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Abstract

A unified multiaxial fatigue damage model based on a characteristic plane approach is proposed in this paper, integrating both iso-
tropic and anisotropic materials into one framework. Compared with most available critical plane-based models for multiaxial fatigue
problem, the physical basis of the characteristic plane does not rely on the observations of the fatigue crack in the proposed model. The
cracking information is not required for multiaxial fatigue analysis and the proposed model can automatically adapt for very different
materials experiencing different failure modes. The effect of the mean normal stress is also included in the proposed model. The results of
the proposed fatigue life prediction model are validated using experimental results of metals as well as unidirectional and multidirectional

composite laminates.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Many critical mechanical components experience multi-
axial cyclic loading during their service life. In recent dec-
ades, numerous attempts to develop multiaxial fatigue
damage modeling have been reported. The multiaxial fati-
gue problem of engineering materials is mainly caused by
two reasons. In isotropic materials, the multiaxial stress
within the material is due to the complex applied loading
history. In anisotropic materials, a multiaxial stress state
is obtained even if the applied loading is uniaxial. Different
from the uniaxial fatigue problem, the multiaxial fatigue
problem is more complex due to the complex stress states,
loading histories and possible anisotropy of the material.

For isotropic materials, mainly metals, several reviews
and comparisons of existing multiaxial fatigue models
can be found [17,3,67,51,45,65]. Fatigue damage models
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can be based on one of several criteria: stress, strain, energy
or damage mechanics. This paper focused on stress-based
approaches for multiaxial high-cycle fatigue, which can
be divided into four groups: equivalent stress approach
[37,1,21], stress invariant approach [57,8,28], average stress
approach [51], and critical plane stress approach
[47,15,48,5,52]. Although there are many proposed models
for multiaxial fatigue damage modeling, most of them are
limited to specific materials or loading conditions [51].
The authors [41] proposed a new stress-based characteristic
plane model for metals, which performs well for both brit-
tle and ductile metals. The characteristic plane approach
has been extended for low-cycle multiaxial fatigue problem
using e-N curves [43].

The above discussion is for isotropic materials. How-
ever, many engineering materials exhibit some degree of
anisotropy in mechanical properties, such as rolled metals.
Moreover, strongly anisotropic materials such as compos-
ite laminates are being used in the industry more popularly
in the recent decades. Unlike the extensive progress in mul-
tiaxial fatigue analysis of isotropic materials, much further
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effort is needed to include the anisotropy of the material
[16,40,56,12]. Several investigations have been reported
for anisotropic composite laminates. Degrieck and Van
Paepegem [11] classify existing fatigue models into three
categories: fatigue life model (S-N curves), residual
strength or residual stiffness model, and progressive dam-
age model. Hasin and Rotem [22] proposed a failure crite-
rion which mimic the form of static strength criterion,
based on two major failure modes (fiber failure and matrix
failure). Reifsnider and Gao [55] proposed a micromechan-
ics based model which can take into account the interfacial
bond. Wu, Jen and Lee [66,24] proposed different failure
criteria based on the Tsai-Hill criterion. Philippidis and
Vassilopoulos [54] proposed a failure criterion based on
the Tsai-Wu criterion. Petermanna and Plumtree [53] pro-
posed a critical plane model for unidirectional laminates
under off-axis tension-tension fatigue loading. Kawai,
Kawai et al., [32,31] proposed an effective stress model
for the unidirectional laminates under off-axis loading,
which is based on the Tsai-Hill static strength theory. Liu
and Mahadevan [42] proposed a damage accumulation
model for multidirectional laminates under tension—tension
fatigue loading. Most of the fatigue models for anisotropic
composite laminates are for single applied off-axis loading,
which causes proportional multiaxial stress state within the
laminates. Very few theoretical and experimental studies
are found in the literature for the non-proportional multi-
axial fatigue analysis of general anisotropic materials.

To the authors’ knowledge, no single existing multiaxial
fatigue damage model is universally accepted for different
materials (i.e. metals and composites) and different loading
conditions (i.e. proportional and non-proportional multi-
axial loading). In this paper, a unified multiaxial fatigue
damage model is proposed for both isotropic and aniso-
tropic materials.

In this paper, a new fatigue damage model named char-
acteristic plane-based model is proposed as a unified
approach for both isotropic and anisotropic materials.
The characteristic plane approach is similar with the criti-
cal plane in the calculation procedure. A plane is first deter-
mined and the stress components on the plane are
combined together and used for fatigue life prediction.
Unlike most of existing critical plane-based models, the
characteristic plane in the proposed model is not based
on the physical observations of the crack but arises from
the idea of dimension reduction. It assumes the complex
multiaxial fatigue problem can be approximated by using
the stress components on a certain plane (named character-
istic plane in this paper). Then the objectives are to find the
plane and the formula of combinations of the stress com-
ponents on that plane. Through this type of definition of
the characteristic plane, failure mode analysis is not
required and the proposed model can automatically adapt
for different materials. The correction factor for the mean
normal stress is also introduced to the proposed model.
A wide range of experimental observations for metals
and composite laminates available in the literature are used

to validate the proposed model. Very good correlations are
found between predicted and experimental fatigue lives
under proportional and non-proportional loading for very
different materials.

