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Mechanical components have stress risers, such as notchs, corners, welding toes and holes.
These geometries cause stress concentrations in the component and reduce the fatigue
strength and life of the structure. Fatigue crack usually initiates at and propagates from
these locations. Traditional fatigue analysis of notched specimens is done using an empir-
ical formula and a fitted fatigue notch factor, which is experimentally expensive and lacks
physical meaning. A general methodology for fatigue limit prediction of notched specimens
is proposed in this paper. First, an asymptotic interpolation method is proposed to estimate
the stress intensity factor (SIF) for cracks at the notch root. Both edge notched and center
notched components with finite dimension correction are included into the proposed
method. The small crack correction is included in the proposed asymptotic solution using
El Haddad’s fictitious crack length. Fatigue limit of the notched specimen is estimated
using the proposed stress intensity factor solution when the realistic crack length is
approaching zero. A wide range of experimental data are collected and used to validate
the proposed methodology. The relationship between the proposed methodology and the
traditionally used fatigue notch factor approach is discussed.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The stress concentration effect on fatigue life predictions of mechanical components is an important issue in fatigue
reliability evaluation. The problem has been investigated in many studies but still has not been fully solved. Different
approaches have been proposed to include the effects of notch and stress concentrations. These approaches can be
grouped into several categories. One approach is the so called theory of critical distance (TCD) [1]. A detailed review
of this approach and its similar variations can be found in [2]. Another approach is based on the stress gradient formu-
lation for the fatigue analysis of notched components [3]. The cohesive zone model (CZM) is another important meth-
odology for fatigue analysis of notched specimens [4]. However, the application seems to be mostly for composite and
concrete materials, which show brittle and/or quasi-brittle behavior [5,6]. A comprehensive review of the fatigue
analysis approaches for notched specimens is not the focus of this paper. Only two of them, which are dominantly used
in the research community and industry, are discussed below. One is based on the classical fatigue theory, i.e. S–N
curve-based approach. The other is the fracture mechanics-based approach, i.e. da/dN � DK curve-based crack growth
analysis.
. All rights reserved.
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1.1. Classical S–N curve-based approaches

For classical fatigue analysis, a knock down factor is usually introduced to consider the detrimental effect of stress con-
centration on the material S–N curve [7]. Earlier methods used a fatigue notch factor K f defined as [8]
Plea
Engn
K f ¼
unnotched fatigue strength

notched fatigue strength
ð1Þ
Several methods of fatigue notch factor calculation have been proposed. Peterson [9] proposed the formula
q ¼ K f � 1
Kt � 1

¼ 1
1þ CP

q

ð2Þ
where Kt is the elastic stress concentration factor, q is the notch tip radius, CP is a material parameter related to the ultimate
tensile strength. Neuber [10] proposed a similar formula with a different exponent of q as
q ¼ K f � 1
Kt � 1

¼ 1

1þ
ffiffiffiffiffi
CN
q

q ð3Þ
where CN is a material parameter. A different weight factor considering the notch radius effect was proposed by Heywood
[11] as
q ¼ K f � 1
Kt � 1

¼ 1

1þ 2
ffiffiffiffiffi
CH
q

q ð4Þ
There are many other models with similar formulas as discussed above. Those models are not listed here and can be found in
a previous review paper [12]. The basic idea of this type of approach is to assume that the fatigue strength of notch specimen
is controlled by the stress at a specific location or averaged over a domain from the notch tip. This assumption lacks physical
foundation, and is thus empirical in nature. The material parameters used in this approach need to be calibrated using exten-
sive experimental results of various notched specimens with different notch geometries.

As reviewed by Ciavarella and Meneghetti [7], one of the major limitations of the fatigue notch factor is that it is not appli-
cable to very sharp notches. For example, Peterson’s formula can be rewritten as Eq. (5) for very sharp notches (small q).
K f ¼ 1þ ðKt � 1Þ q
CP

ð5Þ
Eq. (5) implies that K f approaches unity when the tip radius is very small regardless of the notch depth. This is obviously not
correct since a very sharp notch can be treated as a crack if the notch is sufficiently deep and it will lead to the lower fatigue
strength of the specimen. The notch factor K f should not be unity according to Eq. (1). Other formulas have the same lim-
itation as they also predict that the fatigue notch factor is unity for sharp notches.

1.2. Fracture mechanics-based approaches

The application of fracture mechanics for fatigue analysis has been very successful in the past decades, especially for dam-
age tolerance design of components having crack-like defects or geometries. The key assumption of fracture mechanics-
based fatigue analysis is that the fatigue process is actually a crack growth process. Compared to the classical S–N curve-
based approach for fatigue analysis, there is no empirical ‘‘fatigue damage” quantity in the fracture mechanics-based ap-
proach. The crack growth process can be predicted using a fracture mechanics-based driving force parameter (i.e., stress
intensity factor or J integral) and a material crack growth rate curve.

