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A general methodology is proposed in this paper for fatigue-life prediction using crack growth analysis.
This is the part II of the paper and focuses on the fatigue-life prediction under proportional and nonpro-
portional multiaxial loading. The proposed multiaxial fatigue-life prediction is based on a critical plane-
based multiaxial fatigue damage model and the Equivalent Initial Flaw Size (EIFS) concept. An equivalent
stress intensity factor under general multiaxial proportional and nonproportional loading is defined. The
fatigue life is predicted by integration of the crack growth rate curve from the EIFS to the critical crack
length. The proposed model can automatically adapt for different materials experiencing different local
failure modes. The numerical fatigue-life prediction results calculated by the proposed approach are val-
idated with experimental data for a wide range of metallic materials available in the literature. Reason-
able agreements are observed between the model predictions and the experimental observations under
proportional and nonproportional loading.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Many mechanical and structural components experience multi-
axial cyclic loadings in service, e.g. the mast in a helicopter, rail-
road wheels, turbine blades, drive shafts, etc. [1–3]. Anisotropy of
materials can also cause multiaxial fatigue problem even under
the uniaxial loading, e.g. multidirectional composite laminate [4].
The multiaxial fatigue problem is more difficult due to its complex
stress states, nonproportional loading histories and various initial
crack orientations [5]. Although extensive efforts have been made
in the past decades there is no universally accepted model avail-
able. Several reviews and comparisons of existing multiaxial fati-
gue models can be found in [6–10].

Fatigue-life prediction can be generally classified into two ap-
proaches: the stress (strain)-life approach and the fracture
mechanics-based approach. Most existing multiaxial fatigue theo-
ries were developed based on the stress (strain)-life approach. A
brief review is given below.

The stress based approaches can be classified into four catego-
ries: empirical equivalent stress model, stress invariants model,
average stress model, and critical plane-based model [5]. Gough
and Pollard [11,12] suggested two empirical equivalent stresses
for multiaxial fatigue analysis of metals under combined propor-
tional bending and torsion. Their proposed criteria does not ad-
dress nonproportional loading. Lee [13] presented an empirical
ll rights reserved.
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design criterion for fully reversed nonproportional torsion and
bending by modifying Gough’s ellipse quadrant [11]. The drawback
of Lee’s criterion is that many experimental data is required for
model calibration. Sines [14] developed a high-cycle fatigue crite-
rion using the mean values of the shear and normal stresses. This
model was only used for ductile materials under the fatigue limit
regime.

Various models based on stress invariants were proposed in
[15–20]. Sines [15] used the stress invariants for high-cycle fatigue
analysis and introduced a linear dependence of the bending limit
upon a superimposed static normal stress. In his proposed model
[15], the ratio of fatigue limits in torsion and in fully reversed
bending remains constant for all metals, which is not supported
by experimental results. Crossland [17] suggested a similar crite-
rion as the Sines’ model [15], but considered the influence of the
hydrostatic stress. The uniqueness of the torsion fatigue limit is
correctly reproduced. Kakuno and Kawada [19] proposed a design
formula by separating the effects of the amplitude and the mean
value of the hydrostatic stress. The proposed method [19] is not
applicable for all nonproportional loading conditions. One major
limitation of the stress invariant approach is that it cannot predict
the orientation of the initiated fatigue crack [7], which is another
important characteristic of the multiaxial fatigue problem.

Another approach is the average stress approach, which uses
the average stress within an area/volume as the damage indicator.
Papadopoulos et al. [7] proposed an average stress approach using
the average value of the stress components involving the critical
point. This model is limited to hard metals for which the ratio of
ediction using an equivalent initial flaw model. Part II: Multiaxial loading.
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Table 1
Material parameters for fatigue limit criterion.

