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Abstract

A new high-cycle fatigue criterion based on the critical plane approach is proposed in this paper. Unlike most of the other multiaxial

fatigue criteria based on the critical plane approach, the critical plane is directly correlated with the fatigue fracture plane. The proposed

criterion has a wide range of applicability from very ductile metals to extremely brittle metals. Mean stress effect is also included in this

criterion. The new fatigue criterion is then extended to a fatigue life prediction model. The results of the proposed fatigue criterion and

fatigue life prediction model are validated with experimental results from the literature.

q 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Many critical mechanical components experience multi-

axial cyclic loadings during their service life, such as

railroad wheels, crankshafts, axles, and turbine blades, etc.

Different from the uniaxial fatigue problem, the multiaxial

fatigue problem is more complex due to the complex stress

states, loading histories and different orientations of the

initial crack in the components. In recent decades, numerous

attempts to develop multiaxial fatigue damage criteria and

fatigue damage modeling have been reported. Several

reviews and comparisons of existing multiaxial fatigue

models can be found elsewhere [10,27,36,37].

Although there are many proposed models for multiaxial

fatigue damage modeling, most of them are limited to

specific materials or loading conditions. Some of them

cannot predict the initial crack orientation, which is another

distinct characteristic of multiaxial fatigue damage com-

pared with the uniaxial fatigue problem. To the authors’

knowledge, no existing multiaxial fatigue damage model is

universally accepted.

In this paper, several high-cycle fatigue damage models

are first discussed briefly. Then, a new fatigue criterion
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based on the critical plane approach is proposed. Unlike the

previous critical plane-based models, the critical plane in

the current model is theoretically correlated with the fatigue

crack initiation plane and also depends on the material

properties. This makes the proposed model have almost no

limitations in applicability with respect to different metals.

Then, a correction factor considering the effect of the mean

stress is introduced. The current model is compared with

other existing criteria using the available experimental data

in the literature. The fatigue criterion is then extended to

predict the fatigue life under multiaxial loading conditions.

The predicted lives are compared with experimental

observations reported in the literature.
2. Existing high-cycle fatigue criteria

Fatigue damage models can be divided into three groups:

stress-based models, strain-based models and energy-based

models. Since the main focus of this paper is multiaxial

high-cycle fatigue, only the stress-based approach is

reviewed in this section, which is popularly used in high-

cycle fatigue analysis. Large numbers of models are

available; only a few of them are briefly discussed here.

The stress-based approaches can be divided into four

groups based on empirical equivalent stress, stress invar-

iants, average stress and critical plane stress. Gough and

Pollard [11,12] suggested an empirical ellipse formula as

a multiaxial fatigue criterion. Sines [29] gave a criterion
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related to the second invariant of the stress deviator and first

invariant of the stress tensor. Langer [19] proposed an

equivalent stress based on the Tresca equivalent stress.

ASME [1] used modified Langer’s method, using the Von

Mises equivalent stress. Lee [20] proposed a modified

empirical formula based on Gough’s model. Several

different multiaxial fatigue criteria based on stress invar-

iants can be found elsewhere [5,15].

Papadopoulos et al. [27] proposed a fatigue criterion

based on the average stress approach, i.e. an average of the

stress components involving the critical point, asffiffiffiffiffiffiffiffi
hT2

a i

q
Cl½ðJ1Þa C ðJ1Þm�

Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

a

3
Ct2

a

r
Cl½ðJ1Þa C ðJ1Þm� Z x (1)

where hT2
a i is the average quantity within a volume, sa is the

bending stress amplitude, ta is the torsion stress amplitude,

lZ ð3tK1=fK1K
ffiffiffi
3

p
Þ and xZtK1, fK1 and tK1 are fatigue

limits in fully reversed bending and torsion, respectively. J1

is the first invariant of the stress tensor. The subscripts a and

m refer to the stress amplitude value and mean stress value,

respectively.

This model is limited to materials, in which tK1/fK1 is

between 0.577 and 0.8. Another limitation of the model is

that non-proportional loading has no effect based on Eq. (1),

which is in conflict with experimental observations [37].

Other average stress approaches can be found elsewhere,

e.g. Refs. [13,21].

