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Abstract

We propose a theory for quantitative comparison of models in terms
of flux networks obtained from stochastic simulations. The technique is
applicable to a range of models from chemical reaction networks to rule-
based models. The fluxes of the networks are given by the flow of species
instances in stochastic simulations (Kahramanoğulları and Lynch (2013)).
This makes it possible to define a quantitative notion of equivalence, which
includes graph isomorphism of flux networks as a special case. We use the
technique for comparing models with respect to their simulations at arbi-
trary time intervals with varying degrees of accuracy, and for simplifying
models when a larger model produces the same behavior as the smaller
one. Other more involved queries that we aim to address include queries
on emulation of a complex model by a simpler one.

Introduction

In systems biology, models are commonly refined and extended, and often com-
pared for their capability to produce a behavior of interest. Despite the limited
number of formal means, drawing parallels between various models of biologi-
cal systems is central to many investigations in this field. Furthermore, existing
efforts are often limited by the measurement of ad hoc model signals, as it is
inherently challenging to provide a general method for the task.

To this end, we propose a methodology for comparing models in relation to the
dynamic behavior that is produced by the model components. For this purpose,
we use the fluxes generated by a model as a summary of the dynamic behavior,
where flux is given by the flow of resources during stochastic simulations (Kahra-
manoğulları and Lynch (2013)). The graphs that we obtain by computing the
fluxes display how many of the model species instances flow between which model
components during which intervals of the simulations. As this provides a mathe-
matical structure that quantifies the model dynamics, we use this information as
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a summary of the model that can be compared to other structures obtained in the
same way. Moreover, the quantitative observations made during the comparisons
are useful in contrasting the stronger components of the models that account for
most of the dynamical behavior with the weaker components.

In the following, we illustrate our approach on examples. We provide an
introduction as discussed in Kahramanoğulları and Lynch (2013) to the compu-
tations of fluxes in stochastic simulations with models that are typically defined
as chemical reaction networks as well as their more compact representations in
the form of rule-based descriptions. We describe the notions of our method, first
on a simple example, and then on published models from the literature. We
illustrate the notion of flux equivalence (Kahramanoğulları and Lynch (2011))
on a model of GTP-binding proteins (Goryachev and Pokhilko (2006); Cardelli
et al. (2009)). We then extend our discussion to the cases where models with
varying sizes and structures are compared. For this purpose, we resort to the
cell cycle and approximate majority models, which were previously compared in
Cardelli and Csikász-Nagy (2012) by using stochastic and deterministic simula-
tions together with probabilistic model checking. While providing analyses that
are consistent with these studies, our method gives rise to promising observations
that have a potential as a formal method for model comparison.

Models and Flux

The method for stochastic flux analysis presented in Kahramanoğulları and Lynch
(2013) can be applied to any discrete or continuous time discrete event simula-
tion that implements reaction networks as Markov chains. Rule based model-
ing languages with a stochastic simulation engine as well as implementations of
stochastic Petri nets fall into this category. The method can thus be applied
to all such languages; here, for simplicity, we use the chemical reaction network
representation of the models.

The flux analysis method is based on marking individuals that are trans-
formed by the reactions during the simulations, and using the markings to track
the causal dependencies between reaction instances as in event structures (Kahra-
manoğulları (2009); Kahramanoğulları (2006)). We process this causality infor-
mation to obtain a quantification of the flow of resources between reactions, and
thereby quantify the network fluxes at chosen time intervals. This is easily imple-
mented by assigning a unique identifier to each network species instance in the
initial state and to each reaction product of every reaction instance. In our case,
these identifiers are integers.

The formal definitions of our method for obtaining the flux graphs are de-
scribed in detail in Kahramanoğulları and Lynch (2013). Below, we thus give a
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Sim. Trajectory Sim. Trace Sim. Configuration

Figure 1: The transformation from a simulation trajectory generated by the net-
work in the introductory example to its simulation trace, and the transformation
from the simulation trace to the simulation configuration.

textual description that summarizes the method and the structures it uses.
A reaction instance is a random event whose probability is determined by the

current state of the network. A reaction can be applied at a state to obtain a
reaction instance if its reactants are available at that state and the reaction is
picked by the simulation algorithm from all the applicable reactions. Whenever a
reaction is applied at a state the simulation algorithm updates the resulting state
with the reaction products and their unique identifiers in a structure that we call
simulation trajectory. Because this information can be recorded in a bounded
amount of time during simulation in real time, the method does not introduce
any additional complexity to the simulation algorithm.

Example. Consider the chemical reaction network below, where each reaction
is named with an integer.

