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ABSTRACT

We present an E-unification algorithm for a set of non-ground (dis)equations, along with a dynamic
set of ground (dis)equations, and prove its completeness. The ground part is dynamic in the sense
that it continually changes. The algorithm saturates the non-ground equations using Superposition
modulo the ground theory. We also have an Instantiation rule that matches the left hand side of
non-ground (dis)equations with ground terms, creating new ground (dis)equations, which changes the
ground theory. This algorithm can be used in quantified SMT problems, where the dynamic ground
theory represents the evolving model. We develop an ordering to compare terms modulo a ground
theory, which is used to orient non-ground equations. We prove properties of this ordering, using a
weak form of monotonicity and subterm property. We finally present a set of inference rules for our
ordering, which allows us to properly orient equations in theories of some finite data structures, such
as a theory of finite lists with length and append.

1 Introduction

Satisfiability Modulo Theories has emerged as an efficient method for deciding satisfiability of large formulas [3]. The
formulas are represented by large sets of ground clauses. Satisfiability is normally decided modulo a theory. Some
theories are built-in, while other theories can be defined using small sets of non-ground clauses. We focus on theories
defined by a set of non-ground (dis)equations. The propositional part of the SMT solver, along with a congruence
closure procedure, will construct a set of (dis)equations which serves as a model of the ground clauses. At the high level,
the SMT solver tries to decide the satisfiability of that ground model in the non-ground theory. This is an equational
unification problem [1], since it proves unsatisfiability by finding instances that make the two sides of an instance
of a ground disequation equal. We call this a dynamic E-unification problem, because when the ground model is
unsatisfiable in the theory, the SMT solver can come up with a new model. We want an E-unification algorithm that
works efficiently when the model changes.

The way that SMT solvers deal with this problem is to select a set of triggers for each (dis)equation in the non-ground
theory. A trigger is a subterm of the (dis)equality. All variables must be included in the set of triggers. The SMT solver
will find a substitution that matches ground terms onto the triggers, modulo the ground theory. This process is called
E-matching [4]. The substitution is used to instantiate the (dis)equation, and a new ground (dis)equation is created.
This process does not always halt. If it does halt and the triggers are chosen well, the correct instances will be created to
show unsatisfiability when the problem is unsatisfiable. If the process halts on a satisfiable problem, the SMT solver
will not know that it is satisfiable. So SMT solvers can often prove unsatisfiability but not satisfiability. Some SMT
solvers are able to build a finite model for some satisfiable cases [8], but that often does not work.

Alternatively, rewriting techniques are used for E-unification. Knuth-Bendix Completion is applied to the equations [11],
and Narrowing [10] is applied to the disequations. They must be applied to both non-ground and ground (dis)equations.
Since we are assuming a large number of ground equations, the Completion procedure creates too many equations.
Another option is to only perform Completion on non-ground equations, but to perform the inferences modulo
the equational theory of the ground equations. This would require lots of extensions to the non-ground equations.
Additionally, it requires an ordering compatible with the ground theory, which is difficult to achieve. Another difficulty
using rewriting techniques is that we want a dynamic method that allows the ground theory to change.
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To address these difficulties, we develop a saturation-based SMT method. We saturate the non-ground (dis)equalities
(NG) modulo the ground theory (G). We must also orient the NG equations modulo G. In advance we don’t know
what the final G will be, so we develop an ordering (G-ordering) to compare terms modulo any G. Our first task is
to create a well-founded reduction ordering that is compatible with the ground theory. It is well-known that this is a
difficult problem. We compare terms by comparing their normal forms under a confluent rewrite system representing G,
even though we don’t know what that is. Unfortunately, this destroys monotonicity and the subterm property. However,
we define weaker properties, which we call non-theory monotonicity and the non-theory subterm property, which are
good enough for our purposes.

We also instantiate the non-ground terms, as an SMT solver does. The instantiation procedure is performed when an
instance of the entire left hand side of an NG equation is equivalent modulo G to a member of G. This is related to
the extension procedure in Completion modulo an equational theory, but since the instantiated equation is ground, it
is added to G instead of NG, effectively changing G. As opposed to the SMT procedure, we also need to perform
Superposition modulo the equational theory, similar to Completion modulo an equational theory. If we saturate under
our inference rules, and the ground theory is satisfiable, then we are guaranteed that the entire set of clauses is satisfiable.

This process seems to work well with constructor theories, such as the theory of lists with length and append, as shown
here:
Example 1. LLA is the theory of lists with the functions length and append.

(1) car(cons(X,Y )) ≈ X
(2) cdr(cons(X,Y )) ≈ Y
(3) len(cons(X,Y )) ≈ s(len(Y ))
(4) app(cons(X,Y ), Z) ≈ cons(X, app(Y, Z))
(5) app(nil,W ) ≈ W
(6) s(X) ̸≈ zero
(7) len(nil) ≈ zero

All LLA (dis)equations are oriented under our G-ordering, except for Equations 3 and 4. If our saturation procedure,
run under this orientation, results in SAT, then we run an inference procedure to detect a cycle in the list definitions. If
the set of equations represents finite lists, then we will not detect a cycle, and we show that this set of dis(equations) is
satisfiable in the theory of finite lists.

The paper is organized as follows. We start with preliminaries, where we prove important properties of congruence
classes. Next we define an ordering modulo G and prove this ordering has the required properties. We then define a
saturation procedure using this ordering. Finally, we give a procedure to allow a weaker orientation procedure, and use
that to show how to show satisfiability in the LLA theory. We conclude by discussing related and future work.

2 Preliminaries

We follow standard definitions for rewriting [5]. We assume we are given a set of variables, which we represent with
capital letters, and a set of uninterpreted function symbols of various arities, represented with lower case letters. An
arity is a non-negative integer. Terms are defined recursively in the following way: each variable is a term, and if
t1, · · · , tn are terms, and f is of arity n ≥ 0, then f(t1, · · · , tn) is a term. If s and t are terms then s ≈ t is an equation
and s ̸≈ t is a disequation. An object is ground if it has no variables, otherwise non-ground.

Let G be a set of ground (dis)equations, with a congruence relation generated by the equations of G, written =G. For
each ground term t, we denote a constant Rep(t) as the chosen representative of the congruence class of t. We assume
an ordering <, with Rep(t) the smallest term in the congruence class of t. Assume that G is presented as a terminating
and confluent ground rewrite system whose rewrite rules are compatible with a reduction ordering <. For any ground
term t, we denote by t ↓G the unique normal form of t under rewriting by G. Therefore, for ground terms s and t,
s =G t iff s↓G= t↓G.
Example 2. Let G = { cons(a, b) ≈ c, len(c) ≈ d }. The congruence classes are
{{a}, {b}, {c, cons(a, b)}, {d, len(c)}}, and the rewrite system is {cons(a, b) → c, len(c) → d}.

