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Abstract

For a graph �������
	��� , a subset����� is calledshattered if for every ����� , thereis a vertex��� � suchthat ��� � �������� , where��� � ��! #"�$%�&"'	 �  � � or "(� �*) . The testingdimensionof �
is thelargest+ suchthateverysetof + verticesin � is shattered.For +-,/. , we let 01�2+3 bethesmallest4 suchthat thereis a graphon 4 verticeswith a testingdimensionof + . In this note,we prove some
structuralpropertiesof graphswith testingdimensionof + , weshow thatthey areuniversal for theclass
of all graphswith atmost + vertices,andweprovethat 57698:+<;:=?>@01�2+ACBD+FE#576G�H=�8JIF�H=KL .

1 Introduction

Let M bea setand N bea setof subsetsof M , i.e., NPORQ%S . A set TUORM is saidto beshatteredby N if
for every V�OWT , thereis anelementX@Y:N sothat X[ZJT]\WV . TheVapnik-Chernovenkisdimension(VC)
of N is thesizeof thelargestset T that is shatteredby N . Thenotionof shatteringandVC dimensionare
importantin statisticallearningtheory[13]. In combinatoricsof setsystems(or hypergraphs),thesenotions
arerelatedto aconceptknown asthetraceof asetsystemor ahypergraph[4]. In thisnotewewill consider
shatteringsfor graphs.

Let ^_\a`Hb9c1d�e be a finite, simple,undirectedgraph. For a vertex f�Ygb , the neighborhoodof f is
the setof verticesreachablefrom f via pathsof lengthat most h (which includes f itself), i.e., ij`�fke-\lnm]o ` m cpfqe�Yrd[s�t l f�s . Theneighborhoodof a graph i!`H^ue is thecollectionof all neighborhoodsof ^ ,
i.e., i!`H^ue�\ l i!`�fqe o frYRb�s . The Vapnik-Chervonenkisdimensionof a graph ^P\v`Hbwc1d(e is the VC
dimensionof `Hbwc1i!`H^uepe . Morespecifically, asetof verticesT is shatteredby ij`H^�e (or ^ if it is clearfrom
context) if for every subsetV of T , thereis a vertex fFx�Y�b suchthat V�\�i!`�fGxyezZ:T , i.e., theneighbors
of fFx thatarein T arepreciselytheverticesin V . In this case,we alsosaythat fFx (or ij`�fFxCe ) shatters V
in T or that f x yieldstheshatteringof V within T . An easybut importantobservation is that,if Vuc1{|OWT ,V~}\�{ , fGx shattersV in T and fA� shatters{ in T , then fGx�}\UfA� .

TheVC dimensionof graphswasinvestigatedearlierby ANTHONY, BRIGHTWELL, andCOOPER [1]
andby KRANAKIS, KRIZANC, RUF, URRUTIA, andWOEGINGER [8]. In this notewe focuson another
notionof dimensionfor graphsthat is still relatedto shatterings.The testingdimensionof a graph ^ is the
largest � sothatevery subsetT�O�b of � verticesin ^ is shatteredby ij`H^�e . Sowhile theVC dimension�
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measuresthe sizeof a largestshatteredsubsetof b , the testingdimensionmeasuresthe largestsizeof �
suchthatall subsetsof size � in ^ is shattered.In thecontext of graphs,thenotionof testingdimensionwas
mentionedin [1]. We mentionthattestingdimensionof setsystemshasbeenstudiedby others,notablyby
ROMANIK [11, 10] in relationto testinggeometricobjectsin computationalgeometryandto approximate
testingof conceptclassesin PAC learningtheory(alsoby ANTHONY, BRIGHTWELL andSHAWE-TAYLOR

[2]), andby SEROUSSI andBSHOUTY in relationto thelogical testingof circuits[12].
Wedescribesomenotationthatweusedthroughoutthisnote.Let ��`���e bethesmallest� suchthatthere

is a graphon � verticeswith a testingdimensionof � . For a graph ^�\_`Hbwc1d(e andfor a subset��O�b
of verticesin ^ , let ^[���<� denotetheinducedsubgraphwith vertex set � in ^ . Thedegreeof a vertex f is
denoted�*���'`�fqe . We denote��`H^ue to betheminimumdegreeof ^ (smallestdegreeof a vertex) and �J`H^ue
to be the maximumdegreeof ^ (largestdegreeof a vertex). If ^ is a connectedgraph,thenthe vertex-
connectivity of ^ , i.e., the minimum numberof verticesof ^ whoseremoval disconnectŝ , is denoted� `H^�e . A graph ^ is � -connectedif � `H^ue���� . We let ��`H^�e denotethesizeof the largestindependentset
(emptysubgraph)of ^ . A claw is a ���p� � , for some�� U¡ . Thecenterof a claw is a vertex with maximum
degree.All referencesto cyclesandpathsreferto simplecyclesandpaths.