1 : A→ P + P, 2 : P → B, 3 : P → C, 4 : B + C → D

The initial state is {A(1)}, where 1 is the unique identifier of the species instance
A. A possible 4-step simulation trajectory is depicted on the left-hand-side of
Figure 1, where each node of the graph is a reaction instance: the first parameter
of the label of the node is the reaction name, and the second parameter is the
reaction instance time. The edges are the species instances that are produced
by the source node and consumed by the target node. Each edge has a unique
integer identifier.

By using the unique identifiers of the species instances in a reaction trajec-
tory, which indicate the production-consumption relationship between reaction
instances of the simulation, we construct a directed graph structure. This graph
structure, called the simulation trace, makes the causality relationship explicit.

143



 

Sim. configuration
Flux

configuration

Figure 2: The simulation configuration of a simulation with the network in the
introductory example and the initial state {A(1), A(2), A(3), A(4)}. In the sim-
ulation configuration, each edge is additionally decorated with its species for
illustration purposes. We first obtain the simulation configuration and then the
flux configuration.

Example. Consider the simulation trace in the middle in Figure 1, which is
obtained from the simulation trajectory of the example above. The nodes denote
the species instances: the first parameter of the triple is the unique identifier of
that species instance, the second parameter is the identifier of the reaction that
created it, and the third parameter is the time it is created. The edges denote the
causality relationship between the species instances in the sense that the node at
the source of an edge is required for the production of the node at the target.

By further processing this graph, we obtain an edge-labeled directed multi-
graph that reveals the independence and causality information of the transitions
with respect to the flow of specific resources between reactions. The information
displayed by this graph is different from that given by the simulation trace, where
the evolution of the species instances with respect to the reactions is shown.
In this graph, which we call simulation configuration, each node is a pair that
contains the reaction that is applied and its time in the simulation.

Example. Consider the simulation configuration on the right-hand-side of
Figure 1. Each edge is labeled with the species that is produced by the reaction
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at the source node of that edge and consumed by the reaction at the target node.
In order to quantify the flow of resources between the reactions within given

time intervals of the simulation, we compress simulation configurations into struc-
tures that we call flux configurations. A flux configuration is a graph, where the
nodes are the reactions of the network. We obtain a flux configuration first by
merging the edges of the simulation configuration such that all the edges with
a certain species within the given time interval are mapped to a single edge by
filtering out their time stamps. For each label that denotes a network species
instance, we then count in the simulation configuration the number of edges from
each node (which corresponds to a reaction of the network) to other nodes within
the given time interval. The number of such edges is then used to decorate the
edge for that species between the respective reactions.

The flux configurations give a summary of the specific resource flows between
specific reactions at arbitrary time intervals during the simulation, and thereby
they provide a narrative for the essence of the dynamic behavior.

Example. Consider the chemical reaction network given in the example above.
A simulation trace for the initial state {A(1), A(2), A(3), A(4)} is depicted on the
left-hand-side of Figure 2. The figure demonstrates the simulation configuration
and the flux configuration obtained from this trace. In the flux configuration the
nodes are reactions, and the edges are the pairs of species names and their counts.

The time and space complexity of generating the above data structures is
linear in the number of simulation steps, which follows from the facts that there
is a fixed number of reactions, and each reaction involves a fixed number of
species. It is also evident that the flux graphs can be generated in linear time
and space. Because the steps of this algorithm do not modify the generation
of the individual events, the algorithm can be included in any discrete events
simulator of chemical reaction networks.

Model Equivalence as Flux Equivalence

In order to demonstrate our concept of equivalence, we use the chemical reaction
network depicted in Figure 3. This network models Rho GTP-binding protein
activation. For detailed dynamic analysis of this network, we refer to Goryachev
and Pokhilko (2006) with respect to ordinary differential equations and we refer
to Cardelli et al. (2009); Kahramanoğulları and Lynch (2013) with respect to
stochastic simulations.

In this network, all the reactions except 18, 20, and 22 are reversible. Here,
we consider the regime with the initial conditions given with R0 = 1000, E0 = 776
and A0 = 1; the analysis on regimes with other initial conditions can be found
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1 : A + R
1.0−→ RA

2 : A + RD
1.0−→ RDA

3 : A + RT
1.0−→ RTA

4 : E + R
0.43−→ RE

5 : E + RD
0.0054−→ RDE

6 : E + RT
0.0075−→ RTE

7 : R
0.033×D−→ RD

8 : R
0.1×T−→ RT

9 : RA
500−→ A + R

10 : RD
0.02−→ R

11 : RDA
500−→ A + RD

12 : RDE
0.136−→ E + RD

13 : RDE
6.0−→ RE

14 : RE
1.074−→ E + R

15 : RE
0.033×D−→ RDE

16 : RE
0.1×T−→ RTE

17 : RT
0.02−→ R

18 : RT
0.02−→ RD

19 : RTA
3.0−→ A + RT

20 : RTA
2104−→ RDA

21 : RTE
76.8−→ E + RT

22 : RTE
0.02−→ RDE

23 : RTE
0.02−→ RE

D = 50,T = 500

Figure 3: The GTPase chemical reaction network and their rates as in Goryachev
and Pokhilko (2006); Cardelli et al. (2009); Kahramanoğulları and Lynch (2013).