A term t is called a subterm of another term s, written as t ⊑ s, if: (1) t = s or (2) s has the form f(t1, ..., tn), and
t ⊑ ti for some ti. Let Sub(G) denote the set of all subterms of terms occurring in G. The set of subterms modulo G is:

SubG(G) = { t | ∃ s ∈ Sub(G) with s =G t }.1

1Note that t↓G= Rep(t) if t ∈ SubG(G).
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A substitution is a mapping from the set of variables to the set of terms, which is almost everywhere the identity.
We identify a substitution with its homomorphic extension. Composition of substitutions σ and ρ is defined so that
Xσρ = (Xσ)ρ for all variables X . A substitution θ matches A to B if Aθ = B, and is a unifier of A and B, if
Aθ = Bθ. σ is a most general unifier of A and B, written σ = mgu(A,B) if σ is a unifier of A and B, and for all
unifiers θ of A and B, there is a substitution ρ such that Xσρ = Xθ for all X in V ars(A ∪ B). A substitution σ is
a solution to E if sσ =G tσ for all s = t ∈ E. A set of substitutions Θ ∈ CSUG(E) if (1) all members of Θ are
solutions of E and (2) if θ is a solution of E, then there exists σ ∈ Θ and a substitution τ such that Eστ = Eθ.

We give a few lemmas involving congruence classes that will be useful in this paper. For these lemmas, we need to
formally define a proof in G.
Definition 1. A proof that s =G t is a finite sequence of terms s0 = s1 = s2 = . . . = sn where s = s0, t = sn, and
for all i < n there exists a ground equation u = v ∈ G with si = si[u] and si+1 = si[v]. For any i with si = u and
si+1 = v, we call this a step at the top.

Membership in SubG(G) is preserved under subterm.
Lemma 1. If s[t] ∈ SubG(G), then t ∈ SubG(G).

Proof. We prove the contrapositive. Assume that t /∈ SubG(G). We show that s[t] /∈ SubG(G).

Suppose, toward contradiction, that s[t] ∈ SubG(G). Then there exists some s′ ∈ Sub(G) such that s[t] =G s′.
Consider a proof of s[t] =G s′.

Case 1: No step of the proof occurs at or above the occurrence of t.

Then there exists t′ =G t such that t′ is a subterm of s′, with t′ ∈ Sub(G), so t ∈ SubG(G).

Case 2: There is a step at or above the position of t.

Consider the first such step. Then the step has the form s′[t′] =G u where t′ =G t. In particular, t′ ∈ Sub(G). But
then t ∈ SubG(G), again contradicting the assumption.

In both cases, we derive a contradiction, so our assumption that s[t] ∈ SubG(G) while t /∈ SubG(G) is impossible.
Hence, the contrapositive holds, and the lemma follows.

For every f -term in SubG(G), there is an equivalent f -term in Sub(G).
Lemma 2. If f(s1, . . . , sn) ∈ SubG(G), there exists f(t1, . . . , tn) ∈ Sub(G) such that si =G ti for all i.

Proof. Let f(s1,. . . ,sn) ∈ SubG(G), and t ∈ Sub(G) such that f(s1,. . . ,sn) =G t.

Case 1: There is no step on the top of the proof of f(s1, . . . , sn) =G t. Since there is no step on the top of the proof, t
must be of the form f(t1, . . . , tn) with si =G ti for all i.

Case 2: There is a step on the top of the proof of f(s1, . . . , sn) =G t. Assume the first step of the proof at the top is
f(t1, . . . , tn) =G v, where f(t1, . . . , tn) = v is in G.

Since there is no previous step on the top of the proof, si =G ti for all i. Since f(t1, . . . , tn) = v ∈ G, it follows that
f(t1, . . . , tn) ∈ Sub(G). Therefore, there exists f(t1, . . . , tn) ∈ Sub(G) such that si =G ti for all i.

In both cases, we obtain the required f(t1, . . . , tn) ∈ Sub(G) with si =G ti for all i.

If a term is equivalent to a direct subterm of itself then both are in SubG(G).
Lemma 3. If f(t1, . . . , tn) =G t, and t ⊑ ti, then f(t1, . . . , tn) ∈ SubG(G).

Proof. Assume, for contradiction, that there exists a term f(t1, . . . , tn) such that f(t1, . . . , tn) =G t, t is a subterm of
some ti, and f(t1, . . . , tn) /∈ SubG(G). Consider the smallest such term with respect to the size of f(t1, . . . , tn).

Since f(t1, . . . , tn) /∈ SubG(G), there can be no step at the top of f(t1, . . . , tn)
=G t, so let t = f(s1, . . . , sn). Since t ⊑ ti, We can write f(. . . , ti[t], . . .) =G f(s1, . . . , sn), where for each j,
tj =G sj , in particular, ti[t] = si.

By the minimality of our counterexample, ti ∈ SubG(G) implies t ∈ SubG(G) by Lemma 1. So f(t1, . . . , tn) ∈
Sub(G). Contradiction.
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Subterms not in SubG(G) do not lose their structure under G-equivalence.

Lemma 4. Let G be a set of ground equations. If u′ =G u[s] and s /∈ SubG(G), then there exists s′ ⊑ u′ such that
s′ =G s.

Proof. Since u′ =G u[s], there exists a finite G-derivation u[s] = s0 ↔G s1 ↔G · · · ↔G sn = u′, where each
step rewrites a subterm using an equation from G. Consider the position p of the occurrence of s in u[s]. Because
s /∈ SubG(G), no step in the derivation can occur at position p or above it.

Therefore, all steps occur below position p. It follows that the subterm at position p is preserved throughout the
derivation up to G-equivalence. Let s′ = u′|p , then s′ =G s.

By construction, s′ ⊑ u′, and we have s′ =G s, as required.

3 The Ordering <G

We assume that < is a well-founded reduction ordering (well-founded, and monotonic) that is total on ground terms and
compatible with rewriting (if t → s under the rewriting system, then s < t in the reduction ordering). We define a new
order <G, based on a set of ground equations G. The idea is that we want a compatible ordering modulo the ground
theory.