A straightforward way to include the notch effect is to use the stress intensity factor solution of a crack at the notch tip. A
classical solution of the elastic stress field ahead of the notch tip was proposed by Creager and Paris [13] as
ryy ¼
Kffiffiffiffiffiffiffiffiffi
2px
p 1þ q

2x

� �
ð6Þ
where x is the coordinate along the horizontal axis, and K is the stress intensity factor. The origin of the coordinate system is
located at q

2 behind the notch tip. Many other analytical and numerical solutions have been proposed in the literature and
handbooks for stress field solution of notches. Kujawski [14] proposed a stress intensity factor formula for short cracks at
a notch as
DK ¼ 1:122
KtDr

2
1þ 2

a
q

� ��1=2

þ 1þ 2
a
q

� ��3=2
" # ffiffiffiffiffiffi

pa
p

ð7Þ
where Kt is the stress concentration factor, Dr is the applied stress range, a is the crack length.
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Jones et al. [15] proposed an equation for a semi-elliptical crack at a notch as
Plea
Engn
K Ið/Þ ¼
r

EðKÞ
ffiffiffiffiffiffi
pa
p

ðsin2 /þ ðc=aÞ2 cos2 /Þ1=4
� �

F ð8Þ
where a is the depth and 2c is the surface length of a semi-elliptical flaw. The parameter / is the angle in the parametric
equation of ellipse and E(k) is complete integral of the second kind. F is a correction factor considering the notch radius
and boundary conditions. F can be expressed as
F ¼ Fe þ ðFs � FeÞe�a/
a
q ð9Þ
where Fe and Fs are the boundary correction factors for an embedded crack, and a surface crack in a plate, respectively, and
were taken from Newman et al. [16].

Once a stress intensity factor (SIF) solution is obtained, fatigue life can be predicted using material fatigue crack growth
(FCG) properties. Locke et al. [17] used the SIF solution given by Chell [18] and predicted the crack growth rate of Wasploy
specimens with different notch depth and radius. Ahmad et al. [19] used strain field solution ahead of the notch tip and FCG
properties expressed using strain range to predict fatigue life. This approach assumes two stages of crack growth, i.e. small
crack growth and long crack growth. The initial crack size for small crack growth is taken as 0.5 lm. Dabayeh et al. [20] used
a strain intensity factor solution obtained from finite element analysis for life prediction. The initial crack length is assumed
to be 3 lm. Hammouda et al. [21] used the stress intensity solution of Cameron and Smith [22] to predict the crack growth
rate of low carbon steel. The FCG is in the Paris regime and the initial crack length is around 0.1 mm. Newman et al. [23] used
FASTRAN software to predict fatigue life of notched steel and aluminum alloy specimens. Small crack growth theory is used
and the initial crack length is set to be around 10–20 lm. Medved et al. [24] used AFGROW software to calculate the crack
growth life from corrosion pits at the notch tip. The initial crack size is estimated based on the back-extrapolation method
and the FCG is in the Paris regime. There are a few other studies also focused on the crack growth analysis of notch specimen
and are not discussed here [25,26].

From the brief discussion above, it is found that, compared with a large number of studies using the classical S–N curve-
based approach modified using the fatigue notch factor, the facture mechanics-based approach has not been fully explored.
The classical notch fatigue analysis (i.e., S–N curve-based) can predict the notch fatigue behavior but requires extensive
experimental calibration. Fracture mechanics-based approaches can be used to explain the notch fatigue behavior based
on a sound physical argument. However, there is no universally accepted method for fatigue crack growth from a notch,
especially considering both near threshold short crack and Paris regime long crack. Validation of the fracture mechanics-
based approach for various materials and notch geometries is limited.

The objective of this paper is to develop a general methodology for fatigue analysis of notched specimens and validate this
methodology for various materials and notch geometries. The current focus is on the fatigue limit prediction of notched spec-
imen with various notch geometries. An asymptotic interpolation method is proposed to estimate the stress intensity factor
(SIF) solution for cracks at the notch root. Both edge notched and center notched specimens with finite dimension correction
are included into the proposed method. The small crack correction is introduced inspired by the
Kitagawa–Takahashi diagram [27] and the El Haddad’s small crack correction [28] for smooth specimen. It is assumed that
all specimens in the current investigation contain an edge-through notch crack. The fatigue limit of notched specimens is
estimated using the proposed SIF solution when the crack length is approaching zero. A wide range of material data available
in the literature are used to validate the proposed methodology.

2. Fatigue limit prediction methodology

2.1. Asymptotic solution for stress intensity factor considering notch effect

The stress intensity factor solution is required for fatigue crack growth and life prediction using the fracture mechanics-
based approach. Two examples of SIF solution of a crack at notch root have been shown in Section 1. Eq. (7) is proposed by
Kujawski [14] and includes the stress concentration factor Kt of the notch. The drawback is that it predicts a zero SIF value
when the crack length is long (i.e., a

q!1). Under these conditions, the notch effect disappears but the SIF solution should
not be zero since the crack length is not zero. Eq. (8) was proposed for cracks at the notch root in a center notched compo-
nent [15] and not for the other notch geometries, such as edge notched specimen. In view of this, a new calculation proce-
dure is proposed here. Jergéus [29] and Härkegård [30] proposed an asymptotic interpolation method for SIF solution of the
crack at the notch root of an edge notched specimen. A similar approach was proposed by Wormsen et al. [31]. All these
approaches assume edge-through cracks in a semi-infinite plate. The general idea is to match two extreme cases. One is
for the short crack solution and the other is for the long crack solution. The SIF formula asymptotically matches these
two extremes and the SIF solutions between these two extremes are interpolated. This approach is first illustrated assuming
a through crack on the surface of an edge notch in a semi-infinite plate. Detailed derivation and verification of the asymptotic
interpolation can be found in [31]. The general formula for the SIF solution is expressed as
K ¼ 1:122r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p aþ d 1� exp � a

d
ðK2

t � 1Þ
h in o� �r

ð10Þ
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where a is the crack length, d is the notch depth, Kt is the stress concentration factor, and 1.122 is the surface correction fac-
tor. The SIF solution (Eq. (10)) under several extreme conditions is discussed here.