Material property s ¼ t�1
f�1
6 1 s ¼ t�1

f�1
> 1

c cosð2cÞ ¼ �2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�4ð1=s2�3Þð5�1=s2�4s2Þ
p

2ð5�1=s2�4s2Þ 6 1 c ¼ 0

A A ¼ 0 A ¼ 9ðs2 � 1Þ
B B ¼ ½cos2ð2cÞs2 þ sin2ð2cÞ�

1
2 B ¼ s
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t�1=f�1 (the fully reversed torsion fatigue limit over the fully re-
versed bending fatigue limit) is between 1=

ffiffiffi
3
p

and 0.8. Another
limitation of the model is that nonproportional loading has no ef-
fect on the life prediction which is not consistent with experimen-
tal observations [6]. Sonsino and Crubisic [21] observed that the
decrease of fatigue life under out-of-phase strains was caused by
of the change of principal strain directions, which results in an
interaction of the deformations in all directions on the surface. This
interaction could be accounted for by the arithmetic mean of the
shear amplitudes acting in all interference planes on the surface.
Sonsino and Crubisic’s method is originally proposed for sinusoidal
loading only. Liu and Zenner [22] also introduced a criterion based
on the space averages to explain the multiaxial fatigue behavior.

In the past decades, fatigue-life prediction criteria based on the
critical plane approach became widely used because they generally
predicted the fatigue damage more accurately [23]. The critical
plane approach is based on the physical observations that fatigue
cracks initiate and grow along certain planes in the material. This
concept was firstly proposed by Stanfield [24], and has been devel-
oped since then by other researchers [25]. Various critical plane-
based models that use the S–N (e–N) curves have been proposed.
Findley [26] and Matake [27] presented a similar criterion for
high-cycle multiaxial fatigue analysis using the shear stress ampli-
tude and the maximum value of the normal stress on the critical
plane. Findley [26] determined the critical plane by maximize a lin-
ear combination of the shear stress amplitude and the maximum
value of the normal stress. Matake [27] defined the critical plane
as the one experiencing the maximum shear stress amplitude.
McDoarmid [28] used the concept of case A and case B cracks intro-
duced by Brown and Miller [29] and proposed a generalized failure
criterion that takes the crack initiation modes into consideration.
However, this criterion is limited to the range of loading conditions
and does not explain the mean stress effect. Fatemi and Socie [30]
modified the parameter in the Brown and Miller’s approach [29] to
account for the additional cyclic hardening during nonproportional
loading. Carpinteri and Spagnoli [8,31,32] proposed that the critical
plane orientation is determined by the principal stress directions
through a weight average function under nonproportional loading.
Liu and Mahadevan [5] proposed a unified multiaxial fatigue dam-
age model based on the critical plane approach. One unique prop-
erty of the proposed model is that the critical plane is related to
material ductility and varies for different local failure modes. The
applicability of the proposed model [5] is significantly improved.

Multiaxial fatigue models based on the S–N curve approach are
not suitable for damage tolerance analysis, which is based on the
fracture mechanics. In this paper, a multiaxial fatigue life model
is proposed based on the crack growth analysis. The proposed
methodology integrates a previously developed multiaxial fatigue
model [33] and a general life prediction methodology based on
the Equivalent Initial Flaw Size (EIFS) concept [34]. The proposed
multiaxial model is applicable to a wide range of ductile and brittle
metals. It does not require solving the inverse crack growth prob-
lem, which makes the computation very efficient. A wide range of
experimental data for different metallic materials is used for model
validation.