Definition 2 (The ordering <G). s <G t iff s↓G< t↓G.

Example 3. Let G = {cons(a, b) = nil, len(nil) = zero, s(c) = zero, len(b) = c} and the ground constant
ordering is c ≻ b ≻ nil ≻ a ≻ zero. Then

len(b)↓G= c, len(cons(a, b))↓G= len(nil)↓G= zero.

Since c ≻ zero, we have len(b)↓G> len(cons(a, b))↓G, and therefore len(b) >G len(cons(a, b)).

We next show that <G is an ordering and it has some nice properties. The first three properties follow directly from the
properties of <.

Theorem 1 (Irreflexivity). For any term t, it is not the case that t <G t.

Proof. If we assume t <G t, then t↓G< t↓G, which is impossible, by reflexivity of <. Thus, <G is irreflexive.

Theorem 2 (Transitivity). If s <G t and t <G u, then s <G u.

Proof. Since s <G t gives s↓G< t↓G and t <G u gives t↓G< u↓G, we conclude s↓G< u↓G by transitivity of <. So
s <G u.

Theorem 3 (Well-Foundedness). <G is a well-founded ordering on ground terms.

Proof. Since < is well-founded, there is no infinite descending chain t0 ↓G > t1 ↓G > · · · , i.e., there is no infinite
descending chain t0 >G t1 >G · · · .

Unfortunately, the <G ordering is not monotonic, and does not obey the subterm property. For example, suppose that
G = {f(a) ≈ c}, where f(a) > f(b) > f(c) > a > b > c. Then a >G b but f(b) >G f(a), and a >G f(a). So we
define a weaker form of monotonicity and subterm property. In particular, the properties are restored if the terms are not
in SubG(G).

Theorem 4 (Nontheory Monotonicity). If s >G t, and f(s1, · · · , si−1, s,
si+1, · · · , sn) /∈ SubG(G) then f(s1, · · · , si−1, s, si+1, · · · , sn) >G f(s1, · · · , si−1,
t, si+1, · · · , sn).

Proof. Since f(s1, ..., sn) /∈ SubG(G), we have:

f(s1, ..., si−1, s, si+1, ..., sn)↓G = f(s1 ↓G, ..., si−1 ↓G, s↓G, si+1 ↓G, , ..., sn ↓G).
Since s >G t, and by monotonicity of >, we can get that
f(s1 ↓G, ..., si−1 ↓G, s↓G, si+1 ↓G, , ..., sn ↓G) > f(s1 ↓G, ..., si−1 ↓G, t↓G, si+1 ↓G,
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..., sn ↓G) ≥ f(s1 ↓G, ..., si−1 ↓G, t↓G, si+1 ↓G, ..., sn ↓G)↓G= f(s1, ..., si−1, t, si+1,

..., sn)↓G.

Therefore,f(s1, ..., si−1, s, si+1, ..., sn)↓G> f(s1, ..., si−1, t, si+1, ..., sn)↓G.

Hence f(s1, ..., si−1, s, si+1, ..., sn) >G f(s1, ..., si−1, t, si+1, ..., sn).

Theorem 5 (Nontheory subterm property). If s /∈ SubG(G) and t is a proper subterm of s, then s >G t.

Proof. We prove this property by contradiction.

Suppose the claim is false: there exist ground terms s, t with t a proper subterm of s, s /∈ SubG(G), and yet ¬(s >G t).
By totality, from ¬(s >G t) we must have either s =G t or t >G s. The equality case s =G t is ruled out by the
hypothesis t is a proper subterm of s and s /∈ SubG(G), hence we must have t >G s.

Write s as s[t]. Using nontheory monotonicity and Lemma 1, we obtain t >G s = s[t] =⇒ s[t] >G s[s[t]].
Applying the same nontheory monotonicity step again yields s[t] >G s[s[t]] >G s[s[s[t]]] >G · · · . Chaining with
the initial t >G s = s[t] we obtain an infinite descending chain t >G s[t] >G s[s[t]] >G · · · , which contradicts the
well-foundedness.

Therefore the assumption ¬(s >G t) is impossible; hence s >G t.

The last properties are fairly straightforward from the properties of <.

Theorem 6 (Totality on G-Classes). For all s, t: s <G t, s >G t or s =G t.

Proof. We analyze the relationship between s and t as follows:

1. If s↓G< t↓G, then by Definition 2, s <G t

2. If s↓G> t↓G, then by Definition 2, s >G t

3. If s↓G= t↓G, then s =G t.

Theorem 7 (G-Compatibility). If s′ =G s >G t =G t′, then: s′ >G t′.

Proof. We have s′ ↓G= s↓G, and t↓G= t′ ↓G. Therefore, s′ ↓G= s↓G> t↓G= t′ ↓G. So, s′ >G t′.

Equations are compared using the multiset ordering, with the equation considered as a pair. Disequations are compared
the same way. Disequations are always larger than equations. Non-ground equations and disequations are compared. In
general, s >G t if sσ >G tσ for all ground substitutions σ.

4 The Sup(G) Inference System

Our inference system Sup(G) works on a set of clauses S, which is the disjoint union of NG and GC . The set
NG consists of Horn clauses, with one positive equation, and zero or more ground disequations. There may not be
disequations initially in S, but Superposition inference rules add them. The set GC contains ground clauses, consisting
of equations and disequations. G is a set of equations and disequations, which is a model of GC .

The Sup(G) inference rules are performed on clauses from NG and are given in the table. The ▷◁ in the rules is either
≈ or ̸≈. The results of the inference rules are added back to S. For Instantiation, the conclusion is guaranteed to be
ground, because if there is no larger side with respect to > then both sides are instantiated. In the Superposition rule, a
complete set of unifiers is generated, modulo G, for example using the algorithm from [2]. Equations used to make the
terms equal are saved as ground disequations, because whenever GC is modified, a new model G is created.