For a short crack (a
d! 0), a

d ðK
2
t � 1Þ is approaching zero for a finite stress concentration factor. Using the first order Taylor

series expansion of the exponential function
Plea
Engn
exp � a
d
ðK2

t � 1Þ
h i

¼ 1� a
d
ðK2

t � 1Þ ð11Þ
Eq. (10) can be expressed as
K ¼ 1:122Ktr
ffiffiffiffiffiffi
pa
p

ð12Þ
For a long crack (a
d!1), a

d ðK
2
t � 1Þ is approaching infinity when the stress concentration factor does not equal to unity.

When the exponential function exp½� a
d ðK

2
t � 1Þ� approaches zero, Eq. (10) can be expressed as
K ¼ 1:122r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðaþ dÞ

q
ð13Þ
Comparing Eqs. (12) and (13), it is seen that the asymptotic solution matches the two extreme cases for a short crack and a
long crack at notch root. Eq. (12) is for the case of a short crack. In this case, the existence of notch increases the local stress
field of the crack tip and the stress intensity factor solution is governed by the notch stress (Ktr). Eq. (13) is for the case of a
long crack. In this case, the crack tip is beyond the notch-affected region and the existence of notch increase the effective
length of the crack. A schematic plot for these two extreme cases is shown in Fig. 1.

Next, the discussion is extended to the notched specimen with finite dimensions. A finite dimension correction factor is
introduced to modify Eq. (10) as
K ¼ 1:122ar

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p aþ d 1� exp � a

d
K2

t

a2 —1

 !" #( ) !vuut ð14Þ
where a is the correction factor for an edge crack with length of ðaþ dÞ in a finite dimension specimen. Formulas for a can be
found in handbooks [32] of the stress analysis of cracks for commonly used specimen types, such as those listed later in this
paper. If the function is not readily available in the literature or textbook, numerical methods, such as finite element method,
can be used to obtain this function.

For a short crack (a
d! 0), the SIF solution is same as Eq. (12) since the finite dimension correction is unity for a very small

crack. For a long crack (a
d!1), Eq. (14) can be expressed as
K ¼ 1:122ar
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðaþ dÞ

q
ð15Þ
Eq. (14) is the proposed SIF solution for a crack at the notch root of a general edge notched specimen.
Similar asymptotic interpolation for center notched specimen can be also developed. Let us first consider an infinite plate

with a center notch. Two different crack configurations for a center notched specimen are considered, i.e. a single edge-
through crack and a pair of edge-through cracks. A schematic representation of two different crack configurations is shown
in Fig. 2. The derivation for these two different crack configurations has very similar procedures with a slight different
solution.

Case 1: Single edge-through crack
For a small crack (a

d! 0) at the notch root of a center notched specimen, the SIF solution is the same as that of Eq. (12)
since the crack is under the notch stress region and the surface correction factor 1.122 still applies to the SIF solution. For a
Notch

Crack

Notch

Crack

(a) Short crack (b) Long crack

Fig. 1. Schematic plot of shallow notch and deep notch with a crack at the notch root.
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Fig. 2. Schematic plot of different crack configuration.
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long crack (a
d!1), the SIF solution becomes that of a center crack with half length of ðaþ 2dÞ=2 in an infinite plate. The SIF

solution can be expressed as
Plea
Engn
K ¼ rffiffiffi
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðaþ 2dÞ

q
ð16Þ
To satisfy these two extreme cases, a modification of Eq. (10) is proposed as
K ¼ 1:122br
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p aþ 2d 1� exp � a

2d
ðK2

t � 1Þ
h in o� �r

ð17Þ
where b is
b ¼ 1
1:122

ffiffiffi
2
p
� ð1:122

ffiffiffi
2
p
� 1Þ expð�

ffiffi
a
d

p
Þ

ð18Þ
The proposed formula (Eq. (17)) is compared with the solution of a single edge-through crack from a center circular hole
reported in [33]. The SIF solution in [33] can be expressed as
K ¼ 1:122fr
ffiffiffiffiffiffi
pa
p

ð19Þ

f ¼ 1þ 0:2
1þ a

d

þ 0:3

ð1þ a
d Þ

6

 !
2� 2:354

a
d

1þ a
d

þ 1:2056
a
d

1þ a
d

� �2

� 0:2211
a
d

1þ a
d

� �3
 !

ð20Þ
The proposed formula (Eq. (17)) gives the SIF estimation within 4% error, compared to the reference solution [33]. Comparing
Eqs. (10) and (17), the edge notched specimen and center notched specimen differ with each other when the crack length is
large compared to the notch size. However, they both give the same solution when the crack is very small compared to the
notch size (Eq. (12)).

