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Abstract

For agraphG = (V, E), asubsetS C V is calledshatteedif for every A C S, thereis a vertex
v € V suchthatN(v) NS = A, whereN(v) = {u | (u,v) € E oru = v}. Thetestingdimensiorof G
is thelargestk suchthatevery setof k verticesin G is shatteredFor k > 0, we let ¢(k) bethe smallest
n suchthatthereis a graphon n verticeswith a testingdimensionof k. In this note,we prove some
structuralpropertieof graphswith testingdimensiorof &, we shov thatthey areuniversal for theclass
of all graphswith atmostk verticesandwe provethat2* + k — 1 < t(k) < k22F(1 + o(1)).

1 Introduction

Let X beasetandF beasetof subset®f X, i.e., F C 2X. A setS C X is saidto be shatteed by F if
for every A C S, thereis anelementf € F sothatf N S = A. The Vapnik-Chernwenkisdimension(VC)
of F is thesizeof thelargestsetS thatis shatteredy F. Thenotionof shatteringandVC dimensionare
importantin statisticalearningtheory[13]. In combinatoric®f setsystemgor hypegraphs)thesenotions
arerelatedto a concepknown asthetraceof asetsystemor ahypegraph[4]. In thisnotewe will consider
shatteringgor graphs.

Let G = (V, E) beafinite, simple,undirectedgraph. For avertex v € V, the neighborhoodf v is
the setof verticesreachablgrom v via pathsof lengthat most1 (which includesw itself), i.e., N(v) =
{u | (u,v) € E} U{v}. Theneighborhoof agraphN(G) is the collectionof all neighborhoodsf G,
i.e.,, N(G) = {N(v) | v € V}. The Vapnik-Chervonenkidimensionof a graphG = (V, E) is the VC
dimensiorof (V, N(G)). More specifically asetof verticesS is shatteedby N (G) (or G if it is clearfrom
contet) if for every subset4 of S, thereis avertex v4 € V suchthatA = N(v4) N S, i.e.,theneighbors
of v4 thatarein S arepreciselythe verticesin A. In this casewe alsosaythatv4 (or N(v4)) shattes A
in S or thatv 4 yieldsthe shatteringof A within S. An easybut importantobserationis that,if A, B C S,
A # B, v4 shatters4 in S andvp shattersB in S, thenv4 # vp.

The VC dimensionof graphswasinvestigatecearlierby ANTHONY, BRIGHTWELL, and COOPER [1]
andby KRANAKIS, KRIZANC, RUF, URRUTIA, and WOEGINGER [8]. In this notewe focuson another
notionof dimensionfor graphsthatis still relatedto shatteringsThetestingdimensiorof agraphG is the
largestk sothatevery subsetS C V of k verticesin G is shatteredy N(G). Sowhile theVC dimension
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measureshe size of a largestshatteredsubsetf V, the testingdimensionmeasureshe largestsize of &
suchthatall subset®f sizek in G is shatteredIn thecontext of graphsthenotionof testingdimensionwas
mentionedn [1]. We mentionthattestingdimensionof setsystemsasbeenstudiedby othersnotablyby
RomANIK [11, 1Q] in relationto testinggeometricobjectsin computationajeometryandto approximate
testingof conceptlassesn PAC learningtheory(alsoby ANTHONY, BRIGHTWELL andSHAWE-TAYLOR
[2]), andby SEROUSSI andBsHOUTY in relationto thelogical testingof circuits[12].

We describesomenotationthatwe usedthroughouthis note. Let ¢(k) bethesmallest: suchthatthere
is agraphon n verticeswith atestingdimensionof k. For agraphG = (V, E) andfor asubsetU C V'
of verticesin G, let G[U] denotetheinducedsubgraphwith vertex setU in G. Thedegreeof avertex v is
denotedieg(v). We denoted(G) to bethe minimumdegreeof G (smallestdegreeof a vertex) and A(G)
to be the maximumdegreeof G (largestdegreeof a verte). If G is a connectedyraph,thenthe vertex-
connectiity of G, i.e., the minimum numberof verticesof G whoseremoval disconnects7, is denoted
k(G). A graphG is k-connectedf x(G) > k. Welet a(G) denotethe sizeof the largestindependenset
(emptysubgraphpf G. A claw isa K ,,, for somen > 0. Thecenterof aclaw is avertex with maximum
degree.All referenceso cyclesandpathsreferto simplecyclesandpaths.

2 Structure

Thesmallesigraphwith atestingdimensionequalsl is K,. In whatfollows we will dealonly with graphs
of testingdimensionof atleast2. We startby statingsomesimplefactsandlemmasaboutthesegraphs.