We will prove that the saturation of an unsatisfiable set of clauses will produce an unsatisfiable ground theory. As
usual, Simplification and Subsumption are optional rules. Simplification replaces the premise with the conclusion, and
Subsumption deletes the premise.
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4.1 The Sup(G) Inference Rules

Rule Name Inference Rule Side Conditions

Instantiation
¬Γ ∨ s ≈ t

¬Γ ∨ (s ≈ t)σ

• sσ ∈ SubG(G) if t ≱ s

• tσ ∈ SubG(G) if s ≱ t

• G |= Γ

Superposition
¬Γ1 ∨ s ≈ t ¬Γ2 ∨ u[s′] ▷◁ v

¬∆∨¬Γ1∨¬Γ2∨(u[t] ▷◁ v)σ

• G |= Γ1 and G |= Γ2

• ∆ ⊑ G is a conjunction of
ground equations such that ∆ |=
sσ = tσ

• t ≱G s and v ≱G u[s′]

• σ ∈ CSUG(s, s
′)

• s′ is not a variable
• sσ /∈ SubG(G)

Equality
Resolution

¬Γ ∨ u ̸≈ v

¬Γ

If there exists σ, such that:
• uσ =G vσ

• G |= Γ

Simplification
¬Γ ∨ u[s′] ▷◁ v

¬Γ ∨ u[tσ] ▷◁ v

• s ≈ t ∈ NG

• sσ >G tσ and (u[s′] ▷◁ v) >G

(s ≈ t) for all G2

• sσ = s′

Subsumption D can be deleted ∃ C ∈ NG such that Cσ ⊆ D

Figure 1: The Sup(G) Inference Rules

Example 4. Sup(G) example

We assume that G = GC = {len(nil) ≈ zero, cons(a, b) ≈ nil}.

app(cons(X,Y ), Z) ≈ cons(X, app(Y, Z)) app(nil,W ) ≈ W

cons(a, b) ̸≈ nil ∨ cons(a, app(b,W )) ≈ W
Superposition

len(cons(X,Y )) ≈ s(len(Y ))

len(cons(a, b)) ≈ s(len(b))
Instantiation

len(cons(a, b)) ≈ s(len(b)) is added to GC .

s(X) ̸≈ zero

s(len(b)) ̸≈ zero
Instantiation

s(len(b)) ̸≈ zero is added to GC .

Now GC is unsatisfiable, since s(len(b)) =G len(cons(a, b)) =G len(nil) =G zero, which conflicts with s(len(b)) ̸≈
zero.

4.2 Completeness of Sup(G) Inferences Rules

Next we prove completeness of Sup(G), meaning that for an unsatisfiable set of clauses, we are guaranteed to produce an
unsatisfiable ground set of clauses. As usual, we consider a saturated set up to redundancy. Superposition, Instantiation
and Equation Resolution are required for completeness. Simplification and Subsumption remove redundant clauses.
Simplification has been defined so that it does not rely on the ground part. We use a model construction proof, which is
similar to the usual model construction, but we create the model modulo G.

Let’s examine the differences between our proof and the traditional model construction proof. We start with a model G
of the ground clauses, and then build a model of the non-ground equations NG, modulo G. We consider an instance
¬Γ ∨ s ▷◁ t only if the equations of Γ are true in G, and we reduce the instance by G. We add an instance to the
model if the LHS is irreducible by smaller equations in terms of <G, but we require in addition that the LHS is not in

2For example, if t ⊏ s
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SubG(G). The reason for this is that, for non-variable positions, we will need to apply Superposition to this instance to
get a smaller counterexample. The result of Superposition will be smaller by nontheory monotonicity of <G, since
the LHS is not in SubG(G). If the LHS is reducible at a variable position, then Lemma 4 implies that we can reduce
the substitution. On the other hand, if the LHS is in SubG(G) then Instantiation can be applied, showing that this
(dis)equation was already true in G.

• Redundancy A clause C is redundant in NG if, for every ground substitution θ, the instance Cθ is implied by
smaller ground instances of NG.

• Saturation NG is Sup(G) saturated if the conclusion of every Sup(G) inference from NG is either subsumed
by NG or redundant in NG.

Definition 3. We are given G, a model of the ground clauses GC . A model is a confluent and terminating set of ground
equations. We treat M as if s ̸≈ t ∈ M if and only if s ̸=M t. In other words, we implicitly assume that M |= s ̸≈ t if
and only if M ̸|= s ≈ t.

Let GrG(NG) = {(sσ)↓G≈ (tσ)↓G | ¬Γ ∨ s ≈ t ∈ NG, σ is ground, G |= Γ}
Definition 4. We define Ms≈t

G and M<s≈t
G co-recursively. Ms≈t

G = {s ≈ t} if:

1. s >G t and

2. s /∈ SubG(G)

3. s is not reducible by M<s≈t
G

Otherwise, Ms≈t
G = ∅.

We define: M<s≈t
G =

⋃
{Mu≈v

G | (u ≈ v) <G (s ≈ t), u ≈ v ∈ GrG(NG)}
Let M∞

G =
⋃
{Ms≈t

G | s ≈ t ∈ GrG(NG)}, and M = G ∪M∞
G }

Theorem 8. If NG is saturated by Sup(G), and G is a model of the ground clauses GC , then M |= GrG(NG) ∪GC .

Proof. We suppose that M ̸|= GrG(NG)∪GC , and then there exists u ▷◁ v ∈ GrG(NG)∪GC such that M ̸|= u ▷◁ v.
Let u ▷◁ v be the smallest element of GrG(NG) ∪ GC , such that M ̸|= u ▷◁ v . We may assume without loss of
generality that u >G v. We consider the following cases:

Case 1: Equations

In this case, u ▷◁ v is of the form u ≈ v.

We know that u ≈ v is not in GC because G |= GC . Since u ≈ v ∈ GrG(NG), there exists a non-ground equation
¬Γ1 ∨ u′ ≈ v′ ∈ NG and a ground substitution σ such that: G |= Γ1, u = u′σ↓G, v = v′σ↓G.

1. u ∈ SubG(G): Since u ∈ SubG(G) and u >G v then v ∈ SubG(G). So Instantiation can be applied,
resulting in ¬Γ1 ∨ u′σ ≈ v′σ is in GC , because NG is saturated. Contradiction. So M |= u ≈ v.

2. u /∈ SubG(G) and u is reducible by M<u≈v
G : Suppose u = u[s], and there exists an equation s ≈ t ∈

GrG(NG) such that u[s] ≈ v ∈ GrG(NG).

