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a b s t r a c t

A new methodology is proposed in this paper to calculate the equivalent initial flaw size (EIFS) distribu-
tion. The proposed methodology is based on the Kitagawa–Takahashi diagram. Unlike the commonly
used back-extrapolation method for EIFS calculation, the proposed methodology is independent of
applied load level and only uses fatigue limit and fatigue crack threshold stress intensity factor. The
advantage of the proposed EIFS concept is that it is very efficient in calculating the statistics of EIFS.
The developed EIFS methodology is combined with probabilistic crack growth analysis to predict the fati-
gue life of smooth specimens. Model predictions are compared with experimental observations for var-
ious metallic materials.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The fatigue crack growth (FCG) process is stochastic in nature.
Life prediction and reliability evaluation are critical for the design
and maintenance planning of many structural components, but are
still challenging problems despite extensive research during the
past several decades. Two major types of methodologies are avail-
able for fatigue life prediction. One type is based on material S–N
(or e–N) properties and a damage accumulation rule. The other
type is based on fracture mechanics and crack growth analysis,
which is the physical basis for damage tolerance analysis. One
problem in the fracture mechanics-based life prediction is to deter-
mine the initial crack size for crack growth analysis. One practice is
to use an empirically assumed crack length, such as 0.25–1 mm for
metals [1–3]. An alternative way is to use results from nondestruc-
tive inspection (NDI) [4]. However, the initial flaw size (IFS) can be
below the current detection capability of the NDI technique. If the
NDI detection limit is chosen as the initial flaw size, it will result in
a very conservative design [5]. Other approaches have used exper-
imentally measured defect size and shape for crack growth analy-
sis. Merati and Eastaugh [3] used experimental study to investigate
the initial discontinuity state (IDS) for 7000 aluminum alloys,
which can be used for fatigue modeling purpose.

The equivalent initial flaw size (EIFS) concept was developed
nearly 30 years ago in an attempt to determine the initial crack size
for fracture mechanics-based life prediction. The EIFS accounts for
the initial quality, both from manufacturing and bulk material
ll rights reserved.

: +1 315 268 7985.
properties of structural details. The calculation of EIFS is usually
performed using a back-extrapolation method. This approach uses
fatigue crack growth analysis with an assumed initial crack geom-
etry and size to match the material failure data (stress-life). The
initial crack size is obtained by trial and error method and is
named as EIFS. Yang and Manning [6] used this back-extrapolation
technique to obtain the EIFS distribution of Al 2024-T351. White
et al. [7] used a probabilistic fracture approach to derive the equiv-
alent pre-crack size (EPS), which is also based on the back-extrap-
olation method. Molent et al. [8] used a back projection of the
experimental crack growth curve to time zero to derive the EPS
for Al 7050. The major problem using the back-extrapolation meth-
od is that the obtained EIFS seems to be dependent on stress level
[9]. It is desirable to view EIFS as a material property indicating the
initial quality of the material and not connected to the applied
stress level; this would make the EIFS applicable to a wide rage
of stress levels.

However, it should be noted that EIFS is not a physical quantity.
It is a quantity extrapolated from experimental data simply to
facilitate life prediction by using only long crack growth analysis
and avoiding the difficulties of short crack growth modeling.

Widespread use of EIFS concept has not been realized due to the
large amount of test data required to develop a reliable EIFS distri-
bution [10]. When the uncertainties associated with EIFS need to
be included, the problem becomes more complicated. Due to the
inherent variability of fatigue crack growth data, failure data, and
also the modeling approximations in the fatigue crack growth
(FCG) analysis, the uncertainties of EIFS need to be carefully ac-
counted for in probabilistic life prediction. The back-extrapolation
method makes the computation of probabilistic EIFS distribution
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very expensive, because Monte Carlo simulation is usually coupled
with iterative fatigue crack growth analysis [11,12]. Thus there is a
need for an accurate and efficient calculation methodology to con-
struct the probability distribution of EIFS.