2. Multiaxial fatigue model for isotropic material

The characteristic plane is a material plane on which the
fatigue damage is evaluated. In the proposed method, the
complex stress time history functions are used to calculate
an ‘“equivalent” stress on the characteristic plane. The
equivalent stress is used to correlate with the fatigue dam-
age. Most of the available models based on the critical
plane approach assume that the critical plane is fixed.
The critical plane is assumed to coincide with either the
maximum normal strain/stress plane (Mode I) or the max-
imum normal strain/stress plane (Mode II). The applicabil-
ity of the fatigue model becomes limited if the critical plane
is fixed [41,43].

The failure types of metals can be classified as shear
dominated, tensile dominated and mixed under multiaxial
loading. They are related to the microcrack nucleation
and propagation along the persistent slip bands, along
grain boundaries, across the grain, void cleavage, etc.
The failure types of composite laminates are much more
complex and fundamentally different with those of metals,
such as matrix cracking, fiber breakage, fiber-matrix inter-
facial fracture, delamination, etc. Any attempt to build a
failure mechanism-based model for both isotropic metals
and anisotropic composites would be rather difficult or
impossible, as they are very different materials and have
unique failure types.

Liu and Mahadevan [41,43] have proposed a character-
istic plane approach for multiaxial fatigue analysis of
metals, which does not rely on the failure mechanisms of
materials and only depends on the quantitative S-N
(e-N) curves under uniaxial and pure torsional fatigue
loading. It has been shown that the model performs well
under different failure mechanisms of metals. Even without
knowing the failure mechanism, the proposed method can
still be applied [43].

The stress version of the characteristic plane approach
[41] is used in this paper. The detailed derivation of the
multiaxial fatigue model can be found in the previous pub-
lication by the same authors [41]. Only a brief summary
and results are presented here.

2.1. Multiaxial fatigue model

A new fatigue damage criterion [41] was proposed based
on the non-linear combination of the normal stress ampli-
tude, shear stress amplitude and hydrostatic stress ampli-
tude acting on the characteristic plane, as

\/(f_>+(z_)+"(f>=ﬁ (1)
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where 0,,, ., and ¢} are the normal stress amplitude,
shear stress amplitude and hydrostatic stress amplitude act-
ing on the characteristic plane, respectively; o is the angle
between the characteristic plane and the maximum normal
stress plane; /| and ¢_, are fatigue limits in fully reversed
uniaxial and torsional tests, respectively; and k£ and f§ are
material parameters which can be determined by uniaxial
and torsional fatigue limits. The coefficient & has a physical
meaning: it is the contribution of the hydrostatic stress
amplitude to the multiaxial fatigue damage. Since the fati-
gue damage process is a monotonically increasing process,
k has to be non-negative.

The characteristic plane-based approach for multiaxial
fatigue problem is a dimensional reduction from a mathe-
matic point of view. It tries to approximate the complex
3D stress (strain) fatigue damage process only using the
stress (strain) components on a certain plane. This approx-
imation arises from a basic question. Does the out-of-plane
stress (strain) contribute to the multiaxial fatigue damage?
Suppose the same material is under two different multiaxial
stress states, which result in the same stress amplitude on
the characteristic plane but different stress amplitude out
of the plane. Will the material experience the same fatigue
life or not? Both in-plane and out-of-plane stress effects are
considered in the proposed method, but they are treated
differently. To consider the out-of-plane stress components,
two possible ways can be used. One is to use the out-of-
plane stress directly. The other is to use the hydrostatic
stress amplitude as it contains the out-of-plane stress com-
ponents. We choose the hydrostatic stress amplitude as the
mechanical parameter in the proposed model based on the
following reasons: (1) it is easy to extend to general 3D
stress state. If a general 3D stress state is considered (i.e.
two out-of-plane stresses exist and need to be considered),
the method using the out-of-plane stress components need
to add a term in the criteria, which makes the model more
complex compared with the method using the hydrostatic
stress amplitude. Also, the hydrostatic stress amplitude is
easy to calculate under some situations. For example, for
far field non-proportional bending-torsional fatigue prob-
lem, the hydrostatic stress amplitude can be calculated
directly as it is the first invariant of the stress tensor. The
out-of-plane stress components must be calculated by
stress transformation and searching. (2) The comparison
with various experimental data [41,43] shows the proposed
method (using the hydrostatic stress amplitude) has a good
agreement with experimental observations. So we decide to
use the hydrostatic stress amplitude rather than to use the
out-of-plane stress amplitude directly.