Similar method to include the finite dimension correction factor can be used for center notched specimen following the
same procedure for edge notched specimen. Eq. (17) can be rewritten as
K ¼ 1:122abr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p aþ 2d 1� exp � a

2d
K2

t

a2 —1

 !" #( ) !vuut ð21Þ
where a is the correction factor for a center crack with length of ðaþ 2dÞ in a finite dimension specimen. Eq. (21) is the pro-
posed formula for SIF estimation for a single edge-through crack of center notched specimens. Eq. (21) is used in the exper-
imental model validation section.

Case 2: A pair of edge-through cracks
The derivation of a pair of edge-through cracks in a center notched specimen is very similar to that of a single edge-

through crack. Only the main formulas are listed here.
For a sufficiently shallow crack, the K value is the same as that of Eq. (12). A K solution that asymptotically satisfy the

short and long crack solution can then be expressed as
K ¼ 1:122br
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p aþ d 1� exp � a

d
K2

t —1
� �h in o� �r

ð22Þ
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where b is
Plea
Engn
b ¼ 1
1:122� ð1:122� 1Þ expð�

ffiffi
a
d

p
Þ

ð23Þ
Comparing Eqs. (17), (18) to Eqs. (22), (23), it is shown that the main difference between two sets of formulas is the mul-
tiplication factor (e.g., 2 and 1 in Eqs. (17) and (22)). The multiplication factor is 2 for the single edge-through crack and
is 1 for a pair of edge-through cracks.

Eq. (22) is compared with the following expression for a semi-infinite center notched specimen [34]
K ¼ 0:5 3� a
aþ d

� �
1þ 1:243 1� a

aþ d

� �3
" #

r
ffiffiffiffiffiffi
pa
p

ð24Þ
The maximum difference was found to be 3.1%.
The proposed solution is originally developed for holes and U notched specimen. For V notched specimen, different for-

mulas may be required. However, as shown in [31,35], the V notch behaves like a U notch when the open angle is less than
90�. In the experimental validation of this paper, both U notched and V notched bar are used and the proposed formula works
well. For the V notched specimen with large open angles, future study is required.

2.2. Stress intensity factor with small crack correction

An important concept in classical fatigue theory (S–N type) is the fatigue limit, which defines a loading criterion under
which no macroscopic crack will form or the initiated crack will be arrested. Similarly, the concept of fatigue crack threshold
is important for fracture mechanics-based fatigue analysis, which defines a loading criterion under which the cracks will not
grow significantly. A link between the traditional safe-life design approach and damage tolerance design approach has been
proposed and is known as the Kitagawa–Takahashi (KT) diagram [27]. A schematic plot of the KT diagram is shown in Fig. 3.
According to the KT diagram, the fatigue limit of specimen increases as the crack size decreases. The fatigue limit remains
constant when the crack size is below a certain value, which is determined by fatigue limit and the fatigue crack threshold
intensity factor using linear elastic fracture mechanics (LEFM). El Haddad et al. [28] proposed a model to express the fatigue
limit Drf using the fatigue threshold stress intensity factor DKth and a fictional crack length a .
DKth ¼ Drf
ffiffiffiffiffiffiffiffi
pa0
p

ð25Þ
Eq. (25) refers to an infinite plate with a centered through crack of length 2a0. The well-known El Haddad model for the
stress intensity factor considering the small crack effect was proposed as
DK ¼ Drf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðaþ a0Þ

p
ð26Þ
where a0 is the characteristic crack length of the material and can be expressed as
a0 ¼
1
p

DKth

Drf

� �2

ð27Þ
The fatigue limit condition is obtained when the modified stress intensity factor equals to the material threshold stress
intensity factor, i.e.
DK ¼ Dr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðaþ a0Þ

p
¼ DKth ¼ Drf

ffiffiffiffiffiffiffiffi
pa0
p

ð28Þ
The original El Haddad’s model is for a center crack in an infinite plate. It has been extended to consider an edge crack with
the surface correction of 1.122 [7,36]. Eqs. (26), (27) are modified as
F
at

ig
ue

 li
m

it

log(a)

Crack size

log( )-1σ

Fig. 3. Schematic representation of the Kitagawa–Takahashi diagram.
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Plea
Engn
DK ¼ 1:122Drf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðaþ a0Þ

p
ð29Þ
where a0 is the characteristic crack length of the material and can be expressed as
a0 ¼
1
p

DKth

1:122Drf

� �2

ð30Þ
The key idea in the El Haddad’s small crack correction is to replace the original real crack length (a) by an effective crack
length (aþ a0) in the SIF solution. When the real crack length is approaching zero, the fatigue limit of the specimen is
approaching that of a smooth specimen without crack.

A SIF solution was proposed for cracks at the notch root for both edge notched specimen and center notched specimen in
Section 2.1. The similar idea of El Haddad’s model can be extended to notched specimen also. The effect of small crack is
included by replacing the crack length (a) by an effective crack length (aþ a0) in the notch crack SIF solution. For edge
notched specimen, Eq. (14) can be modify as
DK ¼ 1:122aDr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p aþ a0 þ d 1� exp � aþ a0

d
K2

t

a2 � 1

 !" #( ) !vuut ð31Þ
In Eq. (31), the stress intensity factor K and stress r are changed to stress intensity factor range DK and stress range Dr for
the fatigue analysis.