Figure 4: Left: Example simulation plot of the network in Figure 3. The initial
numbers of the species are R0 = 1000, E0 = 776, and A0 = 1. Right: Example
simulation plot of the network obtained by reducing the network in Figure 3 with
respect to the dominant fluxes. This network consists of the reactions 3, 5, 6, 11,
13, 16, 20, and 21. The initial numbers are set to the steady-state values of the
left-hand-side simulation with the complete network.

in Kahramanoğulları and Lynch (2013). When we run stochastic simulations at
this regime we obtain time-series plots as on the left-hand-side of Figure 4.

The stochastic flux analysis can be applied on any arbitrary time interval that
can be a transient period as well as steady state. However, in accordance with
the analysis in Goryachev and Pokhilko (2006), we analyzed the steady state
fluxes of this model for the time interval between 2.0 and 2.5 as this interval
provides a sufficient number of events in accordance with the convergence time
of the simulation. As with time-series analysis, flux analysis in stochastic sim-
ulations needs to be repeated on multiple simulations in order to increase the
confidence levels. While some systems require a greater number of simulations,
others converge quickly to their steady state as it is the case for the network here.
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Figure 5: The flux configuration for the time interval from 2 to 2.5 and the
structure obtained from it by filtering the fluxes that are weaker than 10% of the
average flux, i.e., the flux configuration after cut-off at 0.1.

Nevertheless, due to the observations being made on stochastic simulations, to
perform a statistical analysis on a small sample, we have repeated our analysis on
a set of 25 simulations to verify our results, where we repeated the observations
discussed below. This statistical analysis is discussed in Kahramanoğulları and
Lynch (2013).

A representative flux configuration with this network is depicted on the left-
hand-side of Figure 5. On the set of 25 simulations, we reduce the flux configu-
rations to dominant fluxes that account for most of the dynamical behavior. For
this purpose, we apply a cut-off value that is computed in terms of the average
flux of the system at this interval.

Definition 1. Let F [t, t′] denote a flux configuration for a time interval between
t and t′, with the edges 〈j1, j′1, s1, n1〉, . . . , 〈j`, j′`, s`, n`〉, where, for each i, we have
that ji, j

′
i are nodes, si is a species name, and ni is the count of that species on the

edge. The average flux is σ = (
∑`

k=1 nk )/` . For an x ∈ R+, the flux after cut-off
at x, denoted by F [t, t′](x), is the restriction of F [t, t′] to those edges 〈j, j′, s, n〉
satisfying n > xσ.

The flux configuration displays a quantification of the flow of species instances
between reactions during a steady state interval of a simulation. As these flows
determine the dynamic behavior of the simulation, the stronger fluxes have a
greater influence in determining the emerging behavior in comparison to the
weaker ones. By applying the definition above to the flux configuration and
removing the weaker fluxes from the flux configuration, we obtain a picture of
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the dominant behavior of the system that is in accordance with the applied cut
off value. This is because only a subset of the fluxes of the original network is
significant, while the remaining fluxes can have negligible values in delivering the
behavior that is, for example, observed at the time-series plot. In this setting, ob-
taining a convergence with a smaller cut-off value can be considered more reliable
in terms of singling out the dominant behavior. The flux configuration obtained
by applying the cut-off value of 0.1 on the set of 25 simulations is depicted on
the right-hand-side of Figure 5.

The fluxes on the right-hand-side of Figure 5 are those that play a dominant
role in tuning the behavior of the network during simulation. This is because
these fluxes have a greater weight in comparison to the others, and they thus
shift the simulation resources, thereby causing a shift in the time series of the
simulation. In order to observe this, we reduce the network in Figure 3 to a
network that consists of the reactions that participate in the flux configuration
on the right-hand-side of Figure 5. These are the reactions 3, 5, 6, 11, 13, 16, 20,
and 21. The simulations with the reduced system do not only agree in terms of
their flux configurations, but also their time series behaviors are in agreement as
depicted in Figure 4.