Fact 1 LetG = (V, E) beagraphof testingdimensiorequalsk > 2. Then(i) G shattes everysubsebf ¢
verticesfor1 < ¢ < k; (ii) If S C V isasetof k verticesthenthereisasubsel/ C V sudthat|U| = 215l
anda bijectiony : 25 — U sud thatfor every A C S, N(p(A)) NS = A.

Thesecondactabove stateghatwe canuniquelyidentify verticesthatyield all theshatteringsvithin afixed
subsetof k verticesin a graphof testingdimensionequalsk. In the next theorem,we prove a forbidden
subgaph propertyof graphswith testingdimensionk. We referto this propertyasdisjointclaw covering

Theorem 2 (Disjoint Claw Covering)Let G = (V, E) bea graphwhoseverticescanbedisjointly covered
with k£ claws,i.e., ther existsa subgaphwith |V| verticesthatis a disjointunionof claws. ThenG hasa
testingdimensiorthatis strictly lessthank.

Proof: AssumethatG hasatestingdimensionof k. Let V (G) = Ule C;, whereeachCj; is aclaw (K 4,

for somet) with centere;. Considetthe setof verticesC = {ci,... , ¢, }. Notethatthis setis not shattered
by N(G), sincethereis no vertex whoseneighborhoodwill yield the emptysetfor C. This contradiction
establishesheclaim. O

Next we statesomevery simpleobsenrationson thedegreeandconnectiity structureof graphswith testing
dimensionof atleast2.

Lemma3 LetG = (V, E) beagraphwith a testingdimensiorof £ > 2. Then(i) thediameterof G equals
2. (ii) 6(@) > 3. (iii) G is 2-connected.

Proof: (i) Two distinctverticesu,v € V, u # v, areeitheradjacenbr hasavertex w ¢ {u, v} thatshatters
thedoubleton{u, v} in ak-setthatincludesbothu andv.

(ii) If thereis a vertex v of deggreeat most2, thenits adjacenineighborsform a disjoint covering with at
most2 claws (sinceG hasa diameterof 2).



(i) 1t sufficesto shaw thatevery two verticesin G belongto acommoncycle. AssumethatG containgwo
verticesu, v suchthatthereis no cycle thatcontainsboth of them. If » andv areadjacentij.e., (u,v) € E,
thenthereis abipartitionof V' into V,, andV,, suchthat(u, v) is anedgecut (removal of theedge(u, v) dis-
connectg). Sinceneitheru norv canhave degreel, therearetwo verticesz € V,, \ {u} andy € V, \ {v}
whoseminimumdistances atleast3. Thisis acontradictiorbecaus&r hasdiameter2. Now, if 4 andv are
notadjacentthentherehasto be anothewvertex w thatis adjacento both« andv. Considerthedoubleton
{v,w}. Theremustbeavertex z ¢ {v,w} thatis only adjacento v (to yield a shatteringof {v}). Next
considerthe vertex that shatterghe doubleton{z, v}, saya. Now we founda cycle (a, u,w,v, z,a) that
containsu andv. This contradictioncompletegheclaim. O

We generalizéheobserationsfrom the previouslemmaby proving slightly moregeneraboundsondegree
andconnectiity of graphswith testingdimensionof £ > 2.

Proposition 4 Let G = (V, E) be a graph with a testingdimensionof at leastk > 2. (i) For every
v e V,2F1 — 1 < deg(v) < |V|— 281 + 1. (ii) Thevertex connectivityof G satisfie2¥—2 < x(G) <
V| —2k1 4+ 1.

Proof: (i) Considersetof k verticesS of G andavertex v € S. Thereare2*~! subset®f S thatcontainy

andsinceeachof thesesubsetsnustbeshatteredy distinctelementf N (G) (seeFactl), therehareto be
atleast2*~! — 1 edgesconnectedo v (v itself potentiallyaccountsor shatteringhe singletonsubset{v}).

Thisgivesdeg(v) > 2¢~! — 1. Butw is alsonotincludedin 2! subset®f S. Soit cannotbeconnectedo

morethan|V| — (2¥~1 — 1) verticesin G.

(i) ConsiderasetS C V of k verticesin G andtwo verticesu # v € S. Sincethereare2*~2 subsetof S

thatcontainboth« andv, andeachof thesesubsetsnustbe shatteredy a differentelementof N (G) (see
Fact1), thereare2*—2 distinctverticesthat connectu to v. Hence thereareat least2—2 vertex-disjoint
pathsconnecting: to v, implying thatthe vertex connectiity of G is atleast2~2 (by Mengers theorem).
The upperboundon vertex-connectiity is obtainedfrom an upperboundon the maximumdegreeof ver

ticesin G (appealingo part(i). O

By Theoren® (from thenext section) theemptygraphK;, on k verticesmustexist in agraphwith atesting
dimensionof k. We shav thatthe sizeof thelargestindependensetof suchagraphhasto bestrictly larger
thank.