Two special orientations of the characteristic plane
using the proposed fatigue damage parameter (Eq. (1))
have been discussed in Liu and Mahadevan [41]. One type
assumes that the characteristic plane is the maximum nor-
mal stress (or strain) plane (Mode I), which is same with
some critical plane-based models [60,62,7,34]. The other
assumes that the critical plane coincides with the maximum
shear stress (or strain) plane (Mode II), which is same with

some critical plane-based models [4,27,44,61,14,19,13,50].
Based on the analysis using these two different characteris-
tic plane orientations, several conclusions can be drawn
[41]. The contribution of the hydrostatic stress amplitude
is different for different materials if the characteristic plane
orientation is fixed. Neither of the two characteristic plane
orientation assumptions can be applied to the whole range
of materials (i.e. from brittle to ductile materials). For the
two special types of material (¢_;/fy =1and ¢t ,/f | =
1/4/3), the contribution of the hydrostatic stress amplitude
is zero if the characteristic plane is defined as the maximum
normal stress amplitude plane or the maximum shear stress
amplitude plane, respectively.

So instead of fixing the characteristic plane, the current
model searches for the characteristic plane orientations on
which the contribution of the hydrostatic stress amplitude
is minimized to zero. By using this approach, the applica-
bility of the proposed method is extended to both brittle
and ductile materials. This strategy leads to the analytical
solutions for the material parameters summarized in Table
1 [41].

In Table I, s = ’*—‘1 is the fatigue strength ratio under the
torsional loading and the uniaxial loading. Materials with
t_1/f-1 < 1//3 are usually known as ductile (mild) metals,
whereas materials with 1/ V3 /f1 <1 are usually
known as brittle (hard) metals [5]. Materials with ¢_;/
f—1 =1 are referred as extremely brittle (hard) metals by
Liu and Mahadevan [41]. Thus, the model is found to be
applicable to both brittle and ductile materials. As shown
in Table 1, The characteristic plane coincides with usually
defined crack growth planes (Mode I and Mode II) under
two conditions. For the material with ¢ ;/f_; > 1, the
characteristic plane is the maximum normal stress ampli-
tude plane (Mode I). For the material with ¢ ,/f | =
1/+/3, the characteristic plane is the maximum shear stress
amplitude plane (Mode II).

The implementation is quite simple. For any arbitrary
multiaxial loading history, the maximum stress amplitude
plane is identified first. This is achieved by enumeration,
by changing the angle by 1° increment. Then the angle o
and material parameters are determined for different mate-
rials according to Table 1. The angle between the charac-
teristic plane and the maximum normal stress amplitude
plane is o. Finally, the stress components on the character-
istic plane are calculated and the fatigue damage is evalu-
ated using Eq. (1). Note that the characteristic plane in
the proposed model depends not only on the stress state
(maximum normal stress amplitude plane) but also on
the material property (angle o).

Table 1
Material parameters for fatigue damage evaluation
Material property s =7 <1 s=F>1

o
k k
B B = [cos?(20)s? + sin®(20) ]}
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2.2. Mean stress effect

Practical mechanical components generally experience
cyclic fatigue loading together with the mean stress. The
mean stress could also be introduced by residual stress,
environmental effects, etc. It is well known that the mean
normal stress has an important effect on fatigue life. Nor-
mally, tensile mean stress reduces the fatigue life, while
compressive mean stress increases the fatigue life [58].

There are many models for mean normal stress effect
correction. Gerber, Goodman, Soderberg and Morrow
[18,20,64,49] proposed different correction factors. Kujaw-
ski and Ellyin [35] proposed a unified approach to mean
stress effect. For the multiaxial fatigue problem, mean nor-
mal stress is included in the model in different ways [63]
depending on different models. Fatemi and Socie [14] con-
sidered the maximum normal stress acting on the critical
plane. Papadopoulos [51] considered the hydrostatic mean
stress. Farahani [13] used a correction factor based on the
mean stress on the critical plane.