As illustrated in the network above, we relate different models according to a
comparison of their flux configurations in terms of graph isomorphisms, whereby
we impose the condition that the same cut-off value is applied to the compared
flux configurations. This way, the cut-off value employed is used as a metric that
quantifies the similarity between the compared models.

Definition 2. Given two flux configurations, F [t, t′] and F ′[t′′, t′′′], we say that
they are flux equivalent at x, denoted with F [t, t′] ≈x F ′[t′′, t′′′], if and only if
F [t, t′](x) and F ′[t′′, t′′′](x) are isomorphic graphs.

Proposition 3. Flux equivalence is an equivalence relation.

We define our metric in terms of cut-off values, which provide quantifications
of the similarity of the models with respect to their flux configurations.

Definition 4. The distance between two configurations F [t, t′] and F ′[t′′, t′′′] is
the smallest r such that F [t, t′] ≈r F ′[t′′, t′′′].

Equivalence by Filters and Maps

The network that we have used above illustrates how flux analysis can be used
to identify dominant reactions of a network. This way, we can identify a sub-
network of the original network that is capable of producing a similar behavior
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Approximate Majority Cell Cycle

1 : B +X → X +X

2 : B + Y → Y + Y

3 : X + Y → X +B

4 : X + Y → B + Y

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 : B +R→ X +R

2 : B + Z → Y + Z

3 : P +X → Q+X

4 : Q+ T → P + T

5 : Q+X → R +X

6 : R + T → Q+ T

9 : W + S → U + S

7 : Y +R→ B +R

8 : U + S → Z + S

10 : U +X → W +X

11 : X + Z → B + Z

12 : Z +X → U +X

Figure 6: Graphical representation of the approximate majority network (left)
and the cell cycle network (right), and their lists of reactions.

as the original one. We now show that we can compare complex chemical reac-
tion networks with different structures according to their capability to emulate
each other. For this purpose, we use the two chemical reaction networks in Fig-
ure 6, that is, the approximate majority network (AM) and cell cycle network
(CC). These two systems (and intermediate systems) were previously compared
in Cardelli and Csikász-Nagy (2012) based on stochastic and deterministic simu-
lations, and probabilistic model checking with the conclusion that they emulate
each other. Another approach that uses morphisms, however based on the static
structures of the models, is proposed in Cardelli (2014).

Here, we use the ideas above together with maps that collapse larger flux
configurations into smaller ones. In these systems X and Y compete against
each other for domination. As an example, we compare the networks AM and
CC to show the emulation of the more complex CC network by the simpler AM
network. Example simulation plots with these networks that illustrate their time
series behavior for X, Y , and B are depicted in Figure 7, where X dominates.
For the comparison of these networks, we use two different approaches, namely
equivalence by filters and equivalence by maps.

Equivalence by Filters. We introduce a mechanism that filters out the
flux of the enzymatic species instances in all the reactions in both networks. For
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Figure 7: Example simulation plots with the approximate majority network (left)
and the cell cycle network (right) for the cases, where X dominates.

Figure 8: Example flux configuration with the approximate majority network
(left) and the cell cycle network (right) for the cases, where X dominates. In
these simulations, only non-enzymatic fluxes are observed. The nodes are the
reactions of both networks, and 0 denotes the species at the initial state.

example, for the reaction 1 of the AM network, we only consider the reactant
B for the analysis, while disregarding the reactant X and keeping track of only
one of the X in the product. In other words, in the flux configurations, we only
monitor the species instances that get transformed by the reactions. For the
species X, Y , and B, these result in the flux-equivalent configurations depicted
in Figure 8, where the left-hand-side graph is AM and the right-hand-side is CC.

Equivalence by Maps. We consider all the species in all reactions, and
in order to compare AM and CC, we use maps on CC that merge reactions and
aggregate network species. This is because the flux configuration graph of CC
contains 12 reactions and 11 species in contrast to 4 reactions and 3 species in
AM. A flux configuration of CC is depicted in the Appendix in Figure 10. A flux
configuration of AM is depicted as the large graph in Figure 9, where the nodes A,
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B, C, and D denote the reactions 2, 3, 4, and 1 of the AM network, respectively.
The black, red, and blue edges are the fluxes of X, Y , and B, respectively.

