Homework 4
2.3 :
2. There are exactly two elements in the universe.
3. (a) JrFyFz(x=yA-az=zAN-y=zAVww=xVw=yVw=z)).
(b) JzFyINw(w=zVw=yVw=z2)

(c) No such sentence exists. Predicate logic can’t express the concept of “finite number of

elements.”
4. (a)
1. O — q1 N\ qo premise
2. 0] assumption
3. @1 N\ Q2 MP 1,2
4. ¢ Ne 3
5. O — q —124
6. 0] assumption
7. Q1 N g MP 1,6
8. G2 Ne 7
9. O — ¢ —16-8
10. (0= @) N(p—q) AIBI
(b)
1. ¢ — VzQ(x) premise
2. To
3. [0} assumption
4. VrQ(x) MP 1,3
5. Q(zo) Ve 4
6. ¢ — Q(x0) — 135
7. V(o — Q(z)) Vi 2-6



(c)

9. (e)
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Va(P(r) — Q(x))  premise
VaP(z) assumption
xo P(x0) Ve 2
P(zg) = Q(x0) Ve 1
Q(zo) MP 34
VaxQ(x) Vi 3-5
VeP(x) = VeQ(x) —12-6
Va(P(x) V Q(z)) premise
JxQ(z) V -3zQ(x) LEM
JzQ(x) assumption
VaeP(z) V JzQ(x) Vi3
—3xQ(x) assumption
xrg P(xo)V Q(zg)  Vzel
P(zo) assumption
Qo) assumption
JxQ(x) Jdxi 8
L —e 5,9
P(xo) 1e10
P(zy) Ve 6, 7, 8-11
VaP(z) Vi 6-12
VeP(x)V JzQ(x) Vi 13
Ve P(x) VvV dzQ(x) Ve 2,34, 5-14




10. (a)

(b)

(c)
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pVq premise
—-p A\ —q assumption
p assumption
—p Ne 2
il —e 3,4
q assumption
—q Ne 2
L —e 6,7
1 Ve 1, 3-5, 6-8
(~pA-g) i 29
JxP(x) premise
Vr—P(x) assumption
xg P(xg)  assumption
—P(x0) Ve 2
1 —-e 3,4
L dre 1, 3-5
—Vz-P(z) -i12-6
—(=p A —q) premise
=(pVq) assumption
p assumption
pVq Vi3
L —-e 2,4
-p —-i3-5
q assumption
pVq Vi 7
€ —e 2,8
-q -1 7-9
—p A\ —q Al 6,10
L —e 1,11
—=(pVq) -1 2-12
pVq ——e 13




(d) —Vz—P(z) F 3P(x), by analogy to parts (a) and (b).

11. (d)
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1. —Vz—P(z) premise

2. —JzP(x) assumption

3. X

4. P(x0) assumption

5. JxP(z) dri 4

6. 1 —e 2.4

7. ~P(z0) —i 4-6

8. Va—P(z) Vai 3-7

9. 1L —e 1,8

10. ——3JzP(x) —i2-9
11. dxP(x) ——e 10

Va(P(z) <> x =) premise
P(b) <> b=1b Ve 1
b=b— P(b) Ae 2
b=> =i
P(b) MP 3.4
zo P(xo) <> 20 =10 Vre 1
Yo Pyo) > yo =" Vre 1
P(z9) A P(yo) assumption
P(o) Ne 8
P(xg) =z =10 Ne 6
rg="0 MP 9,10
P(yo) Ne 8
P(yo) = yo =" Ne 7
Yo="> MP 12,13
Zo = Yo symmetry (2.6), transitivity (2.7) 11,14

P(xo) AN P(yo) = zo = Yo

—18-15

Vy(P(xo) A P(y) = 20 = y) Vyi 7-16
VaVy(P(z) A P(y) — x =vy) Vi 6-17
P(b) AVaVy(P(z) AN P(y) =z =vy) Ai5,18