In recent years, criteria based on the critical plane

approach for multiaxial fatigue evaluation have been

gaining popularity [33,37]. According to the critical plane

approach, fatigue evaluation is performed on one plane

across a critical location in the component. This plane is

called the critical plane, which is usually different for

different fatigue models.

Findley [9] proposed a damage parameter based on the

linear combination of the shear stress amplitude and

maximum normal stress acting on the critical plane. Matake

[23] proposed a fatigue criterion based on the critical plane

approach, which uses a damage parameter based on the

linear combination of the shear stress amplitude and

maximum normal stress acting on the critical plane. The

orientation of this plane is described by the spherical

coordinates (fc, qc) of its unit normal vector nc. The critical

plane is defined as the plane on which the shear stress

amplitude achieves the maximum value:

ðfc; qcÞ Z maxðf;qÞ½taðf; qÞ�

taðfc; qcÞCksmaxðfc; qcÞ Z x

(
(2)

where the subscript c refers to the critical plane. The

material constants k and x are given as

k Z ð2tK1=fK1 K1Þ; x Z tK1 (3)
McDiarmid [24] uses the concept of Case A and Case B

cracks (Brown and Miller [38]). Case A cracks propagate

along the component surface, while Case B cracks

propagate into the surface. The fatigue damage is evaluated

on the critical plane corresponding to the two crack cases.

The critical plane is defined the same as in Matake’s model

(Eq. (2)). The material constants are given as

k Z
tA;B

2su

; x Z tA;B (4)

where tA,B is the material parameter according to Case A

or Case B cracks, su is the ultimate tensile strength of the

material.

Carpinteri and Spagnoli [2] proposed a criterion based on

the critical plane for hard metals. The calculation of the

critical plane is performed by two steps. First, the weighted

mean direction of the maximum principal stress is evaluated

[3,4]. Then, an empirical formula is used to correlate the

above direction to the critical plane. After determining the

critical plane, the fatigue criterion is expressed by a non-

linear combination of the maximum normal stress and shear

stress amplitude acting on the critical plane:

d Z 45
3

2
1 K

tK1

fK1

� �2� �
smax

fK1

� �2

C
ta

tK1

� �2

Z 1

8>>><
>>>:

(5)

where d is the angle between wc and lc in degrees, wc is the

normal vector of the critical plane, lc is the direction of the

weighted mean direction of the maximum principle stress.

Papadopoulos [28] proposed a critical plane model,

which uses the average shear stress quantity (named gener-

alized shear stress amplitude) and the maximum value of

the hydrostatic stress.

Some of critical plane methods have limitations with

respect to the applicability of the material. For the model

suggested by Carpinteri and Spagnoli [2], tK1/fK1 should be

between 0.577 and 1. Another aspect of the critical plane

approach is that most of the critical plane definitions only

depend on the stress state. Carpinteri and Spagnoli [2] define

the critical plane which depends on both the stress state

and material properties. The relationship between the

fatigue fracture plane and the critical plane is proposed in

Section 3.1.
3. Proposed multiaxial fatigue model
3.1. Fatigue fracture plane and critical plane

The definitions of the fatigue fracture plane and the

critical plane should be clarified first. Experimental results

show that for commonly used metallic materials, fatigue

crack first occurs along the crystal slip plane, and then

propagates perpendicular to the maximum principal stress
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direction. The fatigue fracture plane here refers to the

crack plane observed at the macro level. The critical plane

is not an actual crack plane. It is a material plane on

which the fatigue damage is evaluated. The two planes

may or may not coincide with each other. Several authors

proposed different methods to predict the fatigue fracture

plane. McDiarmid [24] defines the fracture plane as the

plane which experiences the maximum principal stress.

Carpinteri et al. [3,4] suggest that the fracture plane

coincides with the weighted mean principal stress

direction. Socie [32] proposed to correlate the fatigue

fracture plane to either a Mode I crack or a Mode II

growth mechanism. Here, in this paper, the fatigue

fracture plane is assumed to be the plane, which

experiences the maximum normal stress amplitude.