2 Structure

Thesmallestgraphwith a testingdimensionequalsh is �/¢ . In whatfollows wewill dealonly with graphs
of testingdimensionof at leastQ . Westartby statingsomesimplefactsandlemmasaboutthesegraphs.

Fact 1 Let ^R\£`Hbwc1d(e bea graphof testingdimensionequals���UQ . Then(i) ^ shatters everysubsetof ¤
vertices,for h¦¥�¤§¥U� ; (ii) If TjO�b is a setof � vertices,thenthere is a subset�ROUb such that

o � o \WQq¨ ©�¨
anda bijection ªj«3QF©¬®� such that for every VROUT , i!`�ª¯`°V�epe�Z�T±\�V .

Thesecondfactabovestatesthatwecanuniquelyidentify verticesthatyield all theshatteringswithin afixed
subsetof � verticesin a graphof testingdimensionequals� . In the next theorem,we prove a forbidden
subgraphpropertyof graphswith testingdimension� . Wereferto thispropertyasdisjointclawcovering.

Theorem 2 (Disjoint ClawCovering)Let ^R\²`Hb9c1d�e bea graphwhoseverticescanbedisjointlycovered
with � claws,i.e., there existsa subgraphwith

o b o verticesthat is a disjoint unionof claws.Then ^ hasa
testingdimensionthat is strictly lessthan � .
Proof: Assumethat ^ hasa testingdimensionof � . Let b³`H^ue�\�´�µ¶&· �¹¸ ¶ , whereeacḩ ¶ is a claw ( ���p� º ,
for some� ) with center» ¶ . Considerthesetof verticeş \ l »¼�nc�½�½�½zc1» µ s . Notethatthissetis not shattered
by ij`H^�e , sincethereis no vertex whoseneighborhoodwill yield theemptysetfor ¸ . This contradiction
establishestheclaim.

Next westatesomeverysimpleobservationsonthedegreeandconnectivity structureof graphswith testing
dimensionof at least Q .
Lemma 3 Let ^¾\�`Hbwc1d(e bea graphwith a testingdimensionof �³��Q . Then(i) thediameterof ^ equalsQ . (ii) ��`H^ue���¿ . (iii) ^ is Q -connected.

Proof: (i) Two distinctvertices
m cpfY@b ,

m }\�f , areeitheradjacentor hasavertex À²}Y lnm cpf�s thatshatters
thedoubleton

lnm cpf�s in a � -setthatincludesboth
m

and f .
(ii) If thereis a vertex f of degreeat most Q , thenits adjacentneighborsform a disjoint covering with at
most Q claws (since ^ hasadiameterof Q ).
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(iii) It sufficesto show thatevery two verticesin ^ belongto acommoncycle. Assumethat ^ containstwo
vertices

m cpf suchthatthereis no cycle thatcontainsbothof them.If
m

and f areadjacent,i.e., ` m cpfkeÁY/d ,
thenthereis abipartitionof b into b�Â and bkÃ suchthat ` m cpfke is anedgecut (removal of theedgè

m cpfqe dis-
connectŝ ). Sinceneither

m
nor f canhave degree h , therearetwo verticesÄJY@b�Â?Å lnm s and ÆY@b�ÃÇÅ l f�s

whoseminimumdistanceis at least¿ . This is acontradictionbecausê hasdiameterQ . Now, if
m

and f are
not adjacent,thentherehasto beanothervertex À thatis adjacentto both

m
and f . Considerthedoubletonl f�cpÀus . Theremustbea vertex È�}Y l f�cpÀus that is only adjacentto f (to yield a shatteringof

l f�s ). Next
considerthe vertex that shattersthe doubleton

l Èkc m s , say É . Now we founda cycle `°É�c m cpÀucpf�c1È�c1Éqe that
contains

m
and f . Thiscontradictioncompletestheclaim.