A new probabilistic EIFS calculation methodology based on the
Kitagawa–Takahashi diagram is proposed in this paper. The EIFS is
determined by matching the infinite life of a component with and
without an assumed initial crack. The proposed methodology only
uses fatigue limit data and fatigue crack threshold stress intensity
factor. The statistics of EIFS are directly calculated without solving
inverse fatigue crack growth analysis. A probabilistic fatigue crack
growth analysis using the proposed EIFS calculation is used to pre-
dict the fatigue life of smooth specimens under constant amplitude
cyclic loading. Model predictions are compared with experimental
data for various metallic materials.

2. EIFS calculation

2.1. Basic concept of the proposed EIFS

A straightforward way to predict material/component fatigue
life using the fracture mechanics-based approach is to perform
the fatigue crack growth analysis starting from the actual initial
flaw, such as interval voids and nonmetallic inclusions. For materi-
als with large initial flaws, the actual initial flaw size can be com-
bined with long crack da/dN�DK relationship to predict fatigue
life. However, most metallic materials have initial flaws with
length scale smaller than the micro-structural features such as
average grain size. Fatigue crack growth behavior of a micro-struc-
tural small crack differs significantly from that of a long crack [13].
A schematic plot of long crack and small-crack growth curves is
shown in Fig. 1. The long crack growth rate exhibits an asymptotic
behavior as the crack becomes smaller and smaller, i.e. crack
threshold. The small-crack growth rate for the same DK value is
several times faster than those predicted by long crack growth
data. Lankford and Hudak [13] compared the anomalous behavior
of ‘small’ fatigue crack growth behavior with that of long crack for
nickel-based alloys. Kaynak et al. [14] compared the anomalous
initiation and growth behavior of small cracks in steel and evalu-
ated the effect of grain size. Small-crack growth data usually does
not have the monotonic trend as that of the long crack growth data
and shows oscillatory behavior [15], which is believed to be caused
by micro-structural barrier effects, such as grain boundaries. Some
recent studies used micro-mechanics and crystal plasticity for
small-crack analysis [16–18]. A comprehensive review of the
small-crack growth behavior is not the focus of this study and an
overview of small-crack growth can be found in [19]. Some fatigue
life prediction methods using small-crack growth theory and ac-
tual initial flaw size have been proposed in the literature
[3,20,21]. One difficulty with this type of approach is that the
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Fig. 1. Schematic illustration of small crack and long crack growth.
mechanism of small-crack growth has not been fully understood.
The other difficulty is that small-crack growth strongly depends
on the material microstructure and has very large uncertainties
caused by randomness of grain size, grain orientation and initial
flaw shape. This causes additional difficulties for probabilistic life
prediction. In order to overcome such difficulties, the EIFS concept
avoids small-crack growth analysis and instead uses an equivalent
initial flaw size in long crack growth analysis that would match the
fatigue life of specimens.

Fatigue life prediction is performed by integration of the fatigue
crack growth rate curve. A general fatigue crack growth rate curve
can be expressed as

da=dN ¼ f ðDKÞ; ð1Þ

where f is a function used to describe the relationship between da/
dN and DK, such as the Paris law for linear regime and other type of
functions to include crack growth for near-threshold crack growth
and unstable crack growth (Fig. 1). Under constant amplitude load-
ing Dr, Eq. (1) can be expressed as

da=dN ¼ gðaÞ ð2Þ

and fatigue life can be obtained as

N ¼
Z N

0
dN ¼

Z ac

ai

1
gðaÞda; ð3Þ

where ai is the initial crack length. ac is the critical length at failure
and can be calculated using fracture toughness and applied load.
Considering the actual initial flaw size (IFS) and including the
small-crack growth curve gs(a), fatigue life NIFS is obtained as

NIFS ¼
Z ac

IFS

1
gsðaÞ

da: ð4Þ

Considering equivalent initial flaw size (EIFS) and using only a
long crack growth curve gl(a), fatigue life NEIFS is obtained as

NEIFS ¼
Z ac

EIFS

1
glðaÞ

da: ð5Þ

A schematic plot of using these two approaches is shown in
Fig. 2. It is shown that both approaches can give the same life pre-
diction if the EIFS is properly chosen and the underlying areas be-
low gs(a) and gl(a) are equal. The key idea in the proposed approach
is to avoid the calculation using small-crack growth gs(a). Thus, in-
stead of matching life predictions between long crack growth and
small-crack growth analysis, we calculate the EIFS by matching the
life prediction of long crack growth analysis with that observed in
fatigue S–N testing because rigorous small-crack growth analysis
should give the same life value. Theoretically speaking, any exper-
imental fatigue-life data under arbitrary constant amplitude load
can be used to calculate EIFS, which is the approach used by the
1/
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Fig. 2. Schematic illustration of actual initial flaw size and EIFS using long crack
growth.
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commonly used back-extrapolation method. In this paper, we cal-
culate the EIFS by matching the infinite fatigue life obtained from
Eq. (5) with the experimental data from S–N tests, i.e.