There exists ¬Γ2 ∨ s′′ ≈ t′′ ∈ NG such that: G |= Γ2, s
′′σ↓G= s, t′′σ↓G= t. By Lemma 4, one of the two

following cases must hold:

(a) u′ is of the form u′[s′], where s′ is not a variable and s′σ ↓G= s. Then there is an inference of the
following form:

¬Γ1 ∨ u′[s′] ≈ v′, ¬Γ2 ∨ s′′ ≈ t′′

∆ ∨ ¬Γ1 ∨ ¬Γ2 ∨ u′[t′′]θ ≈ v′θ

where u′[t′′]σ↓G= u[t] and v′σ↓G= v. Hence, u[t] ≈ v is an instance of u′[t′′]θ ≈ v′θ.
Since u[t] ≈ v <G u[s] ≈ v, the equation u[t] ≈ v is a smaller counterexample by nontheory
monotonicity if it exists. Otherwise, it is redundant, which also yields a smaller counterexample.
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(b) u′ is not of the form u′[s′], where s′ is not a variable and s′σ↓G= s, then there exists xσ = w[s′] such
that s′ ↓G= s due to s /∈ SubG(G).
Let σ′ be a substitution such that

yσ′ =

{
yσ if y ̸= x,

w[t] if y = x.

by nontheory monotonicity. Then u′σ′ ↓G≈ v′σ′ ↓G is a smaller counterexample, contradicting the
minimality of u ≈ v.

3. u /∈ SubG(G) and u is not reducible by M<u≈v
G :

Since u is not reducible by any equation in GrG(NG), Mu≈v
G = {u ≈ v}.

Thus, M |= u ≈ v.

In all cases, we reach a contradiction. Hence, M |= GrG(NG).

Case 2: Disequations

In this case, u ▷◁ v is of the form u ̸≈ v. Suppose for contradiction that u ̸≈ v ∈ GC is false in M , i.e. M |= u ≈ v.
Assume both sides are normalized with respect to G. The disequations are either from GC or GrG(NG).

1. u ̸≈ v is in GC

(a) u = v.
This case is impossible, since G |= GC .

(b) u ̸= v.
Because M |= u ≈ v, there is an M -rewrite proof which reduces u. Let the first step that reduces u:
u = u[s]

s≈t−−→ u[t], for some ground equation s ≈ t.
We lift this ground step as follows: there exist ¬Γ1 ∨ s′ ≈ t′ ∈ NG and a ground substitution σ such that
G |= Γ1, s

′σ↓G= s, and t′σ↓G= t.
Since u ̸≈ v ∈ GC and u ∈ SubG(G), it follows that s′σ ∈ SubG(G), therefore t′σ ∈ SubG(G). By
Instantiation, the ground instance s′σ ≈ t′σ is in G, since NG is saturated. This leads to a contradiction,
because u ≈ v is assumed to be normalized and therefore cannot be further reduced.

2. u ̸≈ v is in GrG(NG)

Since u ̸≈ v ∈ GrG(NG), there exists a non-ground equation ¬Γ1 ∨u′ ̸≈ v′ ∈ NG and a ground substitution
σ such that: G |= Γ1, u = u′σ↓G, v = v′σ↓G .

(a) u = v.
Then there is an Equality Resolution inference:

¬Γ1 ∨ u′ ̸≈ v′

¬Γ1

But then ¬Γ1 is in GC , which is a contradiction, since G |= Γ1.
(b) u ̸= v.

Then u = u[s], and there exists an equation s ≈ t ∈ GrG(NG) such that u[s] ≈ v ∈ GrG(NG). Also,
there exists ¬Γ2 ∨ s′′ ≈ t′′ ∈ NG such that:

G |= Γ2, s′′σ↓G= s, t′′σ↓G= t.

We know s /∈ SubG(G). So, by Lemma 4, u′σ = u′σ[s′] where s′ =G s.
i. u′ is not of the form u′[s′], where s′ is not a variable and s′σ ↓G= s, then there exists xσ = w[s′]

such that s′ ↓G= s due to s /∈ SubG(G).
Let σ′ be a substitution such that

yσ′ =

{
yσ if y ̸= x,

w[t] if y = x.

by nontheory monotonicity. Then u′σ′ ↓G≈ v′σ′ ↓G is a smaller counterexample, contradicting the
minimality of u ≈ v.
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ii. u′ is of the form u′[s′], where s′ is not a variable and s′σ ↓G= s. Then there is an inference of the
following form:

¬Γ1 ∨ u′[s′] ̸≈ v′, ¬Γ2 ∨ s′′ ≈ t′′

∆ ∨ ¬Γ1 ∨ ¬Γ2 ∨ u′[t′′]θ ̸≈ v′θ

where u′[t′′]σ↓G= u[t] and v′σ↓G= v. Hence, u[t] ̸≈ v is an instance of u′[t′′]θ ̸≈ v′θ.
Since u[t] ̸≈ v is smaller than u ̸≈ v with respect to >G, then either the equation u ̸≈ v is a smaller
counterexample by nontheory monotonicity, or it was removed by redundancy and there is some
smaller counterexample.

5 Ordering for finite data structures

We have shown the completeness of Sup(G) if the equations are oriented under <G. Since <G is weaker than G, we
sometimes have to orient equations in both directions. In this section modify the lexicographic path ordering to use the
ground theory to detect that the ground equations represent finite objects, for example finite lists. First we saturate the
equations under the ordering <. After saturation, we check an ordering on the saturated set. If we don’t find a cycle3 in
the equations, then there is an ordering on the constants so that the <G ordering matches the < ordering.

5.1 Lexicographic Path Ordering

We recall the definition of LPO.

Definition 5. Lexicographic Path Ordering (>LPO).

Let ≺ be a precedence on function symbols. The lexicographic path ordering >LPO is the smallest transitive relation
satisfying the following conditions:

Given terms s and t, s >LPO t if t ⊏ s, otherwise let s = f(s1, . . . , sn) and t = g(t1, . . . , tm):

1. g ≺ f and s >LPO ti for all i;

2. f = g, and there exists i, such that si >LPO ti, and if j < i, then sj = tj , and if j > i, then s >LPO tj ;

3. f ≺ g, and there exists i, such that si >LPO t for some i.

5.2 The LPOGC Inference System

We modify the LPO ordering so that it can detect the existence of a cycle in the equations. When it does not find a
cycle, we know that there is an ordering on the constants so that the given orientation of the equations is sufficient.

First we define a function called gc, which returns a set of ordering constraints on constants. The purpose of gc is to
instantiate non-ground ordering constraints. It will be used in our inference system to find all necessary instantiations, in
order to determine an ordering on the ground constants. The gc function has two arguments. The first one is an ordering
constraint that we want to instantiate, and the second argument is a boolean, whose value is 0 if all instantiations are
included and 1 if none of them are.

Definition 6. gc.

gc(f(s1, . . . , sn) > t, b) = { f(t1, . . . , tn)↓G> tθ↓G | f(t1, . . . , tn) ∈ Sub(G),
∀ 1 ≤ i ≤ n, siθ =G ti, and b = 0}.