Similar extension can be applied to center notched specimen. Eq. (21) is modified as
DK ¼ 1:122abDr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p aþ a0 þ 2d 1� exp � aþ a0

2d
K2

t

a2 � 1

 !" #( ) !vuut ð32Þ
where b is
b ¼ 1

1:122
ffiffiffi
2
p
� ð1:122

ffiffiffi
2
p
� 1Þ exp �

ffiffiffiffiffiffiffiffi
aþa0

d

q� � ð33Þ
Eqs. (31) and (32) are the proposed stress intensity factor range considering the small crack correction for notched speci-
mens. The characteristic crack length in the proposed method includes the surface correction factor of 1.122 and Eq. (30)
is used.

2.3. Fatigue limit prediction of notched specimens

Combining the methods described in Sections 2.1 and 2.2, fatigue limit of notched specimen can be calculated following
the same procedure of El Haddad’s model. When the realistic crack length approaches zero, the SIF factor solution with small
crack correction (Eqs. (31), (32)) approaches the fatigue limit of the notched specimen. The limit state function for an edge
notched specimen can be written as
DK ¼ 1:122aDr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p a0 þ d 1� exp � a0

d
K2

t

a2 � 1

 !" #( ) !vuut ¼ DKth ¼ 1:122Drf
ffiffiffiffiffiffiffiffi
pa0
p

ð34Þ
In Eq. (34), all terms of the real crack length a disappear because the crack length a is approaching zero. Eq. (34) can be
rewritten as
Dr
Drf
¼ 1

a
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ d
a0

1� exp � a0
d

K2
t

a2 � 1
� �h in o� �r ð35Þ
where a is the finite dimension correction factor for an edge crack with length of ða0 þ dÞ in a finite dimension specimen.
Similar results can be obtained for single edge-through crack of a center notched specimen as
Dr
Drf
¼ 1

a
1
b

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2d

a0
1� exp � a0

2d
K2

t
a2 � 1
� �h in o� �r ð36Þ
where b is
b ¼ 1

1:122
ffiffiffi
2
p
� ð1:122

ffiffiffi
2
p
� 1Þ expð�

ffiffiffiffi
a0
d

q
Þ

ð37Þ
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Eqs. (35) and (36) are the proposed formula for fatigue limit prediction of notched specimen. As can be seen from these two
equations, the fatigue limit of notched specimen depends on both material properties and notch geometries.

3. Discussion of the proposed methodology

The relationship between the proposed methodology and the traditionally used fatigue notch factor approach is discussed
below.

From Eqs. (2)–(4), it is seen that the fatigue notch factor is related to the notch sensitivity factor, which is merely an
empirical quantity describing the experimentally determined fatigue limit strength. Unfortunately, the relationship of notch
size with fatigue notch factor Kf does not follow the same trend for all materials. Extensive test data for different combina-
tions of notch depth and notch root radius are required to obtain notch sensitivity factor for a given material, which is expen-
sive and time consuming. Also, empirical fitting procedure to calculate the fatigue notch factor Kf introduces additional
uncertainties in reliability estimation [37]. For the above mentioned reason, Ren and Nicholas [37] stated that the fatigue
notch factor is not completely predictable.

In the proposed method (Eqs. (35), (36)), the fatigue notch factor correlates with both specimen geometries (notch depth,
notch radius and specimen width) and material properties (fatigue limit and fatigue crack threshold stress intensity factor).

Eq. (1) shows the original definition of the fatigue notch factor. The proposed fatigue limits prediction formula (Eqs. (35)
and (36)) can be used to predict the fatigue notch factor. Fatigue notch factor of an edge notched specimen can be written as
Plea
Engn
K f ¼
Drf

Dr
¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ d

a0
1� exp � a0

d
K2

t

a2 � 1

 !" #( ) !vuut ð38Þ
Fatigue notch factor of a center notched specimen can be written as
K f ¼
Drf

Dr
¼ ab

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2d

a0
1� exp � a0

2d
K2

t

a2 � 1

 !" #( ) !vuut ð39Þ
Eqs. (38) and (39) can be used to predict the fatigue notch factor of the specimen. Several extreme cases for edge notched
specimen are discussed here. If the characteristic crack length is very small compared to the notch depth (a0

d ! 0) and the
stress concentration factor is a finite number (K2

t � 1 6¼ 1), Eq. (38) becomes
K f ¼
Drf

Dr
¼ Kt ð40Þ
This case corresponds to the full notch sensitivity, i.e. the fatigue notch factor is the same as the theoretical stress concen-
tration factor. Another extreme case is when the crack length is very large compared to the notch depth (a0

d !1) and the
stress concentration factor is not unity (Kt 6¼ 1). Eq. (38) becomes
K f ¼
Drf

Dr
¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ d

a0

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ d

a0

s
� 1 ð41Þ
In Eq. (41), the finite dimension correction factor is approximately unity because the characteristic crack length is usually
very small (in the magnitude of microns) compared to the specimen dimension (in the magnitude of millimeters or larger).
In this case, the fatigue notch factor is close to unity. A typical example is listed in the collected experimental data (see Table
1; the third row for Annealed 0.45 carbon steel). The notch depth for this specimen is 0.005 mm and is relatively small com-
pared to the characteristic crack length (about 0.05 mm). The stress concentration factor is 2.54 and the predicted fatigue
notch factor is 1.04. The experimental obtained fatigue notch factor for this specimen is 1.06. The model prediction of the
fatigue notch factor under different stress concentration factors are shown in Fig. 4 as a function of a0

d . The x-axis is a0
d in

log scale and the y-axis is the fatigue notch factor. It is clearly seen that the proposed model gives two asymptotic values
of the fatigue notch factor, i.e. one is approaching Kt and the other is approaching unity.