NEIFS ¼
Z ac

EIFS

1
glðaÞ

da! þ1 when Dr! Drf ; ð6Þ

where Dr is the applied stress range and Drf is the fatigue limit (fa-
tigue strength at the infinite fatigue life) observed from S–N testing.
As shown in Eq. (6), the value of EIFS will affect the integration re-
sults and the life prediction. For a certain value of the EIFS, the inte-
gration is infinity due the asymptotic behavior of the long crack
growth curve, which matches the observed life from S–N testing.
The details of the calculation of the EIFS by matching the infinite life
are shown in Section 2.2.

It is noticed that the structural integrity is usually controlled by
the largest flaw. These largest flaws may come from manufacturing
(e.g., large initial voids or inclusions) or from operation activities
(e.g., surface scratches due to maintenance). This study aims to de-
velop a general methodology for EIFS determination under well
controlled laboratory environments (e.g. good surface polishing
of smooth specimens). Proper modifications are required to extend
the proposed methodology to structural level integrity assessment,
where the large flaw in realistic situation will be included. One
such example can be found in [22] by the same authors, where a
bi-modal distribution was used to capture the effect of the largest
flaw on the fatigue reliability assessment of railroad wheels. It is
found that the right tail distribution has a large effect on the fati-
gue reliability estimation. In the current investigation, the experi-
mental data collected only contains 3–5 data points for threshold
stress intensity factor estimation and is not sufficient to investigate
the tail shape effect on the probability estimation.

2.2. Deterministic EIFS calculation

To match the infinite fatigue life, the concepts of fatigue limit
and fatigue crack threshold stress intensity factor are used here.
The concept of fatigue limit is traditionally used within the safe-
life design approach, which defines a loading criterion under which
no failure occurs. The concept of fatigue crack threshold is often
used within the damage tolerance design approach, which defines
a loading criterion under which the cracks will not grow signifi-
cantly. A link between the traditional safe-life design approach
and damage tolerance design approach has been proposed and
known as the Kitagawa–Takahashi (KT) diagram [23]. A schematic
plot of the KT diagram is shown in Fig. 3. According to the KT dia-
gram, the fatigue limit of the cracked specimen increases as the
crack size decreases. The fatigue limit of the cracked specimen re-
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Fig. 3. Schematic representation of the Kitagawa–Takahashi diagram.
mains constant when the crack size is below a certain value, which
is determined by fatigue limit of the material (i.e., the value from
smooth specimen testing) and the fatigue crack threshold intensity
factor using linear elastic fracture mechanics (LEFM). El Haddad
et al. [24] proposed a model to express the fatigue limit Drf using
the fatigue threshold stress intensity factor DKth and a fictional
crack length a

DKth ¼ Drf

ffiffiffiffiffiffi
pa
p

Y ; ð7Þ

where Y is a geometry correction factor and depends on the crack
configuration. For an infinite plate with a centered through crack
of length 2a, Y is unity. For other crack configurations, Y can be ob-
tained from stress intensity factor solutions available in the litera-
ture [25].

Eq. (7) is rewritten as

a ¼ 1
p

DKth

Drf Y

� �2

: ð8Þ

Eq. (8) is the expression for the proposed EIFS. If the specimen
has an initial crack length of EIFS and is under the stress range
Drf, the calculated fatigue life using a fracture mechanics-based
approach is infinity (Eq. (5)), which is the experimental fatigue life
under fatigue limit.