The mean shear stress effect is very complex especially
for the multiaxial fatigue problem and needs further
study. There is still much argument as to the proper
way to include this effect. Sines [57] stated that a superim-
posed mean static torsion has no effect on the fatigue limit
of metals subjected to cyclic torsion. A similar conclusion
was also found by Davoli et al. [10]. The mean shear
stress effect is often neglected in the high cycle fatigue
analysis for metals [10]. The mean shear stress effect can
not be neglected for finite fatigue life prediction. It is
known that the mean shear stress effect for metals
increases as the fatigue life decreases. For composite
materials, very few studies can be found in the open liter-
ature about the mean shear stress effect on the multiaxial
fatigue life. In the current study, we only collect data with
no mean stress and with mean normal stress for model
validation. The main objective of the current study is to
propose a general multiaxial model for different materials
(i.e. metals and composites). A detailed study about the
mean shear stress effect is beyond the scope of the current
study and needs to be explored in the future. Therefore in
the current model, the mean shear stress effect is not
considered.

Based on the experimental data collected from the liter-
ature, the mean normal stress is introduced into the fatigue
model in this paper by a correction factor (1 — ™= ‘““) Thus,

Eq. (1) is rewritten as:
. ot \ 2
ﬁ +k(=) = 2
)@ o

l C
_ O_m nmx

where 0., max 1S the mean normal stress on the maximum
stress amplitude plane, and f. is the reference stress, which
can be calibrated using uniaxial fatigue tests with mean
stress. If fatigue tests with mean stress are not available, f..¢
can take the value of the ultimate static strength, which is
same as the model by Soderberg [64].

2.3. Fatigue life model

Liu and Mahadevan [41] have extended the above fati-
gue limit criterion to be a fatigue life prediction model.
Notice that the fatigue limit is often related to the fatigue
strength at very high number of cycles (usually 10°-10’
cycles). For finite fatigue life predictions, the damage
parameter should be correlated with the life (number of
loading cycles to failure). Eq. (2) can be rewritten as

1 1

2
- - \/(O'a,c)2 + (&) (‘Ca,c)2 + k(G?c)Z :f,1
ﬁ (1 _ 0m.max> t71 ’
fref
3)
The left side of Eq. (3) can be treated as the equivalent
stress amplitude. It can be used to correlate with the fatigue

life using the uniaxial S—N curve. Thus the fatigue life
model is expressed as:

2
) i+ (22) st =

Sref

(4)
where Ny is the number of cycles to failure. Notice here f_;
and ¢_; in Eq. (3) change to fy, and ty, respectively, which
are fatigue strength coeflicients at finite life Ny for uniaxial
and torsional loadings. Eq. (4) has no closed form solution.
In practical calculation, a trial and error method can be
used to find Nr. For high cycle fatigue, fy, and ¢y, take ini-
tial values as f_; and ¢_;. It is found that usually a few iter-
ations are enough to make N; converge. Eq. (4) together
with the parameters in Table 1 are used for fatigue life pre-

diction. The quantity s in Table 1 is redefined as s = %
T

2.4. Characteristic plane approach and critical plane
approach

We named the proposed method as a characteristic
approach in order to distinguish with the available critical
plane-based approaches. The characteristic plane approach
has some unique properties, which makes it possible to be
unified for both isotropic metals and anisotropic compos-
ites. The fundamental differences of the two approaches
are described as below:

1. Their physical bases are different. The critical plane
approach originates from the fatigue failure mecha-
nisms, which is usually either the maximum normal
stress (strain) plane (Mode I) or the maximum shear
stress (strain) plane (Mode II or III). For example, some
critical plane-based approach was originally proposed
based on the observations that the fatigue crack nucle-
ation occurs at the persistent slip bands, formed in some
grains (crystals) of the metals. The planes are named
critical plane and the stress (or strain) components on
it are used for fatigue analysis [52]. That is the physical
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basis of the critical plane approach. This assumption or
basis makes it difficult to apply the model to materials
with microstructures different with normally used met-
als. The characteristic plane approach originates from
the dimension reduction idea, in which the main objec-
tive is to reduce the complexity of the multiaxial fatigue
problem. The resulting characteristic plane is only a
material plane, on which the fatigue damage is evalu-
ated. It may or may not have a direct relation with the
fatigue crack orientation observed in the experiments.
The physical difference makes the characteristic plane
approach capable to the non-metals, such as composite
laminates used in this study, in which the non-crystal
like microstructure violates the physical basis of the crit-
ical plane approach. Also, the physical difference makes
the characteristic plane approach not require failure
modes analysis before application to multiaxial fatigue
damage calculation, which is usually required by the
critical plane-based models [14].

. The identification procedures of the characteristic plane
and the critical plane are different. Once the material
failure mode is observed, the identification of the critical
plane is straightforward. It only relies on stress (or
strain) analysis. For different materials with the same
failure mode, the critical plane orientation is fixed. It
is either the maximum normal stress (or strain) plane
or the maximum shear stress (or strain) plane. The char-
acteristic plane in the proposed model is determined
through minimizing the contributions of the hydrostatic
strain amplitude to zero (as shown in Section 2.1). It
explicitly relies both on the material properties and
stress (strain) analysis. For different materials with the
same failure mode, the characteristic plane could be dif-
ferent since it depends on both the uniaxial and pure tor-
sional S-N curves. From this point of view, the
determination of the critical plane is semi-analytical
because it requires that the analyst determine the failure
modes first from experimental data or assumes from
experience. The characteristic plane determination is
fully analytical since it only requires the quantitative
data from uniaxial and torsional experiments.