A similar method was proposed by Döring et al. [35], i.e. the
short crack model is based on the critical plane concept and a star-
ter crack length a0 is used for the fatigue-life prediction. The starter
crack length in [35] is determined by backward integration of the
Paris type crack growth equation. The proposed EIFS concept is dif-
ferent from the commonly used backward integration and is easy
to be calculated, i.e. no iterative calculation is required. Also, it is
independent of applied load level, which is one of common draw-
backs of the backward integration method [34]. As for the critical
plane method, the one used in [35] is based on the critical plane
concept proposed by Brown and Miller [29] and Fatemi and Socie
Please cite this article in press as: Lu Z et al. Crack growth-based fatigue-life pr
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[30]. The fatigue damage is accumulated in the same way for dif-
ferent materials under the same stress state and their applicability
generally depends on the material’s properties. In our paper, the
critical plane depends on both the stress state and the material
properties. One of the advantages of the proposed critical plane
method is that it can automatically adapt for different materials
experiencing different local failure modes. Detailed comparison
of the proposed critical plane method and other critical plane
method can be found in [5,36].

2. Proposed methodology

2.1. Mixed mode fatigue crack growth

The critical plane-based model for multiaxial fatigue damage
analysis proposed by Liu and Mahadevan [33] is summarized be-
low. Detailed derivation and validation can be found in the referred
article. The general fatigue limit criterion under multiaxial loading
is expressed asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

rc

f�1

� �
þ sc

t�1

� �
þ A

rH

f�1

� �s
¼ B ð1Þ

where rc and sc are the normal stress range and shear stress range
acting on the critical plane for both nonproportional loading and
proportional loading, respectively. rH is the hydrostatics stress
amplitude. A and B are the material parameters which can be deter-
mined from uniaxial and torsional fatigue limits. Material parame-
ters A, B, and c are listed in Table 1. The material parameter
s ¼ t�1=f�1 is related to the material ductility and affects the critical
plane orientation. In Eq. (1), the ranges of the stress components rc

and sc are evaluated by taking the difference of the maximum value
and the minimum value on the critical plane. For general nonpro-
portional loading case, this is done by enumeration. Details can be
found in [35] using the proposed critical plane method. In this pa-
per, only the constant proportional and nonproportional loading is
considered. Therefore, the ranges of the stress components are cal-
culated using the maximum and minimum value during one exter-
nal loading cycle.

For brittle materials, the critical plane is close to the maximum
normal stress amplitude plane. For ductile materials, the critical
plane is close to the maximum shear stress amplitude plane. Thus,
this model can automatically adapt for different failure modes, i.e.
tensile or shear dominated failures [36]. The critical plane is load
path-dependent since different loading paths result in different
maximum normal stress plane. Therefore, the proposed model in-
cludes the loading path effect and the nonproportional loading
influence on the fatigue life, which has been discussed in detail
in [33].

Kitagawa diagram [37] and El Haddad’s model [38] is used to
link the multiaxial fatigue limit criteria to the fatigue crack growth
threshold stress intensity factor. The fatigue limit can be expressed
using the threshold stress intensity factor and a fictional crack
length a [33] as

f�1 ¼
KI;thffiffiffiffiffiffi
pa
p ð2Þ
ediction using an equivalent initial flaw model. Part II: Multiaxial loading.
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where KI;th is the threshold stress intensity factor under mode I
loading. A similar formula can be also expressed for mode II
loading.

t�1 ¼
KII;thffiffiffiffiffiffi
pa
p ð3Þ

where KII;th is the threshold stress intensity factor under mode II
loading.

An infinite plate with a centered through crack of length 2a is
used to illustrate how to derive the effective stress intensity factor
under general multiaxial loading. The remote tensile stress and re-
mote shear stress on an infinite plate with a zero stress ratio have
ranges of r and s, respectively. The range of the mode I stress
intensity factor is

KI ¼ r
ffiffiffiffiffiffi
pa
p

ð4Þ

The range of the mode II stress intensity factor is

KII ¼ s
ffiffiffiffiffiffi
pa
p

ð5Þ

Substitute Eqs. (2)–(5) into Eq. (1) and use the results in Table 1, one
can obtainffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k1

KI;th

� �
þ k2

KII;th

� �
þ A

kH

KI;th

 !vuut ¼ B ð6Þ

where k1; k2 and kH are loading-related parameters having the same
units as the stress intensity factor. For proportional multiaxial load-
ing, they can be expressed as the range of the corresponding stress
intensity factor’s range, i.e.