The critical plane orientation may differ from the fatigue

fracture plane for different materials. In this paper, the

calculation of the critical plane orientation is derived as

below.
3.2. Critical plane and fatigue damage parameter

First consider the fully reversed bending–torsion fatigue

problem (with no mean stress). A new fatigue damage

parameter is proposed based on the non-linear combination

of the normal stress amplitude, shear stress amplitude and

hydrostatic stress amplitude acting on the critical plane, asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sa;c

fK1

� �2

C
ta;c

tK1

� �2

Ck
sH

a;c

fK1

� �2
s

Z b (6)

where sa,c, ta,c and sH
a;c are the normal stress amplitude,

shear stress amplitude and hydrostatic stress amplitude

acting on the critical plane, respectively. k and b are

material parameters which can be determined by uniaxial

and torsional fatigue limits.

It is obvious that both shear stress and normal stress

contribute to the final failure of mechanical components

under multiaxial fatigue loading. However, several research-

ers have also noticed the importance of hydrostatic stress and

included its effect in their model [5,15,27,29]. Therefore,

Eq. (6) includes all these stresses in the damage model.

However, the contribution of hydrostatic stress is

different for different models and seems to vary with

material properties. Therefore, we proposed the new failure

criterion in Eq. (6). This equation implies that the final

multiaxial fatigue damage is the sum of damage caused by

normal stress amplitude, shear stress amplitude (on the

critical plane) and the hydrostatic stress amplitude. The

coefficient k in Eq. (6) takes this into account, and ensures

that the contribution of hydrostatic stress amplitude is

different for different materials.

Eq. (6) is a second order combination of the damage

caused by different stress components. Since the equivalent

stress in Eq. (22), which is derived using Eq. (6), is similar

to the Von Mises and Tresca stresses for two special
materials, we use a second order function in the current

study. If a different damage parameter were used, a different

fatigue damage model could be obtained following the

procedure described below.
3.2.1. Case 1

Since the relationship between the critical plane and

fatigue fracture plane has not been determined yet, suppose

that for one type of material the critical plane coincides with

the fatigue fracture plane. In other words, the angle between

these two planes is zero.

For a fully reversed uniaxial fatigue experiment (saZfK1,

taZ0), the fatigue fracture plane is perpendicular to the

normal stress direction. Thus, we obtain

sa;c Z fK1

ta;c Z 0

sH
a;c Z fK1=3

8><
>: (7)

For a fully reversed pure torsional fatigue experiment

(saZ0, taZtK1), the fatigue fracture plane has an angle of

458 with the shear stress direction. Thus,

sa;c Z tK1

ta;c Z 0

sH
a;c Z 0

8><
>: (8)

Substitute Eqs. (7) and (8) to Eq. (6), we can getffiffiffiffiffiffiffiffiffiffiffiffi
1 C

k

9

r
Z bffiffiffiffiffiffiffiffiffiffiffiffiffi

tK1

fK1

� �2
r

Z b

8>><
>>: (9)

Solve Eq. (9) for material parameters:

k Z 9 tK1

fK1

� �2

K1

� �
b Z

tK1

fK1

8>><
>>: (10)

Notice that the physical meaning of k is the contribution of

damage caused by the hydrostatic stress amplitude. It should

be non-negative. So tK1/fK1 should not be lower than one.

Materials with tK1=fK1%1=
ffiffiffi
3

p
are usually known as ductile

(mild) metals, whereas materials with 1=
ffiffiffi
3

p
% tK1=fK1%1 are

usually known as brittle (hard) metals [2]. Materials with tK1/

fK1R1 are referred as extremely brittle (hard) metals in this

paper. Recall the assumption made before this calculation. If

the present damage parameter (Eq. (6)) is adopted, the critical

plane could coincide with the fatigue fracture plane only for

an extremely brittle material (tK1/fK1R1). It is also

interesting to notice that k equals zero when tK1/fK1Z1,

which means (from Eq. (6)) that the hydrostatic stress

amplitude has no contribution to the fatigue damage for this

material according to the present definition of the damage

parameter (Eq. (6)).
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3.2.2. Case 2

Now suppose that, for one type of material, the critical

plane is 458 off the fatigue fracture plane, which is the

maximum shear stress plane for uniaxial and torsional

loading. Following the steps described above, the material

parameters k and b are once again calculated.