In order to relate the two networks, we thus employ a map that merges the
fluxes of the reactions and aggregates the species of the CC in Figure 10. As
a first step for this, we use the observation that both of the systems employ
two non-linear positive feedback loops. In the cell cycle network, X contributes
as an enzyme by reactions 10 and 12 to the inhibition of Z, which inhibits the
transformation of X to B. Similarly, the reactions 3 and 5 contribute to the
production of R, which contributes to the production of X by participating in
the reactions 1 and 7. By relying on these observations, we are faced with multiple
options for merging the reactions, however not all of these merges can provide a
good match between the compared graphs. We thus use the information on the
feedback loops together with the structure of the flux configuration, and merge
the reactions 1, 3, and 5 into a single reaction; and we merge the reactions 7,
10, and 12 to another. At the second positive feedback loop, the reactions 4, 6,
8, 9, and 11 contribute to the production of Y . By merging these reactions, we
obtain the node C in Figure 9. In the graph, the blue edges denote the B fluxes,
whereas the black and red edges denote X and Y fluxes together with the fluxes
of others that are involved in the nodes.

The resulting merged configuration is identical to the configuration of the AM
network in Figure 9, that is, the large graph in Figure 9 is a flux graph of both
AM and CC. This is because, as a result of merging the fluxes in Figure 10 as
described above,

– the reaction nodes 7, 10 and 12 become node B in Figure 9;
– the reaction nodes 1, 3 and 5 become node D in Figure 9;
– the reaction nodes 4, 6, 8, 9 and 11 become node C in Figure 9.

All the species that are different from X,Y and B in Figure 10 are put in an X or
a Y edge in Figure 9. This is because between two reactions, there is never an X
and Y flux together, so all the fluxes that are different from X and Y in Figure
10 are considered auxiliary fluxes to X and Y . As a result of this reasoning,
we map the components of the cell cycle network that participate in a complex
mechanism to a simpler component in the AM network in a way that takes into
account the feedback mechanisms that are shared by these two networks.

Discussion

Our notion of equivalence is based on flow of resources between reactions during
simulations. The stochastic nature of the approach makes it plausible for the
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Figure 9: A complete flux configuration of the approximate majority network,
which is equivalent to the configuration obtained by merging the reaction nodes
and edges of the complete cell cycle flux configuration. A, B, C, and D are the
graphs of the merged fluxes in the complete cell cycle network. 0 denotes the
species at the initial state. Here, for example, the fluxes in box C are the ones
due to the reactions 4, 6, 8, 9, and 11, which contribute to the conversion of X
to B in a positive feed-back loop of the cell cycle network. These reactions are
merged into a single node C in the main graph. As the node C of the main graph
also denotes the reaction 4 of the approximate majority network that converts
X to B, these maps imply that the reaction 4 of approximate majority network
emulates the reactions 4, 6, 8, 9, and 11 in box C. See the text for further details.

models, where the quantities of certain species are arbitrarily small or the time
intervals of interest are not necessarily steady state intervals.

The different graphs that are obtained prior to a flux configuration are the
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phases that correspond to the intermediate steps in obtaining event structures
from transition system trajectories Kahramanoğulları (2009). In this respect, the
event structures approach provides a quantitative means to observe the causality
within the system dynamics. Moreover, the different kinds of graphs that we
use while computing the flux configurations expose different aspects of the same
simulation, and they can thus be of independent interest.

We have employed a cut-off function that is based on the average fluxes of
the system. However, different notions of cut-off can be more appropriate for
different systems, which remains a topic of future investigation. Other questions
concern investigations of a statistical nature: as a simulation with a certain initial
state has infinitely many different time-series, it has infinitely many simulation
trajectories. Future research can provide estimates to reach a desired level of
confidence.
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O. Kahramanoğulları. Nondeterminism and Language Design in Deep Inference.
PhD thesis, TU Dresden, 2006.

153



Appendix A

Figure 10: A flux configuration of the cell cycle model.

154


	15 paper.pdf
	Introduction
	Programming in TinyBang
	Language Features for Flexible Objects
	Self-Awareness and Resealable Objects
	Flexible Object Operations

	Function Patterns as Interfaces
	Patterns as Type Signatures

	Related Work
	Conclusions

	18 DidierRemyCoercions.pdf
	The different flavors of subtyping
	The language Fcc
	Strength and weaknesses of Fcc

	19 luca.pdf
	The calculus LK
	The pi-calculus with pairing
	A natural encoding for 61 into 62
	New directions: Fully abstract output-based encoding of semcolour`l`msemcolourx
	Conclusion

	15 paper.pdf
	18 DidierRemyCoercions.pdf
	The different flavors of subtyping
	The language Fcc
	Strength and weaknesses of Fcc

	19 luca.pdf
	The calculus LK
	The pi-calculus with pairing
	A natural encoding for 61 into 62
	New directions: Fully abstract output-based encoding of semcolour`l`msemcolourx
	Conclusion

	18 DidierRemyCoercions.pdf
	19 luca.pdf