Example 5. G = { cons(a, c) = c}.

gc(cons(X,Y ) > Y, 0) = { cons(a, c)↓G> yθ↓G } = { c > c }.

Now we define the LPOGC Inference System, whose inference rules operate on a pair of components, separated by a
semicolon. The first component is a set of pairs, each pair contains an ordering constraint and a boolean value. We

sometimes abbreviate a set {(s1
?
>G t1, b), · · · (sn

?
>G tn, b)} as {s1

?
>G t1, · · · sn

?
>G tn}b. The second component

3A cycle is a chain of constants c0 > c1 > · · · cn where c0 = cn.
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is a set of necessary constraints on the ground constants. Whenever b = 0, constraints are added to this set. Initially,
b = 1, because we are assuming the initial left hand side is not in SubG(G), and nothing needs to be added in that case.

The LPOGC Inference System

Let s = f(s1, . . . , sn) and t = g(t1, . . . , tm):

1. lpog:

{ s
?
>G t}b ∪∆; C

{ s
?
>G t1, . . . , s

?
>G tm }b ∪∆; C ∪ gc(s > t, b)

where g ≺ f

2. lpoe:

{ s
?
>G t}b ∪∆; C

{ si
?
>G ti }0 ∪ { s

?
>G ti+1, . . . , s

?
>G tm }b ∪∆; C ∪ gc(s > t, b)

where
• f = g

• s1 =G t1, . . . , si−1 =G ti−1

• 1 ≤ i ≤ n

3. lpol:

{ s
?
>G t}b ∪∆; C

{ si
?
>G t}0 ∪∆; C ∪ gc(s > t, b)

where
• f ≺ g

• 1 ≤ i ≤ n

4. lpos:

{ s
?
>G t}b ∪∆; C

∆; C ∪ gc(s > t, b)

where t ⊏ s

Now we define the LPOGC Inference System, whose inference rules operate on a pair of components, written S;C.

S is a set of pairs, containing an ordering constraint and a boolean value. A set {(s1
?
>G t1, b), · · · (sn

?
>G tn, b)} is

written as {s1
?
>G t1, · · · sn

?
>G tn}b. C is a set of necessary constraints on the ground constants. Whenever b = 0,

constraints are added to this set. Initially, b = 1, because we are assuming the initial left hand side is not in SubG(G),
and nothing needs to be added in that case.

The proof is by induction. If the first component is ∅ and C does not contain a cycle, then the C gives a well-founded
ordering which can extend the well-founded ordering on the theory symbols. Otherwise, we assume that this extended
ordering satisfies the bottom of an inference, and show that it must also satisfy the top. Let (s >G t, b) be the constraint
on the top of the inference. If sθ ̸∈ SubG(G) then sθ >G tθ by the definition of LPO. If sθ ∈ SubG(G), then we can
see that b = 0, by the rules of LPOGC. So the inference adds the proper constraints to make sθ >G tθ.
Theorem 9. Let > be an LPO order, and U = {u1, . . . , un} be a finite set of non-ground terms, and θ be a ground

substitution such that, for all i, uiθ /∈ SubG(G). If we can derive ∅;C from {u1

?
>G v1, . . . , un

?
>G vn }1; ∅, where

C does not contain a cycle, then there exists an ordering on the symbols consistent with C such that LPO satisfies
u1θ >G v1θ, . . . , unθ >G vnθ.

Proof. Extend the precedence to the constants so that the precedence on constants is consistent with the constraint set
C.

We prove the statement by induction on the number of steps in the derivation leading to ∅;C.

Let s
?
>G t be a constraint occurring in the derivation of ∅;C. Assume that all constraints on the bottom are satisfied by

θ; we must then show that the constraints on the top are satisfied by θ.

10
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1. Suppose sθ /∈ SubG(G)

Let s = f(s1, . . . , sn).

We now prove that s >G t by a case analysis on the function symbols f and g.

(a) g ≺ f , and let t = g(t1, . . . , tm).

{ s
?
>G t}b ∪∆; C

{ s
?
>G t1, . . . , s

?
>G tm }1 ∪∆; C ∪ gc(s > t, b)

We assume that s1 >G t1, . . . sn >G tm, and then siθ ↓G> tiθ ↓G (1 ≤ i ≤ m). We can get that:
sθ↓G=f(s1 ↓G,. . . ,sn ↓G) > g(t1 ↓G, . . . , tm ↓G) ≥ g(t1, . . . , tm)↓G= tθ↓G .

Hence, sθ >G tθ.

(b) f = g

{ s
?
>G t}b ∪∆; C

{ si
?
>G ti }0, { s

?
>G ti+1, . . . , s

?
>G tm }1 ∪∆; C ∪ gc(s > t, b)

We assume that s1 =G t1, . . . , si−1 =G ti−1, siθ↓G> tiθ↓G, sθ↓G> ti+1θ↓G and sθ↓G> tmθ↓G.
f(s1,. . . ,sn)θ↓G= f(s1θ↓G,. . . ,snθ↓G)>f(t1θ↓G,. . . ,tmθ↓G) = tθ↓G .

(c) f ≺ g

{ s
?
>G t}b ∪∆; C

{ si
?
>G t}0 ∪∆; C ∪ gc(s > t, b)

We assume that t = g(t1, . . . , tm).
From the assumption: si ↓G> tθ↓G, sθ↓= f(s1 ↓G, . . . , sn ↓G) > tθ↓G .

(d) t ⊏ s

{ s
?
>G t}b ∪∆; C

∆; C ∪ gc(s > t, b)

By the nontheory subterm property, we immediately get: sθ >G tθ.

2. Suppose sθ ∈ SubG(G). Then b = 0, because all initial left hand sides were not in SubG(G).

We added the ground constraint sθ↓G > tθ↓G to the constraint set C ′.

Since the derivation ends with an acyclic constraint set C, this inequality is consistent with the final precedence
on constants. Hence, the induced ordering satisfies sθ >G tθ.

6 List with Length and Append example

Now we apply the ideas of this paper to LLA. In particular, NG is comprised of the first six (dis)equations, and G
must contain Equation 7. We will assume the following precedence on the symbols of the theory, and apply LPOGC to
Equation 4 of the LLA theory.

app ≻ len ≻ car ≻ cdr ≻ cons ≻ nil ≻ s ≻ zero.