For a fully reversed uniaxial fatigue experiment (saZfK1,

taZ0), the stress components on the critical plane are

sa;c Z fK1=2

ta;c Z fK1=2

sH
a;c Z fK1=3

8>><
>>: (11)

For a fully reversed pure torsional fatigue experiment

(saZ0, taZtK1) , the stress components on the critical plane

are

sa;c Z 0

ta;c Z tK1

sH
a;c Z 0

8><
>: (12)

Substituting Eqs. (11) and (12) in Eq. (6):ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
C

f 2
K1

4t2
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C
k

9

s
Z b

1 Z b

8><
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Solving Eq. (13) for the material parameters, we obtain

k Z
9

4
3 K

fK1

tK1

� �2� �
b Z 1

8<
: (14)

From Eq. (14), tK1/fK1 should not be lower than 1=
ffiffiffi
3

p
.

This type of material ðtK1=fK1R1=
ffiffiffi
3

p
Þ is often known as a

brittle (hard) metal. Recall the assumption made before this

calculation. By using the damage parameter in Eq. (6), the

critical plane could be 458 off the fatigue fracture plane only

for brittle metals ðtK1=fK1R1=
ffiffiffi
3

p
Þ. Similar to the Case 1, k

equals zero when fK1=tK1Z
ffiffiffi
3

p
, which means (from Eq. (6))

that the hydrostatic stress amplitude sH
a;c has no contribution

to the fatigue damage for this material according to the

present definition of the damage parameter.

Several conclusions can be drawn based on the

derivations of the critical plane orientations for the two

cases above. The contribution of the hydrostatic stress

amplitude is different for different materials if the critical

plane is fixed for all materials. There are two materials

(tK1/fK1Z1 and tK1=fK1 Z1=
ffiffiffi
3

p
), for which the contribution

of the hydrostatic stress amplitude is zero if the critical

plane is defined as shown in Case 1 and Case 2. It is also

noticed that, if the critical plane is fixed, the range of

applicable materials is limited.
3.2.3. General case

Instead of fixing the critical plane, the current model

searches for the critical plane orientation on which
the contribution of the hydrostatic stress amplitude is

minimized to zero. First, it searches for the plane that

experiences the maximum normal stress amplitude, which is

assumed to be the fatigue fracture plane in the proposed model.

Then, the angle a between the critical plane and the fatigue

fracture plane is computed using uniaxial and pure torsional

fatigue test results using the same procedure described in the

last two sections. Since the contribution of the hydrostatic

stress amplitude is zero, Eq. (6) is rewritten asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sa;a

fK1

� �2

C
ta;a

tK1

� �2
s

Z b (15)

The objective is to find a and b for an arbitrary material,

following the steps described for the first two cases.

For a fully reversed uniaxial fatigue experiment (saZfK1,

taZ0), the fatigue fracture plane is perpendicular to the

normal stress direction. The critical plane is at an angle a off

the fatigue fracture plane. Thus, we obtain

sa;a Z
fK1

2
G

fK1

2
cosð2aÞ

ta;a ZG
fK1

2
sinð2aÞ

8><
>: (16)

For fully reversed pure torsional fatigue experiment (saZ
0, taZtK1) , the critical plane is at an angle a degree off the

maximum normal stress plane. Thus,

sa;a ZGtK1 cosð2aÞ

ta;a ZGtK1 sinð2aÞ

(
(17)

Substituting Eqs. (16) and (17) in Eq. (15), we have

½1Gcosð2aÞ�2

4
C

1

4

fK1

tK1
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sin2ð2aÞ Z b2

tK1

fK1
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cos2ð2aÞCsin2ð2aÞ Z b2

8>>><
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(18)

Solving Eq. (18) for a and b, we obtain

cosð2aÞ Z
K2 C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 K4ð1=s2 K3Þð5 K1=s2 K4s2Þ

p
2ð5 K1=s2 K4s2Þ

b Z ½cos2ð2aÞs2 Csin2ð2aÞ�1=2

8<
:

(19)

where sZ(tK1/fK1) is a material constant. Here, a takes

values from 0 to (p/2). As shown in Eq. (19), both a and b are

functions of the material property s. It needs to be pointed out

that a is a material parameter and does not change its value

with the ratio and phase difference between normal stress

amplitude and shear stress amplitude. It is found that a

increases as s decreases. a equals 0 when s equals 1.