Coradllary 5 LetG = (V, E) bea graphwith a testingdimensiorof k. Thena(G) > k.

Proof: Let I bethe maximumindependensetof G, i.e.,|I| = a(G). Notethateveryvertex v € V' \ I
mustbeconnectedo atleastonevertex z € I. Hencel inducesavertex coveringof V(G) via claws. Now
Theorem? impliesthat|I| > k. O

3 Universality

A graphG is calledunivessal for afamily of graphsH if G containsall graphsH € H asinducedsubgraphs.
Thenotionof universalgraphswvasstudiedby Moon [9] (seealsothe surney by CHUNG andGRAHAM [6])
andhasbeenstudiedextensvely by othersin relationto sparsegraphsandsmalltrees.In whatfollows, for
k > 0, let G, bethefamily of all graphson atmostk vertices.

Theorem 6 LetG = (V, E) bea graphwith a testingdimensiorof £ > 2. ThenG is univesal for Gi.



Proof: We prove theassertiorusinginductionon k. Thebasecasefor k = 2 istrivial. Assumeby induction
thatevery graphwith a testingdimensionof lessthanor equalto k¥ > 2 hasthe propertythatit containsall
possiblegraphsof sizeat mostk asinducedsubgraphsLet G beagraphwith atestingdimensiorof k£ + 1.
Recallthat,by Fact1, N(G) shattersalsoall subset®f k verticesin G. Let H beagraphonk + 1 vertices
andletV(H) = {z} UY beapartitionof theverticesof H into avertex « andasetof k verticesY . By the
inductive hypothesisthegraphH[Y] existsin G asaninducedsubgraph.We will alusethe notationand
write Y to meanthe setof verticesin G thatinduceshegraphH[Y].

Let z beavertex suchthat N(z) N Y = 0, i.e., z is notadjacento all of theverticesof Y. LetY cY
bethesetof verticesin Y thatareadjacento = in H. Takethesubset{z} UY which containsat mostk + 1
vertices.SinceG hasatestingdimensiorof k + 1, thereexistsavertex s suchthat N (s) N ({z} UY) =Y.
Finally, theinducedsubgraptcontainingthevertices{s} UY in G is preciselythegraphH. ]

Usingtheabove theoremwe describesomeobserationsonthelengthof theshortesandlongestcycles
in agraphwith atestingdimensiorof k& > 2.

Corollary 7 LetG = (V, E) bea graphwith a testingdimensiorof at leastk > 3. Thenthelengthof the
shortesttyclein G, i.e., its girth, is 3.

Proof: By Theoremb, G mustcontaina 3-cycle. O

For our next lower boundon the lengthof the longestcycle, i.e., circumferencewe usethe following
famougheorenof Dirac[7].

Theorem 8 (Dirac) If G is 2-connectegyraphwith a minimumdegreegreaterthanor equalto £, thenG is
Hamiltonianor it hasa cycleof lengthat least2/

Corollary 9 LetG = (V, E) bea graphwith a testingdimensiorof at leastk > 2. Thenthelengthof the
longestcyclein G, i.e., its circumfeence is at least2* — 2.

Proof: By Propositiord, theminimumdegreeof G is atleast2*~! — 1, andby Lemma3, G is 2-connected.
Thus,by Theoren8 of Dirac, G hasacycle of lengthatleast2(2¢—1 — 1) > 2k — 2, 0

4 Asymptotics and exact values of ¢(k)

Recallthatt(k) is theminimumn suchthatthereis a graphonn verticeswith a testingdimensionof £. In
this sectionwe studytheasymptotidoehaior of ¢(k) ask — oo anddeterminghe exactvalueof ¢(2).

Theorem 10 For everyk > 2, wehave2® + k — 1 < t(k) < k225(1 + o(1)).

NoTE: Thefirstinequalityis absolutewhereaghe secondnequalityis anasymptotiaelation.

Proof: Let G beaminimal graphof a testingdimensionof k. The lower boundfollows from observing
the shatteringsarounda completesubgraphk;, which, by Theorem6, we knonv mustexist asaninduced
subgraplof G. Let S bethesetof k verticesin G forming the k-clique. Notethatall 2¥ — 1 subsetsexcept
for thefull subsets itself, mustbe shatteredy externalvertices.Hencetherehasto beatleastk 4 2% — 1

verticesin G.



