.05¢c0s (100t +158°—90°)

=0.05¢c0s(100t +68°)