k1 ¼maxðk1;tÞ �minðk1;tÞ
k2 ¼maxðk2;tÞ �minðk2;tÞ
kH

t ¼ k1=3

8><
>: ð7Þ

and

k1;t ¼ KI;t
2 ð1þ cos 2aÞ þ KII;t sin 2a

k2;t ¼ � KI;t
2 ðsin 2aÞ þ KII;t cos 2a

kH
t ¼

KI;t
3

8>><
>>: ð8Þ

where the critical plane orientation a can be expressed as

a ¼ bþ c ð9Þ

where b is the maximum normal stress amplitude plane orientation
at the far field. c is listed in Table 1. A schematic representation of
the critical plane orientation is shown in Fig. 1.

An equivalent stress intensity factor can then be expressed as

Kmixed;eq ¼
1
B

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2 þ

k2

s

� �2

þ AðkHÞ2
s

¼ KI;da=dN ¼ f
da
dN

� �
ð10Þ

where f da
dN

� �
is the crack growth curve obtained under mode I load-

ing. The quantity of s in 1 is redefined as s ¼ KII;da=dN

KI;da=dN
. The value of s is

depends on the material and its typical value for ductile materials is
Y

X

maximum normal 
stress amplitude 
plane

critical plane

Fig. 1. Orientation of critical plane and maximum normal stress plane.
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about 0.55–0.7 and the ratio is larger than 1.0 for brittle materials.
This value for several materials has been reported in [33]. The ori-
ginal discussion for this ratio and its meaning can be found in
[5,36]. The parameters in Table 1 can be used in Eq. (10) to find a
fatigue crack growth rate prediction under mixed-mode loading.
The equivalent stress intensity factor (Eq. (10)) can be used to pre-
dict general mixed-mode crack growth rate using measured mode I
crack growth curve [33]. For prediction corresponding to a general
crack growth rate da/dN, the threshold stress intensity factor may
be replaced by the stress intensity coefficients at the specific crack
growth rate ðKI:da=dN and KII:da=dNÞ. The applicability of the proposed
model to the mixed-mode crack analysis has been demonstrated
and validated in [33] under various loading conditions.

2.2. Life prediction based on EIFS

In part I of this paper, a general fatigue-life prediction method-
ology based on the Equivalent Initial Flaw Size (EIFS) concept has
been proposed. The EIFS is determined by

ai ¼
1
p

DKth

Drf Y

� �2

ð11Þ

where ai is the EIFS length, Drf the fatigue limit, DKth the intrinsic
fatigue threshold stress intensity factor, and Y is a geometry correc-
tion factor.

Eq. (11) is the expression for the proposed EIFS. If the specimen
has an initial crack length of EIFS and is under the stress range Drf ,
the fatigue-life prediction using a fracture mechanics-based ap-
proach is infinity, which is the experimental fatigue life under fati-
gue limit.

The material fatigue crack growth curve can be expressed as

da=dN ¼ C½DK � DKth�m ð12Þ

where C and m are fitting parameters. Eq. (12) can be rewritten as

dN ¼ 1
C½DK � DKth�m

da ð13Þ

Integrating both sides, fatigue life N can be obtained as

N ¼
Z N

0
dN ¼

Z ac

ai

1
C½DK � DKth�m

da ð14Þ

where ac is the critical length at failure which can be calculated
using fracture toughness and applied stress levels. ac also depends
on the specimen geometry and loading types. ai is the EIFS and is
determined by Eq. (11).