Example 6. Let G = {cons(a, b) ≈ c, app(c, e) ≈ cons(a, app(b, e)), len(nil) ≈ zero}. The congruence classes of
G, are {{a}, {b}, {cons(a, b), c}, {app(b, e), c3}, {cons(a,
c3), app(c, e), c4}, {len(nil), zero}, {nil}}.

11
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{(app(cons(X,Y ), Z)
?
>G cons(X, app(Y, Z)), 1)}; ∅

lpog

{(app(cons(X,Y ), Z)
?
>G X, 1), (app(cons(X,Y ), Z)

?
>G app(Y,Z), 1)}; ∅

lpos

{(app(cons(X,Y ), Z)
?
>G app(Y,Z), 1)}; ∅

lpoe

{(cons(X,Y )
?
>G Y, 0), (app(cons(X,Y ), Z)

?
>G Z, 1)}; ∅

lpos

{(app(cons(X,Y ), Z)
?
>G Z, 1)}; c > b, c4 > c3

lpos
∅; c > b, c4 > c3

If, instead we had G = {cons(a, b) ≈ c, cons(d, c) ≈ b, len(nil) ≈ zero}, then the inferences above would be the
same, up until the last step, and {b > c, c > b} would have been created, which is a cycle, and G represents an infinite
list (a list that is a strict sublist of itself). In general, in the LLA example, if G does not represent any infinite lists, then
there is a derivation that will result in ∅;C, where C does not contain a cycle. To show this, we just need to see how
LPOGC will process the non-ground equations of LLA. In Equations 1, 2 and 5, the RHS is a subterm of the LHS. So
those equations are immediately solved, with no constraints generated. As we saw in the previous example, Equation
4 generates constraints of the form c > d for all constants c and d where c =G cons(a, d) for some a. Equation 3
does exactly the same thing. If there is a cycle c0 > c1, · · · , cn−1 > cn with c0 = cn in the constraints, then this G
represents an infinite list.

Theorem 10. Suppose NG consists of the equations of LLA, and LPOGC is run on {(s
?
>G t, 1) | s ≈ t ∈ NG};∅.

If G does not represent any infinite lists, then there is an LPOGC derivation resulting in ∅;C, where C does not contain
a cycle.

Proof. In Equations 1, 2 and 5, the RHS is a subterm of the LHS, so LPOGC will immediately succeed with no
constraints generated. As we saw in the previous example, Equation 4 will create a constraint c > d for all ground
constants c and d where c =G cons(a, d) for some a. Equation 3 will generate those same constraints. If there is a
cycle c0 > c1, · · · , cn−1 > cn with c0 = cn in the constraints, then this represents an infinite list represented by G.

Given an NG containing the equations of LLA, and a satisfiable G where LPOGC has a derivation that does not produce
a cycle, we now know that equations are oriented properly according to <G. Assume NG is saturated by Instantiation
with G. We want to show that NG is then Sup(G) saturated. In other words, no Superposition or Equation Resolution
inferences are needed for NG. Obviously no Equation Resolutions are applicable. But we need to examine the one
potential Superposition, which is between Equations 4 and 5, when cons(X,Y ) =G nil. That would require that
cons(a, b) =G nil for some ground a and b. As we can see from Example 4 that would require that G is unsatisfiable,
a contradiction.
Theorem 11. Let NG be the equations of LLA. Let GC be a set of ground (dis)equations that includes len(nil) ≈ zero,
where G |= GC . If NG is Sup(G) saturated by all the rules except Superposition, and GC is satisfiable, and there is an
LPOGC derivation that does not result in a cycle, then NG is Sup(G) saturated.

Proof. We need to show that NG is Sup(G) saturated.

The only overlap is between Equation 4 and Equation 5. The only superposition between Equation 4 and Equation 5 is
if there are ground terms a and b such that cons(a, b) ≈G nil.

Since GC contains len(nil) ≈ zero, we would also have G |= len(cons(a, b)) ≈ zero. Instantiating Equation
3 yields len(cons(a, b)) ≈ s(len(b)), and instantiating Disequation 6 yields s(len(b)) ̸≈ zero. Combining these
gives zero ̸=G zero, a contradiction. Hence, if the set of equations is saturated and satisfiable, G cannot imply
cons(a, b) ≈G nil for any a, b, and so there is no superposition between 4 and 5.

7 Related Work and Conclusion

The paper [6] discusses how a good selection of triggers will give a decision procedure. Their approach is somewhat
different from ours. The user needs to supply a correctness and termination proof that the trigger choice will give a
decision procedure. Our method is automatic, and triggers are entire terms. Good trigger selection is discussed from
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a practical point of view in [12, 13]. Other papers suggest other approaches to quantifiers instead of triggers. One
successful approach is Model-Based Quantifier Instantiation [8]. Several other approaches have been proposed and
implemented [18, 2, 15, 7, 17, 16, 14, 9]. Our paper only deals with first order theories with equality and uninterpreted
function symbols, whereas the above mentioned papers, except for [2], consider other SMT theories.

We have presented an inference procedure for equational unification modulo a non-ground theory and a dynamic ground
theory. There are four new ideas to this paper. First, we define an ordering <G that compares terms based on their
normal form in the ground theory. This ordering satisfies a weak form of monotonicity and subterm property. Second,
we present the Sup(G) inference system, which contains ideas from E-unification modulo a ground equational theory,
and the Instantiation procedure used in SMT solvers. As opposed to other E-unification procedures, we instantiate
non-ground equations to update the equational theory. As opposed to SMT solvers, we only need instantiation at the top
of the left hand side of an equation. Most importantly, the Sup(G) procedure is refutationally complete. Our last idea is
the LPOGC procedure or instantiating constraints, which can allow natural orientations when it does not create a cycle,
like in finite data structures. We apply our ideas to the theory of lists with length and append.

This work can be extended in many ways. We plan to extend this from single equations to Horn clauses or general
clauses. It would also be very useful to allow quantified variables from specialized theories. We also need to understand
better what equational theories have a finite saturation. Perhaps constructor theories are an appropriate candidate.

References

[1] Franz Baader and Wayne Snyder. Unification theory. In John Alan Robinson and Andrei Voronkov, editors,
Handbook of Automated Reasoning (in 2 volumes), pages 445–532. Elsevier and MIT Press, 2001.