. The results and robustness of the characteristic plane
approach and the critical plane approach are different.
The result of the critical plane is a discrete function,
which is either maximum normal strain plane or maxi-
mum shear strain plane. The result of the characteristic
plane is a quantitative and continuous function. In the
multiaxial fatigue experiments for metals, usually both
Mode I and Mode II cracks exist. For example, under
pure shear tests, the crack usually occurs along the max-
imum shear stress plane then propagates along the max-
imum principle stress plane. In that case, only visual or
empirical observation is not good enough to decide
which model to use. Also, if you make a decision based
on a certain parameter exceeding a threshold value (e.g.
Life of Mode II crack exceeds 70% of the total life),
there is still a problem because you create a discontinu-

ity subjectively. The material with 69% uses the critical
plane of maximum normal stress amplitude and the
material with 71% uses the critical plane which is 45°
off the maximum normal stress amplitude plane. There-
fore, a quantitative and continuously varying model is
more desirable. For the material changing failure modes
with respect to loadings and environmental conditions
or the material without failure mode information, it is
risky to apply either of those models (i.e. based on Mode
I or Mode II crack), because their error is unpredictable.
From this point of view, the proposed model is more
robust since it can automatically adapt to those
conditions.

From the above discussion, it is clearly shown that the
reason why the characteristic plane-based approach can
be applied to very different materials, which is due to the
proposed method does not rely on the failure mechanism
or material microstructures.

3. New multiaxial fatigue model for anisotropic material

Many engineering materials exhibit mechanical anisot-
ropy, such as wood, rolled metals, fiber reinforced compos-
ite laminates, etc. The uniaxial and torsional fatigue
strengths also depend on the orientations of the axes at
the critical point within the material. In the proposed mul-
tiaxial fatigue criterion (Eq. (1)), fatigue limits f_; and 7_,
become functions of the orientation 0, say, f_;(0) and
t_1(0). A schematic representation for unidirectional com-
posite laminates is shown in Fig. 1. The x-axis is along
the fiber direction and the y-axis is transverse to the fiber
direction. Due to the strong fiber strength and weak matrix
strength, the laminate is orthotropic. Fatigue strength at
the arbitrary orientation 0 is different and is a function of 0.

In order to extend the fatigue model (Eq. (1)) to aniso-
tropic materials, we need to specify a reference plane, on
which the uniaxial and torsional strength of the anisotropic
material can be evaluated. In the current model, the key
point is to calculate the angle between the maximum nor-
mal stress amplitude plane and the characteristic plane.
We define the reference plane for the anisotropic material
as the plane that experiences the maximum normal stress

£.(0);t.(6)
e

A

Fiber 0

Matrix

Fig. 1. Fatigue strength for unidirectional laminates.
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amplitude. Thus, Eq. (1) is rewritten as a unified multiaxial

fatigue criterion:
R e S T
: + s _
t*l(emax) 71(9max)

71 mdx

where 0., indicates the direction of maximum stress
amplitude. For isotropic materials, Eq. (5) reduces to Eq.
(1) since the functions f_(6) and 7_,(6) become constants.
Similarly, the fatigue life model for anisotropic materials
can be expressed as:

1 fo( mdx) 2 H\2 _

Eq. (6) can be rewritten as:

m % \/(Ga‘c)z + <m> (Ta‘c)z + k(agc)z = fo (0)
(7)

If the mean stress is also included into the model, Eq. (8)
could be used.

1 1 1
(1 - ""}:“) Pr(Omax) B
) Ly
x \/ (020 + () (e RS =0 ®)
where sy, (Omax) = ;Zfr((gm‘i is the strength ratio of the tor-

sional loading and the uniaxial loading along the direction

A, Hmax
of Gmax- pNI\(Gmax) - \//fN<f(0)

along the directions of 0 = 0,,,,x and 0 = 0. The left side of
Eq. (8) can be treated as an equivalent stress amplitude. It
can be used to correlate with the fatigue life using the uni-
axial S—N curve along the direction of zero degree.

The procedure for the fatigue analysis of anisotropic
materials is almost identical with that of isotropic material.
For any arbitrary loading history, the maximum stress
amplitude plane is identified first. The uniaxial and tor-
sional fatigue strength along this direction is also evalu-
ated, usually from experimental data. Then the angle «
and the material parameters are determined for different
materials according to Table 1. Notice that, the quantity
N (Omax)
fvf((?mdx)
Finally the equivalent stress amplitude and the fatigue life
are calculated using Eq. (7) (or Eq. (8)) if mean stress is
included.