From Fig. 2, it is seen that the proposed EIFS includes the effect
of actual flaw size and small-crack growth behavior. This informa-
tion is implicitly included in material properties Drf and DKth. For
example, suppose we have two materials A and B, which have ex-
actly the same crack growth behavior and threshold stress inten-
sity factor. Material A has very small actual flaw size, and thus a
large proportion of small-crack growth. Material B has very large
actual initial flaw size, and thus a small proportion of small-crack
growth. Material A will have a higher fatigue limit compared to
material B since the latter has larger defects. From Eq. (8), we know
that the EIFS for material A is larger than the EIFS for material B.
The proposed EIFS is smaller if the material has a large proportion
of small-crack growth. And the portion of small-crack growth can
be implicitly reflected by the ratio of DKth and Drf.

Another concern in using the proposed EIFS is the assumed
crack configuration. From Eq. (8), it is seen that the EIFS not only
depends on material properties Drf and DKth, but also depends
on the geometry correction factor Y. If different initial crack config-
urations are assumed, the calculated EIFS is different. Two config-
urations are explored in this paper for smooth plate specimens.
One is center-through crack and the other is surface crack. A sche-
matic plot is shown in Fig. 4 for these two configurations.

The geometry correction factor for a center-through crack of fi-
nite width plate can be expressed as [25]
2w

2t

a a

2w

2t

c c

a

Fig. 4. Schematic representation of center-through crack and semi-elliptical surface
crack.
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Y ¼ sec
pa
2W

� �h i1
2
; ð9Þ

where 2a is the crack length and W is the plate width.
The geometry correction factor for a surface crack can be ex-

pressed as [25–27]:

Y ¼
sin2 /þ a

c

� �2 cos2 /
� �1

4

EðkÞ

2
64

3
75Mf ; ð10Þ

where a is the depth and 2c is the surface length of a semi-elliptical
flaw. The term in square brackets represents the solution of the
equivalent embedded elliptical flaw. The parameter U is the angle
in the parametric equation of ellipse and E(k) is a complete integral
of the second kind [26]. The correction factor Mf for finite width W
and finite thickness t is calculated as

Mf ¼ ðM1 þM2
a
t

� �2
þM3

a
t

� �4
Þgfw; ð11Þ

where

M1 ¼ 1:13� 0:09
a
c
;

M2 ¼ �0:54� 0:89
0:2þ a

c

;

M3 ¼ 0:5� 1
0:6þ a

c

þ 14 1� a
c

� �24
;

g ¼ 1þ 0:1þ 0:35
a
t

� �2
� �

1� sin /ð Þ2;

fw ¼ sec
pc

2W

ffiffiffi
a
t

r !
:

In the current study, the surface flaw is assumed to be semi-cir-
cular in shape, i.e. a/c = 1.0. The stress intensity factor solution at
the surface crack tip (U = 0) is used for the EIFS calculation. It
should be noted that surface crack growth is actually a 3D crack
problem, where the crack front experiences complicated crack
growth behavior. In the current study, only crack growth at the
surface crack tip is considered and more complex situations need
further study.

The traditional EIFS methodology uses back-extrapolation
method to calculate the EIFS distribution. If the fatigue S–N testing
data under different stress levels are used for extrapolation (con-
stant amplitude loading), different EIFS distributions are obtained,
which makes the EIFS distribution stress level dependent [10]. In
the proposed method, the EIFS is determined by KT diagram and
not by data from multiple stress levels. Thus, the proposed EIFS
is independent of stress levels by definition.

2.3. Probabilistic distribution of EIFS

The above discussion is for deterministic calculation of EIFS.
One of the advantages of the proposed EIFS methodology is that
it makes it very convenient to calculate the probabilistic distribu-
tion of EIFS.

Different types of probabilistic distributions have been used in
the literature to describe the EIFS distribution, such as the lognor-
mal, Weibull and three parameter Weibull distributions [11,12,28].
In Eq. (8), since both the fatigue limit and fatigue crack threshold
stress intensity factor are random variables, EIFS is also a random
variable. In this study, lognormal distributions are assumed for
the fatigue limit and fatigue crack threshold stress intensity factor.
Thus, EIFS also become a lognormal random variable. This assump-
tion makes the calculation of the statistics of EIFS very efficient.
The statistics, i.e. mean and standard deviation, of the fatigue limit
(l1 and r1) and fatigue crack threshold stress intensity factor (l2