[2] Haniel Barbosa, Pascal Fontaine, and Andrew Reynolds. Congruence closure with free variables. In Axel
Legay and Tiziana Margaria, editors, Tools and Algorithms for the Construction and Analysis of Systems - 23rd
International Conference, TACAS 2017, Held as Part of the European Joint Conferences on Theory and Practice
of Software, ETAPS 2017, Uppsala, Sweden, April 22-29, 2017, Proceedings, Part II, volume 10206 of Lecture
Notes in Computer Science, pages 214–230, 2017.

[3] Clark W. Barrett, Roberto Sebastiani, Sanjit A. Seshia, and Cesare Tinelli. Satisfiability modulo theories. In
Armin Biere, Marijn Heule, Hans van Maaren, and Toby Walsh, editors, Handbook of Satisfiability - Second
Edition, volume 336 of Frontiers in Artificial Intelligence and Applications, pages 1267–1329. IOS Press, 2021.

[4] Leonardo Mendonça de Moura and Nikolaj S. Bjørner. Efficient e-matching for SMT solvers. In Frank Pfenning,
editor, Automated Deduction - CADE-21, 21st International Conference on Automated Deduction, Bremen,
Germany, July 17-20, 2007, Proceedings, volume 4603 of Lecture Notes in Computer Science, pages 183–198.
Springer, 2007.

[5] Nachum Dershowitz and Jean-Pierre Jouannaud. Rewrite systems. In Jan van Leeuwen, editor, Handbook of
Theoretical Computer Science, Volume B: Formal Models and Semantics, volume B, pages 243–320. Elsevier
Science Publishers, Amsterdam, 1990.

[6] Claire Dross, Sylvain Conchon, Johannes Kanig, and Andrei Paskevich. Adding decision procedures to SMT
solvers using axioms with triggers. J. Autom. Reason., 56(4):387–457, 2016.

[7] Pascal Fontaine and Hans-Jörg Schurr. Quantifier simplification by unification in SMT. In Boris Konev and
Giles Reger, editors, Frontiers of Combining Systems - 13th International Symposium, FroCoS 2021, Birmingham,
UK, September 8-10, 2021, Proceedings, volume 12941 of Lecture Notes in Computer Science, pages 232–249.
Springer, 2021.

[8] Yeting Ge and Leonardo Mendonça de Moura. Complete instantiation for quantified formulas in satisfiabiliby
modulo theories. In Ahmed Bouajjani and Oded Maler, editors, Computer Aided Verification, 21st International
Conference, CAV 2009, Grenoble, France, June 26 - July 2, 2009. Proceedings, volume 5643 of Lecture Notes in
Computer Science, pages 306–320. Springer, 2009.

[9] Jochen Hoenicke and Tanja Schindler. Incremental search for conflict and unit instances of quantified formulas
with e-matching. In Fritz Henglein, Sharon Shoham, and Yakir Vizel, editors, Verification, Model Checking, and
Abstract Interpretation - 22nd International Conference, VMCAI 2021, Copenhagen, Denmark, January 17-19,
2021, Proceedings, volume 12597 of Lecture Notes in Computer Science, pages 534–555. Springer, 2021.

[10] Jean-Marie Hullot. Canonical forms and unification. In Proceedings of the 5th International Conference on
Automated Deduction (CADE-5), volume 87 of Lecture Notes in Computer Science, pages 318–334, Berlin,
Heidelberg, 1980. Springer-Verlag.

13



Dynamic E-unification A PREPRINT

[11] Donald E. Knuth and Peter B. Bendix. Simple word problems in universal algebras. In John Leech, editor,
Computational Problems in Abstract Algebra, pages 263–297. Pergamon Press, Oxford, 1970.

[12] K. Rustan M. Leino and Clément Pit-Claudel. Trigger selection strategies to stabilize program verifiers. In Swarat
Chaudhuri and Azadeh Farzan, editors, Computer Aided Verification - 28th International Conference, CAV 2016,
Toronto, ON, Canada, July 17-23, 2016, Proceedings, Part I, volume 9779 of Lecture Notes in Computer Science,
pages 361–381. Springer, 2016.

[13] Michał Moskal. Programming with triggers. In Proceedings of the 7th International Workshop on Satisfiability
Modulo Theories, SMT ’09, page 20–29, New York, NY, USA, 2009. Association for Computing Machinery.

[14] Aina Niemetz, Mathias Preiner, Andrew Reynolds, Clark W. Barrett, and Cesare Tinelli. Syntax-guided quantifier
instantiation. In Jan Friso Groote and Kim Guldstrand Larsen, editors, Tools and Algorithms for the Construction
and Analysis of Systems - 27th International Conference, TACAS 2021, Held as Part of the European Joint
Conferences on Theory and Practice of Software, ETAPS 2021, Luxembourg City, Luxembourg, March 27 - April 1,
2021, Proceedings, Part II, volume 12652 of Lecture Notes in Computer Science, pages 145–163. Springer, 2021.

[15] Andrew Reynolds, Haniel Barbosa, and Pascal Fontaine. Revisiting enumerative instantiation. In Dirk Beyer and
Marieke Huisman, editors, Tools and Algorithms for the Construction and Analysis of Systems - 24th International
Conference, TACAS 2018, Held as Part of the European Joint Conferences on Theory and Practice of Software,
ETAPS 2018, Thessaloniki, Greece, April 14-20, 2018, Proceedings, Part II, volume 10806 of Lecture Notes in
Computer Science, pages 112–131. Springer, 2018.

[16] Andrew Reynolds, Cesare Tinelli, and Clark W. Barrett. Constraint solving for finite model finding in SMT
solvers. Theory Pract. Log. Program., 17(4):516–558, 2017.

[17] Andrew Reynolds, Cesare Tinelli, and Leonardo Mendonça de Moura. Finding conflicting instances of quantified
formulas in SMT. In Formal Methods in Computer-Aided Design, FMCAD 2014, Lausanne, Switzerland, October
21-24, 2014, pages 195–202. IEEE, 2014.

[18] Philipp Rümmer. E-matching with free variables. In Nikolaj S. Bjørner and Andrei Voronkov, editors, Logic
for Programming, Artificial Intelligence, and Reasoning - 18th International Conference, LPAR-18, Mérida,
Venezuela, March 11-15, 2012. Proceedings, volume 7180 of Lecture Notes in Computer Science, pages 359–374.
Springer, 2012.

14


	Introduction
	Preliminaries
	The Ordering <G
	The Sup(G) Inference System
	The Sup(G) Inference Rules
	Completeness of Sup(G) Inferences Rules

	Ordering for finite data structures
	Lexicographic Path Ordering
	The LPOGC Inference System

	List with Length and Append example
	Related Work and Conclusion