Mathematically, a equals (p/2) when s equals zero.

However, this state cannot be achieved in the realistic

situation. b does not change monotonically with respect to s,

but all the b values are close to 1 for materials with

1=
ffiffiffi
3

p
!s!1.



Table 1

Material parameters for fatigue damage evaluation

Material

property

sZ tK1

fK1
%1 sZ tK1

fK1
O1

a
cosð2aÞZK2C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K4ð1=s2K3Þð5K1=s2K4s2Þ

p

2ð5K1=s2K4s2Þ

aZ0

k kZ0 kZ9(s2K1)

b bZ ½cos2ð2aÞs2 Csin2ð2aÞ�1=2 bZs
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Fig. 1. Experimental values and simplified values of mean stress factor h.
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From Eq. (19), a has no real solution for sO1. This

indicates that, for an extremely brittle material, the

contribution of hydrostatic stress amplitude cannot be

minimized to zero and must be considered during the

fatigue damage evaluation. We could use the results in Case

1 for the material with sO1. The summary of material

parameters for all types of materials are listed in Table 1.

As a result of the above derivation, the methodology

becomes very simple with the current model. For any

arbitrary loading history, the fatigue fracture plane is

identified on the plane with maximum normal stress

amplitude. This is achieved by enumeration, by changing

the angle by 18 increment. Then, the angle a and material

parameters are determined for different materials accord-

ing to Table 1. The critical plane is the plane, which has

an angle a with the maximum normal stress amplitude

plane. Finally, the stress components on the critical plane

are calculated and the fatigue damage is evaluated using

Eq. (6). Note that the critical plane in the proposed model

depends not only on the stress state (maximum normal

stress amplitude plane) but also on the material properties

(angle a).

3.3. Mean stress effect

Practical mechanical components generally experience

cyclic fatigue loading together with the mean stress. The

mean stress could also be introduced by residual stress,

environmental effects, etc. It is well known that the mean

normal stress has an important effect on fatigue life.

Normally, tensile mean stress reduces the fatigue life,

while compressive mean stress increases the fatigue life [30].

There are many models for mean normal stress effect

correction. Gerber [39], Goodman [40], Soderberg [41] and

Morrow [42] proposed different correction factors. Kujawski

and Ellyin [17] proposed a unified approach to mean stress

effect. For the multiaxial fatigue problem, mean normal

stress is included in the model in different ways [34]

depending on different models. Fatemi and Socie [7]

considered the maximum normal stress acting on the critical

plane. Papadopoulos et al. (1997) considered the hydrostatic

mean stress. Varvani-Farahani [35] used a correction factor

based on the mean stress on the critical plane.

In the case of mean shear stress effect, there is still much

argument as to the proper way to include this effect.

From many experimental observations, Smith [31]
concluded that mean shear stress has little effect on the

fatigue life and endurance limit. Sines [29] stated that a

superimposed mean static torsion has no effect on the

fatigue limit of metals subjected to cyclic torsion. A similar

conclusion was also found by Davoli et al. [6]. The mean

shear stress effect is often neglected in the high-cycle

fatigue analysis [6]. Therefore, in the current model, the

mean shear stress is also assumed to have no effect on the

fatigue criterion and fatigue life in high-cycle fatigue

regime.

Based on the experimental data collected from the

literature, the mean stress is introduced into the fatigue

model by a correction factor (1Ch(sm,c/fK1). Thus, Eq. (6)

is rewritten as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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C
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tK1
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Ck
sH
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fK1

� �2

vuuut Z b (20)

where h is a material parameter, which can be calibrated

using uniaxial fatigue tests with mean stress. For different

materials considered in this paper, h ranges from 0.6 to 1.3.

If fatigue tests with mean stress are not available, a simpli-

fied function (Eq. (21)) is suggested. The experimental value

and the simplified formula of h are plotted in Fig. 1.
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3.4. Fatigue life model

After developing the fatigue limit criterion as above, the

methodology for fatigue life prediction is relatively easy.