Wegeneralizetheobservationsfrom thepreviouslemmaby proving slightly moregeneralboundsondegree
andconnectivity of graphswith testingdimensionof �³�UQ .
Proposition 4 Let ^Ê\Ë`Hb9c1d�e be a graph with a testingdimensionof at least ���ÌQ . (i) For everyfJY!b , Q µ¼Í �ÇÎ h-¥¾�*���'`�fqeÏ¥ o b o Î Q µ¼Í �yÐ h . (ii) Thevertex connectivityof ^ satisfiesQ µ¼Í ¢ ¥ � `H^�e<¥o b o Î Q µ¼Í � Ð h .
Proof: (i) Considerasetof � verticesT of ^ andavertex fÑY@T . Thereare Q µ¼Í � subsetsof T thatcontainf
andsinceeachof thesesubsetsmustbeshatteredby distinctelementsof ij`H^�e (seeFact1), therehave to be
at leastQ µ¼Í ��Î h edgesconnectedto f ( f itself potentiallyaccountsfor shatteringthesingletonsubset

l f�s ).
Thisgives �*�K�Ò`�fqeÁ��Q µ¼Í �
Î h . But f is alsonot includedin Q µ¼Í � subsetsof T . Soit cannotbeconnectedto
morethan

o b o Î `�Q µ¼Í � Î h7e verticesin ^ .
(ii) Considera set T!OWb of � verticesin ^ andtwo vertices

m }\WfYDT . Sincethereare Q µ7Í ¢ subsetsof T
thatcontainboth

m
and f , andeachof thesesubsetsmustbeshatteredby a differentelementof ij`H^�e (see

Fact1), thereare Q µ¼Í ¢ distinct verticesthat connect
m

to f . Hence,thereareat least Q µ¼Í ¢ vertex-disjoint
pathsconnecting

m
to f , implying thatthevertex connectivity of ^ is at least Q µ¼Í ¢ (by Menger’s theorem).

Theupperboundon vertex-connectivity is obtainedfrom anupperboundon themaximumdegreeof ver-
ticesin ^ (appealingto part(i).

By Theorem6 (from thenext section),theemptygraph� µ on � verticesmustexist in agraphwith atesting
dimensionof � . Weshow thatthesizeof thelargestindependentsetof suchagraphhasto bestrictly larger
than � .
Corollary 5 Let ^g\�`Hbwc1d(e bea graphwith a testingdimensionof � . Then�¯`H^ue� �� .
Proof: Let Ó be themaximumindependentsetof ^ , i.e.,

o Ó o \Ô��`H^�e . Note that every vertex f]Y�bRÅ§Ó
mustbeconnectedto at leastonevertex ÄJYJÓ . HenceÓ inducesavertex coveringof bÑ`H^�e via claws. Now
Theorem2 impliesthat

o Ó o  �� .
3 Universality

A grapĥ is calleduniversal for afamily of graphsÕ if ^ containsall graphsÖ×Y�Õ asinducedsubgraphs.
Thenotionof universalgraphswasstudiedby Moon [9] (seealsothesurvey by CHUNG andGRAHAM [6])
andhasbeenstudiedextensively by othersin relationto sparsegraphsandsmalltrees.In whatfollows, for�³ �¡ , let Ø µ bethefamily of all graphsonatmost � vertices.

Theorem 6 Let ^¾\�`Hbwc1d(e bea graphwith a testingdimensionof �Ù��Q . Then ^ is universal for Ø µ .
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Proof: Weprovetheassertionusinginductionon � . Thebasecasefor �[\WQ is trivial. Assumeby induction
thatevery graphwith a testingdimensionof lessthanor equalto ���WQ hasthepropertythat it containsall
possiblegraphsof sizeatmost � asinducedsubgraphs.Let ^ beagraphwith a testingdimensionof � Ð h .
Recallthat,by Fact1, ij`H^�e shattersalsoall subsetsof � verticesin ^ . Let Ö beagraphon � Ð h vertices
andlet b`°Ö/eÇ\ l Ä
sÇt-Ú beapartitionof theverticesof Ö into avertex Ä andasetof � verticesÚ . By the
inductive hypothesis,thegraph Ö!� Úu� exists in ^ asan inducedsubgraph.We will abusethenotationand
write Ú to meanthesetof verticesin ^ thatinducesthegraphÖj� Úu� .

Let È bea vertex suchthat i!`°È*e�Z�Ú~\¾Û , i.e., È is not adjacentto all of theverticesof Ú . Let ÜÚÝOUÚ
bethesetof verticesin Ú thatareadjacentto Ä in Ö . Take thesubset

l ÈqsCt ÜÚ whichcontainsatmost � Ð h
vertices.Sincê hasa testingdimensionof � Ð h , thereexistsavertex Þ suchthat i!`�Þ%e'ZJ` l ÈksÇtÑÚ-e9\ ÜÚ .
Finally, theinducedsubgraphcontainingthevertices

l ÞAs¯tÙÚ in ^ is preciselythegraphÖ .