Above discussion focuses on the effect of the ratio of a0
d . Another factor in the proposed model is the elastic stress concen-

tration factor Kt. Its effects on the fatigue notch factor are discussed below. One extreme case is that the Kt is approaching
unity. Eq. (38) becomes
K f ¼
Drf

Dr
¼ Kt � 1 ð42Þ
Eq. (42) shows that the fatigue notch factor is approaching unity when the stress concentration factor is approaching unity,
which is not surprising since the specimen becomes a smooth specimen and the ratio of fatigue limits should be unity. An-
other extreme case is that the Kt is approaching infinity, which is for very sharp notches. Eq. (38) becomes
K f ¼
Drf

Dr
¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ d

a0

s
ð43Þ
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Table 1
Detailed experimental data of notched specimens

Material (specimen) stress ratio d (mm) q (mm) W (mm) Dr (MPa) Kt
* Exp. Kf Pre. Kf

**

Annealed 0.45 carbon steel (CNBB) R = �1 0.005 0.050 5.010 547.000 1.680 1.064 1.0644
0.005 0.020 5.010 547.000 2.070 1.064 1.0644
0.005 0.020 5.010 557.000 2.540 1.0449 1.0644
0.010 0.050 5.020 484.000 1.970 1.2025 1.114
0.010 0.020 5.020 494.000 2.550 1.1781 1.114
0.010 0.010 5.020 484.000 3.230 1.2025 1.114
0.100 0.600 5.200 373.000 1.780 1.5603 1.5587
0.100 0.300 5.200 338.000 2.130 1.7219 1.6807
0.100 0.100 5.200 302.000 3.060 1.9272 1.7979
0.100 0.050 5.200 320.000 3.980 1.8188 1.8114
0.100 0.020 5.200 320.000 5.860 1.8188 1.8122
0.500 0.600 6.000 208.000 3.210 2.7981 2.8382
0.500 0.300 6.000 174.000 4.130 3.3448 3.3125
0.500 0.310 6.000 162.000 6.570 3.5926 3.8817
0.500 0.050 6.000 162.000 8.970 3.5926 3.9764
0.500 0.020 6.000 168.000 13.700 3.4643 3.9841
0.500 0.010 6.000 168.000 19.000 3.4643 3.9841
1.500 0.600 8.000 85.400 7.820 6.815 6.8914
1.500 0.300 8.000 68.400 10.300 8.5088 8.2548
1.500 0.100 8.000 61.000 16.700 9.541 9.9317
1.500 0.050 8.000 61.000 23.200 9.541 10.246
1.500 0.020 8.000 61.000 36.000 9.541 10.273
1.500 0.010 8.000 63.500 50.400 9.1654 10.273

Annealed 0.36 carbon steel*** (CNBB) R = �1 0.100 0.200 13.200 168.000 2.400 1.5929 1.547
0.150 0.200 13.300 168.000 2.740 1.7698 1.7531
0.300 0.200 13.600 162.000 3.580 2.1238 2.2731
0.500 0.200 14.000 162.000 4.470 2.7531 2.851
0.700 0.200 14.400 174.000 5.290 3.1631 3.3748
1.000 0.200 15.000 208.000 6.450 4.018 4.1169

SAE 1045 steel (CNPT) R = 0 0.120 0.120 44.450 325.000 3.000 1.3785 1.6295
0.250 0.250 44.450 308.000 3.000 1.4545 2.0216
0.500 0.500 44.450 270.000 3.010 1.6593 2.322
1.500 1.500 44.450 212.000 3.020 2.1132 2.6365
2.500 2.500 44.450 209.000 3.040 2.1435 2.7457

SAE 1045 steel (CNPT) R = �1 0.120 0.120 44.450 357.000 3.000 1.6975 1.6704
0.250 0.250 44.450 306.000 3.000 1.9804 2.0565
0.500 0.500 44.450 273.000 3.010 2.2198 2.3481
1.500 1.500 44.450 231.000 3.020 2.6234 2.6511
2.500 2.500 44.450 232.000 3.040 2.6121 2.7568

2024-T351 Al alloy (CNPT) R = 0 0.120 0.120 44.450 172.000 3.000 1 1.1961
0.250 0.250 44.450 113.000 3.000 1.5221 1.579
0.500 0.500 44.450 107.000 3.010 1.6075 1.9601
1.500 1.500 44.450 85.800 3.020 2.0047 2.4235

2024-T351 Al alloy (CNPT) R = �1 0.120 0.120 44.450 159.000 3.000 1.5597 1.4715
0.250 0.250 44.450 123.000 3.000 2.0163 1.8777
0.500 0.500 44.450 121.000 3.000 2.0496 2.2066
1.500 1.500 44.450 83.800 3.000 2.9594 2.5586

G40.11 steel (CNPT) R = �1 0.200 0.200 70.000 336.000 3.000 1.6071 1.5524
0.480 0.480 70.000 239.000 3.000 2.2594 2.0237
4.800 4.800 70.000 205.000 3.000 2.6341 2.7126