Notice that the fatigue limit is often referred to the fatigue

strength at very high-cycle regime (usually 106–107 cycles).

For finite fatigue life predictions, the damage parameter
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should be correlated with the life (number of loading cycles

to failure). Eq. (20) can be rewritten as

1

b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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2 CkðsH
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2

s
Z fK1

(22)

The left side of Eq. (22) can be treated as the equivalent

stress amplitude. It can be used to correlate with the fatigue

life using the uniaxial S–N curve. Thus, the fatigue life

model is expressed as

1

b
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where Nf is the number of cycles to failure. Notice here fK1

and tK1 in Eq. (20) and Eq. (21) change to fNf
and tNf

,

respectively, which are fatigue strength coefficients at finite

life Nf for uniaxial and torsional loadings. Eq. (23) has no

closed form solution. In practical calculation, a trial and

error method can be used to find Nf. For high-cycle fatigue,

fNf
and tNf

take initial values as fK1 and tK1. It is found that

usually a few iterations are enough to make Nf converge.

Eqs. (23) and (24) together with the parameters in Table 1

are used for fatigue life prediction in the following. The

quantity s in Table 1 is redefined as sZ
tNf

fNf
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Fig. 3. Mean absolute error comparisons under different phase differences

for 42CrMo4.
4. Validation of the fatigue model

4.1. Validation of the fatigue criterion

Two sets of bending and torsion experimental fatigue

limit data are used in this section to validate the current

fatigue criterion. The first one contains four different

materials [27]. Some material properties are reported in

Table 2. The error index of the current model is compared

with three other models: Matake’s, McDiarmid’s, and
Table 2

Material properties of the test specimens employed by Papadopoulos et al.

[27]

Material fK1 (MPa) tK1 (MPa) tK1/fK1 su (MPa)

Hard steel 313.9 196.2 0.63 680

42CrMo4 398 260 0.65 1025

34Cr4 410 256 0.62 795

30NCD16 660 410 0.62 1880
Papadopoulos’s [23,24,27]. The error index is defined

same as in Papadopoulos et al. [27]: the relative difference

between the left and right hand sides of each criterion.

I Z
left hand side K right hand side

left hand side
ð%Þ (25)

The experimentally observed fatigue fracture plane

orientations are not reported by Papadopoulos et al. [27].

Only the experimental fatigue limit data are compared with

the model predictions. The main objective of the compari-

son is to find the model’s applicability to different materials

and loading conditions. So the comparisons here are

performed using the mean absolute error for different

phase differences according to different materials through

Figs. 2–5.
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Fig. 4. Mean absolute error comparisons under different phase differences

for 34Cr4.
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for 30NCD16.

Table 4

Comparisons of fatigue fracture orientations between experimental

observations and model predictions

Hard steel Mild steel Cast iron

Test

number

qexp

(8)

qcal

(8)

Test

number

qexp

(8)

qcal

(8)

Test

number

qexp

(8)

qcal

(8)

1 0 0 1 0 0 1 0 0

2 12 11 2 12 11 2 12 11

3 22 22 3 22 22 3 25 22

4 34 34 4 30 34 4 34 34

5 45 45 5 45 45 5 49 45

6 16 22 6 12 18 6 0 0

7 32 34 7 8 35 7 0 0

8 8 18 8 0 0 8 37 39

9 22 35 9 8 0

10 0 0 10 39 39

11 0 0

12 28 39
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Fig. 6. Mean absolute error comparisons under different phase differences

for hard steel.
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In Figs. 2–5, it is seen that both Papadopoulos’ model

and the present model give us a good estimation of the

fatigue limit. For some materials, the results of the present

model give slightly smaller errors; for others, Papadopou-

los’ results are better. Both Matake’s model and McDiar-

mid’s model give a relatively larger error. It also seems that

the error in McDiarmid’s model increases as the phase

difference increases. Notice that the tK1/fK1 values of all the

materials fall into a very small range (0.62–0.65, Table 2),

making it difficult to predict the performance of the models

for other materials outside this narrow range.