For an arbitrary anisotropic material, the variation of
the uniaxial and torsional fatigue strengths corresponding
to the orientation of the axes is quite complex and requires
extensive experimental work to quantify. However, for
some special anisotropic materials, this can be simplified
using one of strength theories available in the literature.
In this paper, an example of orthotropic composite lami-
nate is used for illustration.

is the ratio of uniaxial strength

s in Table 1 is now redefined as s = sy, (Omax) =

Consider a fiber reinforced composite laminate. Several
static strength theories have been proposed for orthotropic
laminates, such as Tsai-Hill and Tsai-Wu theory [9]. In this
study, the Tsai-Wu theory is used. For the case of plane
stress, the Tsai-Wu theory is expressed as:

F110'%+F220'§+F6602+F10'1+F20’2+2F120’102:1 (9)

where o and o, are the stresses along the fiber direction
and transverse to the fiber direction, respectively, and og
is the in-plane shear stress. Fyy, F»s, Fes, F1o, Fi, and F5
are strength parameters and can be calibrated using exper-
iments.

_ 1 _1_ 1
Fo=o-, Fh=7-—+
°T T

(10)
) ()

where 5,57 are the strengths along the fiber direction
and transverse to the fiber direction, respectively. The plus
symbol indicates tension strength and the minus symbol
indicates compression strength. syt is the in-plane shear
strength. For the fatigue problem, the stress terms in Eq.
(9) refer to the stress amplitudes along different directions.
If the strengths are defined using stress amplitude values,
the plus and minus symbols in the above strength notation
disappear since the stress amplitude is always positively de-
fined. Thus, Egs. (9) and (10) are rewritten for the fatigue
problem as:

Flla%+F220'§+F6602+2F120'10'2:1 (11)
1 1 1 (F1\Fp)’
{ 11 Si’ 22 s;ra 66 SiT’ 12 2
(12)

Using the Tsai-Wu strength theory, the uniaxial strength
and shear strength along an arbitrary direction 0 can be
easily obtained as

Table 2
Experimental data for isotropic metals
Material References Failure
mechanism
SAE-1045 steel Kurath et al. [36] N/A
5% Chrome work Kim et al. [34] Tensile
roll steel
SM45C Lee [39] N/A
7010 Aluminum alloy =~ Chaudonneret [6] N/A
Waspaloy Jayaraman and Ditmars [23]  Shear
Learch et al. [38]
Hastelloy-X Jordan [25] 23 °C: shear;

649 °C: tensile

Hayness 188 Bonacuse et al. [2]

Kalluri et al. [30] N/A
Ti-6A1-4V alloy Kallmeyer et al. [29] Not performed
AISI Type 304 Socie [62] Tensile
stainless steel
Z12CNDV12-2 steel Chaudonneret [6] N/A
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f(0)= 1/\/F11 cost 0+ Fpysin® 0+ (Fes +2F12)sin20cos20

1(0)= 1/\/(F11 +Fp— 8F12)sin2900s20+F66(00329— sin’ 9)2
(13)

For the fatigue life model, the fatigue strength parame-
ters are also functions of the fatigue life (Vy), which can be
evaluated from the experimental S-N curves. Eq. (13) is
rewritten as:

fatigue problem, the current study uses the S-N curve ver-
sion of the characteristic plane approach. In the revised
manuscript, we only keep the metal fatigue data with the
fatigue life ranging from 10* to 107 cycles, which belongs
in the intermediate to high cycle fatigue. For the LCF
problem using the characteristic plane-based approach,
the reader is referred to our previous e-N curve paper [42].

The predicted fatigue lives and the experimental lives are
plotted together in Fig. 2. In Fig. 2, the x-axis is the fatigue

S (0) = 1/\/F11,N|. cos* 0+ Fy N, sin* 0 + (Feony +2F12N,) sin® 0 cos2 0

(14)

th(O) = 1/\/(F117N‘. =+ Flzva — 8F12>Nf) Sil’l2 0C052 0 + F66‘N‘- (C032 0— Sil’l2 0)2

Substituting Eq. (14) into Eq. (8), we can solve for the
fatigue life (Vy). Similar to isotropic materials, Eq. (8) usu-
ally has no closed form solution. In practical calculation, a
trial and error method can be used to find N;. For an
orthotropic composite laminate, the experimental S-N
curves along the fiber direction, transverse to the fiber
direction, and in-plane shear stress are required in the pro-
posed model. Then the fatigue life under arbitrary multiax-
ial loading can be predicted.