Plastic deformation of the material is included by considering
the crack tip plastic zone as

q ¼ a sec
prmaxð1� RÞ

4r0
� 1

� �
ð15Þ

where r0 is the cyclic ultimate strength, which represents the fati-
gue strength at one cycle. Considering plastic correction, the stress
intensity factor can be expressed as,

DK ¼ rmax

ffiffiffiffiffiffiffi
pa0
p

Y 0 ð16Þ

where Y 0 is the geometry correction factor using the equivalent
crack length a0 considering the plastic correction. a0 can be ex-
pressed as

a0 ¼ aþ q ð17Þ

Detailed derivation and validation for the life prediction methodol-
ogy can be found in the part I of this paper.

In Section 2.1, the equivalent stress intensity factor under
multiaxial loading is developed (Eq. (10)). Eq. (14) is extended
ediction using an equivalent initial flaw model. Part II: Multiaxial loading.
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for general multiaxial fatigue-life prediction by replacing the mode
I SIF with the equivalent SIF determined by Eq. (12), i.e.

N ¼
Z N

0
dN ¼

Z ac

ai

1
C½DKeq � DKth�m

da ð18Þ
3. Validation of fatigue-life prediction model

3.1. Experimental data

Four sets of experimental fatigue data are employed in this sec-
tion: Al 7075-T6 [39,40], Ti–6Al–4 V [41], 304 stainless steel [42],
and SM45C steel [43]. The collected data consists of metallic mate-
rials from different industries, such as the automotive and aero-
space industry. These experimental also cover different loading
conditions, such as proportional and nonproportional loading. A
summary of the collected experimental data is listed in Table 2
and different stress paths used in this study are illustrated in Fig. 2.
3.2. Calibration and prediction

In the proposed methodology, crack growth curves under pure
mode I and pure mode II load are required (Section 2.1). However,
crack growth testing under pure mode II is difficult to perform and
the crack growth data under pure mode II loading are rarely found
in the literature for many materials. If pure mode II data is not re-
ported, a calibration must be first performed using a mixed-mode
crack growth testing or an S–N curve. In this paper, three types of
calibration are used to demonstrate the applicability of the pro-
posed life prediction method.
Table 2
Summary of collected experimental data.

Material Calibration data

AL7075-T6 da/dN for mode I
da/dN for mode II

Ti–6Al–4 V da/dN for mode I
S–N curve for mode II

Type 304 stainless steel da/dN for mode I
S–N curve for mode II

SM45C steel da/dN for mixed-mode

e tri90 f box

a uni b  tor

Fig. 2. Stress paths used
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(1) No calibration: the crack growth data under both pure
mode I and pure mode II are available. For this case, the
material parameters C, m required in Eq. (13) can be directly
obtained from crack growth curves without calibration.
Material Al 7075-T6 collected in this paper belongs to this
category.

(2) Calibration of pure mode II crack growth curve using the
mixed-mode crack growth curve data: if pure mode II data
is not available but mixed-mode crack growth testing data
is available, the pure mode II crack growth data can be cali-
brated using the method described in Section 2.1. Once the
pure mode II crack growth rate is obtained, the fatigue-life
prediction can be performed following the same procedure
without calibration. SM45C collected in this study belongs
to this category.

(3) Calibration of pure mode II crack growth curve using S–N
curve data: for some materials, only pure mode I crack
growth rate curve is available. The crack growth curve under
pure mode II load can be calibrated using the experimental
S–N curve under pure torsional loading and the proposed life
prediction method. Trial and error method is used for cali-
bration. Materials Ti–6Al–4 V and 304 stainless steel col-
lected in this paper belong to this category.

Once the calibration step is finished, all other S–N data (e.g. S–N
testing data under proportional and nonproportional loading) is
used to validate the fatigue-life prediction methodology. To clearly
show the prediction capability of the proposed methodology, cali-
bration and prediction data sets are marked in the legend of the
validation figures. ‘‘Cali” indicates the data is used for calibration
and ‘‘Pre” indicates the data is only used for prediction.
Loading condition Refs.