Usingtheabovetheorem,wedescribesomeobservationsonthelengthof theshortestandlongestcycles
in a graphwith a testingdimensionof �³��Q .
Corollary 7 Let ^�\Ô`Hbwc1d(e bea graphwith a testingdimensionof at least �:�g¿ . Thenthelengthof the
shortestcyclein ^ , i.e., its girth, is ¿ .
Proof: By Theorem6, ^ mustcontaina ¿ -cycle.

For our next lower boundon the lengthof the longestcycle, i.e., circumference,we usethe following
famoustheoremof Dirac [7].

Theorem 8 (Dirac) If ^ is Q -connectedgraphwith a minimumdegreegreaterthanor equalto ¤ , then ^ is
Hamiltonianor it hasa cycleof lengthat least Q¼¤
Corollary 9 Let ^�\Ô`Hbwc1d(e bea graphwith a testingdimensionof at least �:�gQ . Thenthelengthof the
longestcyclein ^ , i.e., its circumference, is at least Q µ Î Q .
Proof: By Proposition4, theminimumdegreeof ^ is at leastQ µ¼Í �¹Î h , andby Lemma3, ^ is Q -connected.
Thus,by Theorem8 of Dirac, ^ hasacycleof lengthat leastQk`�Q µ¼Í � Î h7e¯��Q µ Î Q .
4 Asymptotics and exact values of ß�à7á¯â
Recallthat ��`���e is theminimum � suchthatthereis a graphon � verticeswith a testingdimensionof � . In
thissection,westudytheasymptoticbehavior of �K`���e as �Ñ¬Ìã anddeterminetheexactvalueof ��`�QAe .
Theorem 10 For every �³��Q , wehaveQ µ Ð � Î h�är��`���e�¥�� ¢ Q µ `åh Ð!æ `åh7epe .
NOTE: Thefirst inequalityis absolutewhereasthesecondinequalityis anasymptoticrelation.
Proof: Let ^ be a minimal graphof a testingdimensionof � . The lower boundfollows from observing
theshatteringsarounda completesubgraph� µ , which, by Theorem6, we know mustexist asan induced
subgraphof ^ . Let T bethesetof � verticesin ^ formingthe � -clique.Notethatall Q µ Î h subsets,except
for thefull subsetT itself, mustbeshatteredby externalvertices.Hencetherehasto beat least � Ð Q µ Î h
verticesin ^ .
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Theupperboundis obtainedby employing a basicprobabilisticmethod[3]. We examinethe random
graph ^¾\¾^[`��9c �¢ e . Fix a set T of � verticesin ^ . Let V�OUT beafixedsubsetof T . For fY/bÑ`H^�e , let ç�Ã
betheeventthat f doesnotshatterV in T . Sotheprobabilitythat V is notshatteredin T is givenbyèwé �ëê Ã ç�Ã��P\ èÇé �ëê Ã ç�Ã

o êÃ�ì © ç�Ã��
èÇé �1êÃ�ì © ç�Ã��¥ èÇé � ê Ã ç Ã

o êÃ�ì © ç
Ã �Hc since

èÇé �ëí Ã�ì © ç Ã ��¥¾h
¥ èÇé �1êÃ%îì ©

ç�Ã o êÃnì © ç�Ã��z¥
èÇé �1êÃ%îì ©

ç�Ã��Hc by independence

¥ ïÃ%îì ©
èÇé � ç�Ã��z¥�`åh Î Q Í�µ e � Í�µ ½

Thus, the probability that thereis a subsetV of T that is not shatteredby i!`H^ue is at most ð � µnñ Q µ `åh ÎQ Í�µ e � Í�µ ä¾h , by ourchoiceof �:\g� ¢ Q µ `åh Ð!æ `åh7epe . Thiscompletestheproof.

In whatfollows,wewill providepreciseinformationaboutminimalgraphswith testingdimensionof Q .
Lemma 11 Let ^g\�`Hbwc1d(e bea graphwith a testingdimensionof Q . Then̂ containsa ¤ -cycle, for ¤§��ò .
Proof: By Lemma3, ��`H^ue?�U¿ and ^ is Q -connected.UsingTheorem8, weconcludethat ^ hasa ò -cycle
or longer.