The upperboundis obtainedby emplging a basicprobabilisticmethod[3]. We examinethe random
graphG = G(n, 3). Fix asetS of k verticesin G. Let A C S beafixedsubsebf S. Forv € V(G), let 3,
betheeventthatv doesnotshatter4 in S. Sotheprobabilitythat A is notshatteredn S is givenby

Pr[)B] = Pr[()B| [ B Prl[) Bl

veES vES
< Pr[m B | m Bol, SinCGPT[ﬂves Bu] <1
v veS
< P Al ()8 <Pr() 4], byindependence
vgS veS vgS
< T[PriB) < (1 —27F)*
vgS

Thus, the probability that thereis a subsetA of S thatis not shatterecby N(G) is at most (})2¥(1 —
2-k)n—k < 1, by our choiceof n = k22*(1 + o(1)). Thiscompleteghe proof. O

In whatfollows, we will provide precisenformationaboutminimal graphswith testingdimensionof 2.
Lemmall LetG = (V, E) beagraphwith a testingdimensiorof 2. ThenG containsa ¢-cycle for £ > 6.

Proof: By Lemma3, §(G) > 3 and@ is 2-connectedUsing Theorem8, we concludethatG hasa 6-cycle
orlonger ]

Next we will prove thatthe minimum numberof verticesand edgesnecessarand sufficient to obtaina
graphwith a testingdimensionequals2 are8 and12, respectiely. We referto a graphwith the minimum
numberof verticesandedgesasa minimalgraphof thattestingdimension.

Theorem 12 ¢(2) = 8

Proof: Theupperboundis obtainedoy observingthefollowing cubicgraphson 8 verticesgivenin Figure
1. As describedn [5], thereare5 non-isomorphicubic graphson 8 vertices(all beingHamiltonian)and
only two of themhave testingdimensiorequal2. SeeFigure3 attheendof this note.

Figurel: The(only) two minimal graphswith testingdimensior®.

The lower boundis proven by a cycleeliminationargument. Note thatby Lemmall, G musthave a
cycle of lengthatleast6. Sothenumberof verticesof G mustbeatleast6. Butif n = 6 thena 6-cyle will
induceadisjointcoveringby 2 claws. SoG cannothave 6 vertices.

We now considerthecasewhereG hasn = 7 vertices.We proceedy shaving thatthereareno cycles
of lengths? = 6,7 in G. Supposehatthereis a6-cyclein G. Considerthefirst graphin Figure2. Vertex
0 hasto be connectedo somevertex on the 6-cycle. Withoutlossof generalityassumehatthe edge(0, 1)
exists. Thus,againwe obtaina vertex coveringwith 2 claws. Soa 6-cycle cannotexist.
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Figure2: Cyclesof lengths6 and7, respectiely, in agraphon 7 vertices

Supposehatthereis a7-cycle in G. Considerthesecondgyraphin Figure2. Sincethe minimumdegree
is atleast3 by Lemma3, vertex 2 hasto be connectedo anothewertex. If it is connectedo eithervertex
4 or 7 thenthe two claws centeredat vertices2 and5 cover G. Hencevertex 2 canonly be connectedo
eithervertex 5 or 6. Without lossof generality assumehatit is connectedo vertex 5. Now, vertex 7 has
to be connectedo eithervertex 2, 3, 4 or 5 (againby theminimumdegreerequirementf Lemmag3. If it is
connectedo vertex 2 or 5, thenwe gettwo claws centeredat vertices2 and5. If it is connectedo vertex 3,
thenwe gettwo claws centerecht vertices5 and7. Finally, if it is connectedo vertex 4, thenwe gettwo
claws centeredat vertices2 and7. Soin all caseswe obtaina contradictionby meansof the existenceof
two disjointclaw coveringof G. Thus,therecannotexist a7-cyclein G. This completeshe proof. O

It is clearthat12 is the minimumnumberof edgedor graphson 8 verticesto have testingdimensior2
(sincetheminimumdegreeof avertex mustbeatleast3). We have beenunableto obtainprecisanformation
aboutgraphswith highertestingdimensionssayk = 3,4, . ...

5 Conclusions

We concludethis note with the following openquestionsand conjectures. (i) For every k& > 1, there
is a regular, Hamiltoniangraphwith the minimum numberof verticesand edgesthat achieves a testing
dimensionof k.  (ii) Canwe shav t(k) € Q(k2¥)? Also, what s the correctasymptoticexpression
for t(k)? (iii) 1s 16 < ¢(3) < 24? (iv) Are thereexplicit constructiongor graphswith arbitrarytesting
dimensions?v) Whatis the compleity of computingthetestingdimensionof graphs?
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