SM41B steel (CNPT) R = �1 3.000 0.160 45.000 95.300 9.780 3.4208 3.6148
3.000 0.390 45.000 104.000 6.600 3.1346 3.4791
3.000 0.830 45.000 95.300 4.880 3.4208 3.1439
3.000 3.000 45.000 128.000 3.000 2.5469 2.3201

SM41B steel (CNPT) R = 0 3.000 0.160 45.000 63.300 9.780 4.3286 4.5033

Mild steel (0.15% C) (CNBT) R = �1 5.080 0.050 43.000 68.800 24.000 6.1047 5.4368
5.080 0.100 43.000 70.000 17.100 6 5.4367
5.080 0.130 43.000 67.700 15.400 6.2038 5.4361
5.080 0.250 43.000 68.800 11.300 6.1047 5.407
5.080 0.640 43.000 68.800 7.540 6.1047 5.0599
5.080 1.270 43.000 77.000 5.660 5.4545 4.4763
5.080 5.080 43.000 121.000 3.260 3.4711 3.0407

(continued on next page)
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Table 1 (continued)

Material (specimen) stress ratio d (mm) q (mm) W (mm) Dr (MPa) Kt
* Exp. Kf Pre. Kf

**

Mild steel (0.15% C) (DNPT) �1 5.080 0.100 64.000 84.100 14.900 4.9941 4.7868
5.080 0.250 64.000 90.900 9.750 4.6205 4.7555
5.080 0.500 64.000 84.100 7.250 4.9941 4.5643
5.080 1.270 64.000 104.000 4.750 4.0385 3.8375
5.080 7.620 64.000 156.000 2.500 2.6923 2.3813

NiCr steel (CNBT) R = �1 0.510 0.130 22.600 236.000 5.050 4.2373 3.444
5.080 0.050 43.000 88.600 24.000 11.287 12.435
5.080 0.130 31.800 96.600 17.300 10.352 12.319

2.25Cr-I mo steel (CNBT) R = �1 0.030 0.030 5.000 429.000 3.060 1.0256 1.1059
0.050 0.050 5.000 403.000 3.070 1.0918 1.1592
0.070 0.070 5.000 321.000 3.090 1.3707 1.2111
0.200 0.200 5.000 237.000 3.170 1.8565 1.5262
0.400 0.400 5.000 209.000 3.320 2.1053 1.9792
0.760 0.760 5.000 155.000 3.860 2.8387 2.8169

304 stainless steel (CNBT) R = �1 5.080 0.050 43.000 72.300 24.000 9.9585 9.705

* All the stress concentration factor values are referred to the gross cross section.
** The predicted fatigue notch factor are obtained using Eq. (38) for CNBB, CNBT, and DNPT specimen or Eq. (39) for CNPT specimen.
*** The experimental data reported in the table format by Atzori et al. [36] is not consistent with the data reported in the graphic format. The data in the
graphic format is used.
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Eq. (43) indicates that the fatigue notch factor will not approach infinity as the stress concentration factor is approaching
infinity. Instead, it is approaching a constant value, which is determined by the ratio of notch depth to the characteristic
crack length. A typical example is shown in the collected experimental data (see Table 2; the last row for Annealed 0.45 car-
bon steel). The stress concentration factor is 50.4 and can be considered very large. The model predicts the fatigue notch fac-
tor is 10.27 and the experimental fatigue notch factor is 9.17. This agrees with the results in [28,38] that the fatigue limit
approaches a constant by keeping the notch depth constant and increasing the stress concentration factor Kt. The fatigue
notch factor variation corresponding to different stress concentration factors are shown in Fig. 5 for several fixed a0

d ratios.
The x-axis is the stress concentration factor in log scale and the y-axis is the fatigue notch factor. In Fig. 5, the finite dimen-
sion correction factor is assumed to be unity for a semi-infinite plate. As shown in Fig. 5, the proposed method predicts the
fatigue notch factor has two asymptotic values corresponding to different stress concentration factors, i.e. one extreme case
is unity and the other is

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ d

a0

q
.

The above discussions are for extreme cases and the cases between those extremes are interpolated using the proposed
formula. In Section 4, it is shown that proposed methodology works well for various types of notch geometries and materials.

4. Experimental validation of fatigue limit prediction

A wide range of material data available in the literature is collected and used to validate the proposed methodology. The
collected data include various types of aluminums and steels. The experimental data is reported by Atzori et al. [36]. A de-
tailed description of material properties is listed in Table 2. The notched specimens and fatigue loading types of collected
materials can be grouped into four categories: circumferential V-shaped notch in a round bar under remote bending (CNBB);
circumferential V-shaped notch in a round bar under remote tension (CNBT); center notched plate under remote tension
(CNPT); double edge notched plate under remote tension (DNPT). A schematic plot of these four types of specimen and
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Table 2
Material properties

Material name Yield strength ry (MPa) Fatigue limit Drf (MPa) Fatigue threshold stress intensity factor DKth (MPa m0.5) Stress ratio R

Annealed 0.45 carbon steel 364 582 8.1 �1
Annealed 0.36 carbon steel N/A 446 7.6 �1
SAE 1045 steel 466 448 6.9 0
SAE 1045 steel 466 606 9 �1
2024-T351 Al alloy 360 172 4 0
2024-T351 Al alloy 360 248 4.4 �1
G40.11 steel 376 540 11.5 �1
SM41B steel 194 326 12.36 �1

194 274 8.36 0
Mild steel (0.15% C) 340 420 12.8 �1
NiCr steel 834 1000 12.8 �1
2.25Cr-I mo steel 380 440 12 �1
304 stainless steel 222 720 12 �1
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loading is shown in Fig. 6. A detailed list of the experimental observation and geometry properties of specimens is listed in
Table 1. In Table 1, ‘‘Exp” refers to the experimental observations and ‘‘Pre” refers to model predictions.