The fatigue model for the isotropic material in Section 2
is consistent with the fatigue model for the anisotropic
material derived in Section 3. If F|; = Fy» = %F 6, the fati-
gue model for the orthotropic material is identical with the
fatigue model for the isotropic material with s = 1/4/3, in
which the Tsai-Wu criterion reduces to be the Von-Mises
criterion.

4. Validation of the proposed fatigue model

In this section, the proposed multiaxial fatigue life pre-
diction model is validated using experimental observations
found in the literature. Three categories of data are
explored: metals for isotropic material, unidirectional com-
posite laminates for orthotropic material and multidirec-
tional composite laminates for anisotropic material.

4.1. Validation for isotropic material

Ten sets of fatigue experimental data are employed in
this section, and are listed in Table 2. The collected mate-
rials cover several different industries, such as construction
engineering, automotive engineering, and aerospace engi-
neering and range from brittle to ductile. Different failure
mechanisms are also listed in Table 2 to show the applica-
bility of the proposed characteristic plane-based method.

The S—N curve approach is commonly used for the HCF
problem and the e-N curve approach is commonly used for
the LCF problem. The proposed characteristic plane based
approach has been validated for both the HCF problem
using S-N curves [41] and the LCF problem using e-N
curves [43]. Since the experimental data for composite lam-
inates is usually stress-controlled and belongs to the HCF

life in log scale and the y-axis is the equivalent stress ampli-
tude which is calculated from Eq. (4). The dashed lines are
the prediction results and the points are the experimental
observations. In the legends, ““‘uni” represents uniaxial
loading, “‘tor” represents pure torsional loading, “pro”
represents proportional multiaxial loading and “non-pro”
represents non-proportional multiaxial loading. For data
sets where mean stress data is available, mean stress effect
is also included in the results.

In the proposed method for isotropic materials, only the
uniaxial and pure torsional fatigue S—N curves are required
to calibrate the material parameters (fatigue strength coef-
ficients at finite life Ny for uniaxial and torsional loadings,
fv, and ty,, respectively). All other proportional or non-
proportional multiaxial fatigue data are “predictions” to
show the performance of the proposed method.

As shown in Fig. 2, the predicted results agree very well
with the experimental results despite different amounts of
scatter for different materials. For different materials and
loading conditions, the proposed model correlates the
experimental observations together using the uniaxial fati-
gue S—-N curve.

4.2. Validation for unidirectional composite laminates
Eight sets of fatigue experimental data for unidirectional

composite laminate under off-axis loading are employed in
this section, and are listed in Table 3.

Table 3
Experimental data for unidirectional composite laminates

Material References

E-glass/polyester
E-glass fibre/epoxy-1

Philippidis and Vassilopoulos [54]
Kadi and Ellyin [26]

T800H/epoxy Kawai et al. [31]
T800H/polyimide Kawai et al. [31]
AS4/PEEK Kawai et al. [31]

GLARE 2 (fibre-metal laminates)
T800H/2500 carbon/epoxy
E-glass fibre/epoxy-2

Kawai et al. [31]

Kawai and Suda [33]

Hashin and Rotem [22]
Reported by Petermanna and
Plumtreeb [53]
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In the proposed fatigue life model for orthotropic mate-
rials, experimental S—N curves for the fiber direction, trans-
verse to the fiber direction, and pure in-plane shear stress
are required. However, most of the fatigue experimental
data do not include the pure shear test results. It is possibly
due to the difficulty of applying the pure shear loading to
the composite laminate. The S—N curve under pure shear
loading is calibrated using one additional off-axis fatigue
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test data set and then used for fatigue life prediction for
the other off-axis fatigue loadings. For example, the
T800H/epoxy fatigue data reported Kawai and Suda [33]
contains the S—N curves along the fiber direction (0° lami-
nates) and transverse to the fiber direction (90° laminates).
Pure in-plane shear fatigue tests were not performed. The
fatigue data for 45° laminates is used to calibrate the pure
in-plane shear S—N curve by a trial and error method. After
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Fig. 3. Comparisons of predicted and experimental fatigue lives for unidirectional composite laminates: (a) E-glass/polyester. (b) E-glass fibre/epoxy-1
with R = —1. (c) E-glass fibre/epoxy-1 with R=0. (d) E-glass fibre/epoxy-1 with R=0.5. (¢) T800H/epoxy. (f) T800H/polyimide. (g) AS4/PEEK.
(h) GLARE 2. (i) T800H/2500 carbon/epoxy with R = 0.5. (j) T800H/2500 carbon/epoxy with R =0.1. (k) T800H/2500 carbon/epoxy with R = —0.3.