Another set of experimental data [2] is used to test the

model’s performance for different materials. The material

properties are listed in Table 3. It should be noted that the

experimental work for hard steel in Table 2 is exactly the

same as that for hard steel in Table 3. This was originally

done by Nishihara and Kawamoto [26]. Different other

fatigue limit data have been reported by several authors.

Papadopoulos et al. [27] uses the data reported by

McDiarmid [24]. Carpinteri and Spagnoli [2] use the

data reported by Macha [22]. In order to diminish the data

estimation error introduced by different authors, both data

sets are used here.

The fatigue fracture plane orientation is reported by Macha

[22]. The comparisons of the fatigue fracture orientations

between experimental observations and present model

predictions are listed together in Table 4. The present model

predictions of the fatigue fracture orientation agree with the

experimental observations very well. Although not listed in

this paper, both McDiarmid’s model and Carpinteri’s model

gave almost the same predictions as the current model.

The comparisons of the fatigue limits for different

models are plotted in Figs. 6–8. Since Matake’s model fails

to determine the critical plane under some loading cases,
Table 3

Material properties of the test specimens employed by Carpinteri and

Spagnoli [2]

Material fK1 (MPa) tK1 (MPa) tK1/fK1 su (MPa)

Hard steel 313.9 196.2 0.63 704.1

Mild steel 235.4 137.3 0.58 518.8

Cast iron 96.1 91.2 0.95 230.0
Carpinteri and Spagnoli’s model is used in the current

comparison.

From Figs. 6–8, both Carpinteri’s model and the present

model give an overall small error. McDiarmid’s model

gives a poor estimation for cast iron. Papadopoulos’ model

seems to have an increased error as the phase difference

increases, especially for cast iron. It is interesting to remark

that Carpinteri’s model and the present model give very

close predictions for all the material and loading conditions.

For the experimental data used by Carpinteri and Spag-

noli [2], mean stress is zero and tK1/fK1 is less than one.
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Fig. 7. Mean absolute error comparisons under different phase differences

for mild steel.
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Their criterion (Eq. (5)) is rewritten as

a Z 45
3

2
1 K

tK1

fK1

� �2� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sa;c

fK1

� �2

C
ta;c

tK1

� �2
s

Z b Z 1

8>>><
>>>:

(26)

The present model (Eq. (20)) can be rewritten as

cosð2aÞZ
K2C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K4ð1=s2K3Þð5K1=s2K4s2Þ

p
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(27)
Table 5

Material fatigue properties of four different steels

Material Fully reversed S–N curve

SAE-1045-1 Axi. saZ1261.8(Log(N))K

Tor. saZ603.33(Log(N))K

SAE-1045-2 Axi. saZ1248.7(Log(N))K

Tor. saZ558.84(Log(N))K

SM45C Axi. sa Z445:75C 378:2

1C LogðN
4:23

�
Tor. sa Z317:12C 158:6

1C LogðN
4:60

�
5% chrome work roll steel Axi. saZ125.46 Log(N)C

Tor. saZK145.3 Log(N)C
Since the fatigue fracture planes predicted by the two

models are almost the same, the only small differences

between the two criteria are the material parameters a and b,

plotted in Fig. 9. As is shown in Fig. 9, it is found that the two

sets values of the material parameters a and b are close for

hard metals ð1=
ffiffiffi
3

p
!tK1=fK1!1Þ, especially for the materials

used by Carpinteri and Spagnoli [2]. Thus, the two models

give very close results in this case. Carpinteri and Spagnoli’s

model cannot be applied to extreme brittle metals (tK1/fK1O
1) and ductile metals ðtK1=fK1!1=

ffiffiffi
3

p
Þ, because the critical

plane is not defined in those ranges by the above authors.
4.2. Validation of the fatigue life prediction model

Four sets of fatigue experimental data are employed in

this section: SAE-1045-1 steel reported by Kurath et al.

[18]; SAE-1045-2 steel reported by Fatemi and Stephens

[8]; SM45C steel reported by Lee [20]; 5% chrome work

roll steel reported by Kim et al. [16]. Some material axial

and torsion fatigue properties are listed in Table 5.