In the proposed methodology, the stress concentration factor Kt and finite dimension correction factor a are required. The
stress concentration factor can be obtained from available handbooks [39]. It should be noted that the stress concentration
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Fig. 6. Geometry of notched specimen.
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factor used in this method is the one referred to the remote gross cross section stress rather than the net cross section stress.
The Kt factor is reported by Atzori et al. [36] and the values listed in Table 2 are used. The finite dimension correction factor a
in the proposed method can be obtained from facture mechanics textbooks or obtained from finite element analysis if ana-
lytical or empirical solution is not available. In this paper, the empirical solutions available in the literature are used. For
CNBB, the solution from [40] is expressed as:
Plea
Engn
a ¼ 1
1:122

3
8

n�5=2 1þ 1
2

nþ 3
8

n2 þ 5
16

n3 þ 35
128

n4 þ 0:531n5
� �

; n ¼ 1� 2 � ðdþ a0Þ=W ð44Þ
For CNBT, the solution from [41] is expressed as:
a ¼ 1
1:122

1
2

n�1=2 nþ 1
2

nþ 3
8

1
n
� 5

14
1
n2 þ

11
15

1
n3

� �
; n ¼W=ðW � 2 � ðdþ a0ÞÞ ð45Þ
For CNPT, the solution from [41] is expressed as:
a ¼ sec
p
2

n
� �

; n ¼ 2 � ðdþ a0Þ=W ð46Þ
For DNPT, the solution from [41] is expressed as:
a ¼ 1
1:12

ð1:12þ 0:41n� 4:78n2 þ 15:44n3Þ; n ¼ 2 � ðdþ a0Þ=W ð47Þ
Once all required material property and mechanical parameters are obtained, the fatigue limit of notched specimen can be
calculated using Eq. (35) for edge notched specimen and Eq. (36) for center notched specimen. The model prediction and
experimental data are shown in Fig. 7 for each material. In Fig. 7, the x-axis is the non-dimensional parameter D, where

D is a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ d
a0

1� exp � a0
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K2
t
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� �h in o� �r
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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notched specimen and the y-axis is the normalized fatigue limit Dr
Drf

. An overall comparison for all materials is shown in Fig.

8a. From Figs. 7 and 8a, it is seen that the proposed model agrees with experimental results very well.
Comparisons between predicted fatigue limits and experimental observations for all materials are plotted in Fig. 8b. The

x-axis is experimental observation and the y-axis is the model prediction. The solid line indicates that prediction results and
experimental data are identical. The 90% confidence bounds are also plotted as dashed lines in Fig. 8b. The confidence bounds
are calculated as follows. The differences between experimental observation and model prediction are fitted to a Gaussian
distribution. Once the probability distribution is obtained, the confidence bounds can be easily calculated using statistics. A
very good agreement is observed. A few model predictions are outside the confidence bounds but are on the conservative
side.
5. Conclusion

A general methodology for fatigue analysis of notched specimens is proposed in this paper. The methodology is based on
an asymptotic SIF solution for cracks at the notch root and the Kitagawa–Takahashi diagram. The fatigue limit stress range of
notched specimen is predicted using the proposed methodology and compared with a wide range of experimental data avail-
able in the literature. Very good agreement is observed between model predictions and experimental observations. Several
conclusions can be drawn based on the results in this paper.

(1) The developed asymptotic solution is effective for application to notched specimen fatigue limit analysis if the SIF with
small crack correction is included following the El Haddad model.

(2) The proposed asymptotic SIF solution is shown to be suitable for both short and long cracks, which indicates that it can
be used for future life prediction and crack growth analysis where long crack may exist.

(3) The fatigue notch factor, which is an empirically fitted parameter in classical fatigue theory, can be theoretically deter-
mined by the proposed methodology. The fatigue notch factor is related to notch geometry, specimen geometry and
material properties. According to the proposed methodology, the fatigue notch factor is proportional to a non-dimen-

sional parameter a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ d
a0

1� exp � a0
d

K2
t

a2 � 1
� �h in o� �r

for edge notched specimen and

ab

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2d

a0
1� exp � a0

2d
K2

t
a2 � 1
� �h in o� �r

for a center notched specimen.

This study uses a 2D analysis to illustrate the procedure. Further work is required to extend this procedure to 3D analysis,
i.e. surface semi-elliptical crack instead of through crack. Current prediction is for infinite life prediction, and finite life pre-
diction needs to be developed in future study. Only elastic analysis is used in this paper as the material can be assumed to be
in the elastic state at the infinite life stage. For finite life prediction, plastic correction considering the effect of both notch and
crack is needed for accurate fatigue analysis.
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