(1) E-glass fibre/epoxy-2.
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Fig. 3 (continued)

obtaining the three S-N curves required in the proposed
method, the fatigue life of composite laminates with arbi-
trary orientations (10°, 15°, 30° and 60° in this case) can
be predicted.

The predicted fatigue lives and the experimental lives are
plotted together in Fig. 3. In Fig. 3, the x-axis is the fatigue
life in log scale and the y-axis is the equivalent stress ampli-
tude which is calculated from Eq. (8). The dashed lines are
the prediction results and the points are the experimental
observations. The angles of the off-axis loading are shown
in the legends. Only some of the references in Table 3,
namely, Kadi and Ellyin, Kawai and Suda [26,33] include
the mean stress effect on the fatigue life. Figs. 3(b)—(d)
include this stress ratio, which is defined as the minimum
stress divided by the maximum stress.

As shown in Fig. 3, the predicted results agree reason-
ably well with the experimental results despite different
amounts of scatter for different materials. Generally speak-
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ing, the scatter for composite laminates is larger than that
for metals. The worst case is for E-glass fibre/epoxy-2
(Fig. 3(1)). In the original data, very large scatter was
observed. A probabilistic approach may be more appropri-
ate to describe the fatigue behavior of composite materials.

4.3. Validation for multidirectional composite laminates

Composite structures are more likely to be in the form
of multidirectional laminates consisting of multiple lami-
nates or plies, which may have different ply orientations
and stacking sequences. Due to the arbitrary combinations
of the plies, the marco-mechanical properties of the multi-
directional composite laminates are anisotropic. The fati-
gue analysis is more complicated than that for
unidirectional composite laminates and requires extensive
experimental work to quantify the effect of anisotropy.
However, multidirectional composite laminates are built
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Fig. 4. Comparisons of predicted and experimental fatigue lives for D155 with R =0.1.
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Fig. 5. Comparisons of predicted and experimental fatigue lives for D155 with R = 10.

up with many orthotropic plies. For this type of material,
the authors [42] developed a two-stage methodology for
the fatigue analysis. First, divide the total loading history
into several blocks. In each block, check the failure of each
ply using the fatigue model. If no failure occurs, accumu-
late the fatigue damage for each ply caused in this block
and progress to the next step. If failure occurs, assume that
the ply strength and stiffness decrease to zero. Then
update the global stiffness matrix and progress to the next
step. The computation is continued till the entire laminate
fails. This section uses this methodology. In each ply, the
fatigue model derived in Section 3 is used to check the failure.

Fatigue test data of glass—fiber-based multidirectional
composite laminates [46] are used to validate the proposed
fatigue model. The material chosen, D155, is a balanced
laminate which consists of pairs of layers with identical
thicknesses and elastic properties but with +60 and —6 ori-
entations. Again, the fatigue S—N curve for pure shear test
is not available and the balanced laminate ([+45];) is used
to calibrate the in-plane shear S—-N curve.

The prediction results and the experimental observa-
tions are plotted in Figs. 4 and 5. The x-axis is the fatigue
life and the y-axis is the applied stress amplitude. The
dashed lines are the prediction results and the points are
experimental results. From Figs. 4 and 5, the agreement
is seen to be generally very good, with a few exceptions.
In all cases, the predictions capture the major trends in
the experimental observations.

5. Conclusions

A unified multiaxial fatigue life prediction model is
proposed in this paper for both isotropic and anisotropic
materials. The current fatigue model is based on the
characteristic plane approach. Most of the existing criti-
cal plane-based models can only be applied to certain
types of failure modes, i.e. shear dominated failure or
tensile dominated failure. Their applicability generally
depends on the material’s properties and loading condi-
tions. In the proposed model, the characteristic plane
changes corresponding to different material failure
modes, thus making the proposed model have almost
no applicability limitation with respect to different

metals. The characteristic plane is theoretically deter-
mined by minimizing the damage introduced by the
hydrostatic stress amplitude. The mean normal stress
effect is also included in the current model through a cor-
rection factor. The proposed method does not consider
the mean shear stress effect since no mean shear stress
exists in the collected data. Its effect on the multiaxial
fatigue needs extensive experimental and theoretical work
in the future.

A wide range of fatigue data, which covers both brittle
and ductile metals, as well as unidirectional and multidirec-
tional composite laminates, are used to validate the pro-
posed methodology. Generally, the predictions based on
the proposed model agree well with the experimental
observations.

The fatigue data collected in this study for composite
laminates are under off-axis loading, which causes propor-
tional multiaxial stress within the material. The test data
for composite laminates under non-proportional loading
are seldom found in the literature. The proposed model
has been validated under non-proportional loadings for
isotropic metals. Further experimental data are needed to
validate the proposed model under non-proportional load-
ing for anisotropic materials.
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