Notice that the present model has no special requirement

of the S–N curve format. Different formats can be used for

best regression results. The R2 values are also listed in Table

5. The four materials cover a wide range of steels, from

extremely brittle steel to ductile steel (tK1/fK1 ranges from

0.57 to 1.28). The comparisons of the present model

predictions and experimental observations are plotted

together in Figs. 10–13. Two bounds are also plotted. The

inner bound is according to the life factor of 2, whereas the

outer bound is according to the life factor of 3.

From Figs. 10–13, it can be found that the proposed model

results agrees with the experimental observations very well.

Seventy eight percent of the total points fall into the range of

life factor 2 and ninety two percent of the total points fall into

the range of life factor 3. There are no systemic errors for the

loading conditions, material properties and mean stress effect

in the present model. The error index is defined as the relative

difference from the experimental observations. The histo-

gram of the error index considering all the experimental

specimens is plotted in Fig. 14.

The worst case of the proposed model’s life prediction is

for 5% chrome work roll steel. As mentioned by Kim et al.
R2 Fatigue limits (MPa) (tK1/fK1)

0.9315 0.98 237.76 0.61
0.8303 0.98 136.29
0.9157 0.99 242.05 0.57
0.7402 0.98 148.35

5
Þ
�8:25

0.99 445.75 0.71

3
Þ
�9:30

0.99 317.12

1256.8 0.99 504.04 1.28

1515.8 0.91 644.00
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[16], there is more scatter in life data than usually observed

in the laboratory for ductile metals. This is believed to be an

inherent characteristic of materials whose life is controlled

by defects [14,25]. Despite the larger scatter, the proposed

model predicts the trend very well. The fatigue fracture

plane orientations are also reported by Kim et al. [16]. The

present model predictions and experimental observations

are listed in Table 6.
Table 6

Comparisons of fatigue fracture orientations between experimental
5. Conclusion

A new multiaxial fatigue criterion is developed in this

paper. The predictions based on the current criterion show

good agreement with the fatigue limit experimental data
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Fig. 12. Comparisons of life predictions and experimental observations for

SM45C.
reported in the literature. The new multiaxial fatigue

criterion is then extended to a multiaxial fatigue life pre-

diction model for constant amplitude, in-phase and out-of-

phase loading conditions. Four sets of experimental fatigue

life data under proportional and non-proportional loading

conditions are used to validate the current methodology,

which cover a wide range of metals. A very good agreement

is obtained both for fatigue life predictions and fatigue

fracture plane orientation predictions.
observations and model predictions for 5% chrome work roll steel reported

by Kim et al. [16]

Test

number

qexp (8) qcal (8) Test

number

qexp (8) qcal (8)

1 25 24 11 10 17

2 10 21 12 170 163

3 172 173 13 39 32

4 31 32 14 32 34

5 25 33 15 35 34

6 143 146 16 40 38

7 41 37 17 31 34

8 40 38 Uniaxial 0 0

9 135 139 Torsion 45 45

10 21 24
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The current fatigue model is a critical plane-based

model. Most of the earlier models based on the critical plane

approach assume that the critical plane only depends on

the stress state. This indicates that such models account the

fatigue damage accumulation in the same way for different

materials under the same stress state. Their applicability

generally depends on the material’s properties. In the

current model, the critical plane does not only depend on the

stress state but also on the material properties. The critical

plane is theoretically determined by minimizing the damage

introduced by the hydrostatic stress amplitude, which makes

the proposed model have almost no applicability limitations

with respect to different metals. Data on a wide range of

metals, from extremely brittle steels to ductile steels, are

chosen to validate the current model. It is shown that there

are no systematic errors according to material properties and

loading conditions.

There are some other advantages of the current model.

The fatigue fracture plane is also determined and directly

related to the critical plane. The calculation is relatively

simple. In the fatigue life prediction model, no special

requirements are needed for the S–N curve function. The

users can choose any S–N curve functions for the best

regression results. The mean stress effect is also included in

the current model through a general mean stress effect

correction factor. The factor can be calibrated using

experimental fatigue test data with mean stress. Otherwise

the empirical formula suggested by the present authors, may

be used.

At present, the proposed model is applicable to multi-

axial constant amplitude loading. Further work is needed to

extend the current model to general multiaxial random

loading.
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