Proportional [39,40,44,45]

Proportional and nonproportional [41,46]

Proportional and nonproportional [42,47]

Nonproportional [43,48]

g box2 

c pro d sin90 

in the current study.

ediction using an equivalent initial flaw model. Part II: Multiaxial loading.
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3.3. Model validation using experimental data

The predicted fatigue lives and the experimental lives under dif-
ferent loading path, e.g. proportional loading and nonproportional
loading, are plotted together in Figs. 3–6. The x-axis is the experi-
mental life and the y-axis is the predicted life, both in log scale.
1.0E+03

1.0E+04

1.0E+05

1.0E+06

1.0E+07

1.0E+03 1.0E+04 1.0E+05 1.0E+06 1.0E+07

Experimental Life (log(N))

P
re

di
ct

at
ed

 L
if

e 
(l

og
(N

))

Uni (Pre)

Uni with mean stress (Pre)

Tor (Pre)

Pro (Pre)

Fig. 3. Comparison of predicted and experimental fatigue lives for Al 7075-T6
[39,40].
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Fig. 4. Comparison of predicted and experimental fatigue lives for Ti–6Al–4 V [41].
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Fig. 5. Comparison of predicted and experimental fatigue lives for type 304
stainless steel [42].
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Fig. 6. Comparison of predicted and experimental fatigue lives for SM45C steel [49].
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Two bounds are plotted, the inner bound is according to a life fac-
tor of two and the outer bound is according to a life factor of three.
The different stress paths used in this study and are shown in
Fig. 2. In the legend, ‘‘Uni” indicates the data is under uniaxial load-
ing and ‘‘Tor” indicates the data is under pure torsional loading.

From Figs. 3–6, it is shown that the model prediction results
have reasonable agreement with the experimental observations.
About 90% of the total points fall into range of life factor three.
The validation shows that the proposed model can be used for fa-
tigue-life predictions of smooth specimens under both propor-
tional and nonproportional loading conditions.

As for the initial crack orientation and crack growth orientation
from the model prediction have been compared with experimental
data in However, for the curvilinear crack growth under general
multiaxial variable loading, further theoretical and experimental
work are required.

4. Conclusions

A new multiaxial fatigue life prediction model, which is based
on a critical plane-based model and an EIFS methodology, is devel-
oped for multiaxial fatigue-life prediction under constant ampli-
tude fatigue-life prediction under proportional and
nonproportional loading conditions. In the proposed model, the
critical plane depends on both the stress state and the material
properties. The critical plane is theoretically determined by the
maximum normal stress plane and the ratio of modes II and I stress
intensity factor coefficients s corresponding to a specific crack
growth rate. The critical plane changes corresponding to different
material failure modes, thus make the proposed model applicable
to a wide range of materials. The used EIFS methodology for fati-
gue-life prediction unifies the traditionally used fatigue crack initi-
ation and propagation analysis into a single framework and does
not require solving the inverse crack growth problems, which
makes the computation very efficient and accurate. Comparisons
between the predicted fatigue life and the experimental data show
strong agreement. Several conclusions can be drawn based on the
current study:

(1) The proposed crack growth-based fatigue-life prediction
methodology is applicable for multiaxial loading if the clas-
sical Kitagawa diagram is extended to the mode II loading
case following the procedures described in this work.

(2) The proposed methodology requires crack growth rate
curves under both modes I and II loading, which can be
obtained from direct measurements or from calibrations
using other sets of experimental data.
ediction using an equivalent initial flaw model. Part II: Multiaxial loading.
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(3) The current model considers the experimentally observed
loading path dependence on the crack growth rate. The
experimental data under different paths loadings, e.g. pro-
portional loading and nonproportional loading, are used to
validate the proposed model.

(4) Different uncertainty behavior is observed for the investi-
gated materials and a probabilistic approach may be more
suitable to describe the observed uncertainties.

The current investigation only considers smooth specimen life
prediction. Further experimental and theoretical work is required
for multiaxial fatigue-life prediction of notched specimens. Life
prediction under general multiaxial random variable loading needs
further investigation as well.
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