Next we will prove that the minimum numberof verticesandedgesnecessaryandsufficient to obtaina
graphwith a testingdimensionequalsQ are ó and hnQ , respectively. We refer to a graphwith theminimum
numberof verticesandedgesasaminimalgraphof thattestingdimension.

Theorem 12 ��`�QAew\Wó
Proof: Theupperboundis obtainedby observingthefollowing cubicgraphson ó verticesgivenin Figure
1. As describedin [5], thereare ô non-isomorphiccubicgraphson ó vertices(all beingHamiltonian)and
only two of themhave testingdimensionequalsQ . SeeFigure3 at theendof thisnote.

õ
õ ö ö ö ö ö

õ ÷ ÷ ÷ ÷ ÷õ ø ø ø ø ø
õ ù ù ù ù ù
õöööö
ö

õ÷÷÷÷÷ õøøøøø
ùùùùù

õõ ú ú ú ú úõ ûpûpû�ûpûõ ü ü ü ü ü
õ ýýýýý õúúúúú õûûûûû õüüüüü

ýýýýýø ø ø ø ø ø ø ø ø ø
ø

û1ûþû1ûÿû1ûþûÿû1û

ýýýý
ýýýý
ýýýý
÷÷÷÷÷÷÷÷÷÷

÷ û�ûKû�ûKû�û#û�ûKû�ûKû
ù ù ù ù
ù ù ù ù ù
ù ù ù
öööö
öööö
öööö

ûûûûûûûûûûû

Figure1: The(only) two minimalgraphswith testingdimensionQ .
The lower boundis proven by a cycleeliminationargument.Note that by Lemma11, ^ musthave a

cycle of lengthat least ò . Sothenumberof verticesof ^ mustbeat least ò . But if �@\gò thena ò -cyle will
induceadisjoint coveringby Q claws. So ^ cannothave ò vertices.

Wenow considerthecasewhere ^ has�:\�� vertices.Weproceedby showing thattherearenocycles
of lengths¤¦\£ò�c�� in ^ . Supposethat thereis a ò -cycle in ^ . Considerthefirst graphin Figure2. Vertex¡ hasto beconnectedto somevertex on the ò -cycle. Without lossof generality, assumethattheedge `°¡qcnh7e
exists.Thus,againweobtainavertex coveringwith Q claws. Soa ò -cycle cannotexist.
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Figure2: Cyclesof lengthsò and � , respectively, in agraphon � vertices

Supposethatthereis a � -cycle in ^ . Considerthesecondgraphin Figure2. Sincetheminimumdegree
is at least ¿ by Lemma3, vertex Q hasto beconnectedto anothervertex. If it is connectedto eithervertex�

or � thenthe two claws centeredat verticesQ and ô cover ^ . Hencevertex Q canonly beconnectedto
eithervertex ô or ò . Without lossof generality, assumethat it is connectedto vertex ô . Now, vertex � has
to beconnectedto eithervertex Q�cþ¿�c � or ô (againby theminimumdegreerequirementof Lemma3. If it is
connectedto vertex Q or ô , thenwegettwo clawscenteredatverticesQ and ô . If it is connectedto vertex ¿ ,
thenwe get two claws centeredat verticesô and � . Finally, if it is connectedto vertex

�
, thenwe get two

claws centeredat verticesQ and � . So in all cases,we obtaina contradictionby meansof theexistenceof
two disjoint claw coveringof ^ . Thus,therecannotexist a � -cycle in ^ . Thiscompletestheproof.

It is clearthat hnQ is theminimumnumberof edgesfor graphson ó verticesto have testingdimensionQ
(sincetheminimumdegreeof avertex mustbeatleast¿ ). Wehavebeenunableto obtainpreciseinformation
aboutgraphswith highertestingdimensions,say �[\W¿�c � c�½�½�½ .
5 Conclusions

We concludethis note with the following openquestionsand conjectures. (i) For every ���Êh , there
is a regular, Hamiltoniangraphwith the minimum numberof verticesand edgesthat achievesa testing
dimensionof � . (ii) Canwe show ��`���e�Y��¦`��kQ µ e ? Also, what is the correctasymptoticexpression
for ��`���e ? (iii) Is hnòj¥Ô��`�¿Ae¥�Q � ? (iv) Are thereexplicit constructionsfor graphswith arbitrarytesting
dimensions?(v) Whatis thecomplexity of computingthetestingdimensionof graphs?
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