and r2) can be obtained from experimental data. The objective is
to calculate the mean and standard deviation of EIFS (l and r).
Eq. (8) can be rewritten in logarithmic form as

logðaÞ ¼ �ðlogðpÞ þ logðYÞÞ þ 2 logðDKthÞ—2 logðDrf Þ: ð12Þ

EIFS is usually very small compared to the width and thick-
ness of the specimen. Thus, the geometry correction factor can
be simplified. For a center-through crack in a plate, Y = 1. For
surface crack in a plate, Y = 2.24/p (stress intensity factor solu-
tion for a semi-circular flaw in semi-infinite plate). The first term
in Eq. (12) is a constant. Since Drf and DKth are lognormal ran-
dom variables, log(DKth) and log(Drf) are Gaussian random vari-
ables. The mean and standard deviation of log(DKth) can be
calculated as

l1L ¼ 2 logðl1Þ � 1
2 logðl2

1 þ r2
1Þ

r1L ¼ ½�2 logðl1Þ þ logðl2
1 þ r2

1Þ�
1
2

(
: ð13Þ

Similarly, the mean and standard deviation of log(Drf) can be
calculated as

l2L ¼ 2 logðl2Þ � 1
2 logðl2

2 þ r2
2Þ

r2L ¼ �2logðl2Þ þ logðl2
2 þ r2

2Þ
	 
1

2

(
: ð14Þ

The mean and standard deviation of log(a) can be calculated
based on Eq. (12) as

lL ¼ � logðpÞ � logðYÞ þ 2ðl1L � l2LÞ

rL ¼ 2 r2
1L þ r2

2L � 2qr1Lr2L
	 
1

2

(
; ð15Þ

where q is the correlation coefficient between the two random vari-
ables [log(DKth) and log(Drf)]. q = 0 indicates that these two ran-
dom variables are uncorrelated and q = 1 indicates that they are
fully correlated to each other. The actual value of q should be be-
tween zero and unity. q = 0 gives a slightly conservative probabilis-
tic life prediction and is used in this study.

Finally, the mean and standard deviation of EIFS (a) are ob-
tained as

l ¼ eðlLþ1
2r

2
L Þ

r¼ e2lLþr2
L ðer2

L � 1Þ
h i1

2

8<
: : ð16Þ

Eqs. (12)–(16) is the proposed methodology to calculate the sta-
tistics of EIFS.

3. Probabilistic life prediction

3.1. Uncertainty quantitation of material crack growth rate

In order to predict material fatigue life (time to failure), the
material fatigue crack growth property is required. The first step
of probabilistic fatigue life prediction is to quantitate the statistics
of the material fatigue crack growth property. A generalized Paris
law is used to describe the relationship between da/dN and DK
and can be expressed as

da=dN ¼ CDKn 1� DKth

DK

� �p

; ð17Þ

where C, n, p and DKth are fitting parameters. n controls the slope in
the Paris regime and p controls the curvature in the near-threshold
regime. Eq. (17) only includes near-threshold crack growth and
ignores unstable crack growth. For the high-cycle fatigue problem
of smooth specimen, ignoring unstable crack growth part will not
result in significant error, because most of the fatigue life is spent
in the near-threshold crack growth.
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Eq. (17) has four parameters to be determined, i.e. C, n, p and
DKth. It is difficult to determine the statistics of these four param-
eters simultaneously. In the current study, exponents n and p are
assumed to be constants. The randomness in the crack growth is
represented by two random variables C and DKth. These two ran-
dom variables are assumed to be independent as the failure mech-
anisms at the Paris regime and the near-threshold regime are
usually different. The fitting procedure is described below.

First, the statistics of DKth are quantified. The mean and vari-
ance are calculated using crack growth data at very low crack
growth rate. The data is fitted to a lognormal distribution. Next,
the value of p is determined by fitting crack growth data in the
near-threshold regime. Since data points at the near-threshold re-
gime are usually not sufficient to best quantitate the value of p, an
initial guess of p was made to facilitate the fitting procedure. Sev-
eral typical values of p can be found in the NASGRO material data-
base [29], such as 0.25, 0.5, 0.75 and 1. These values are checked
and the best regression value is used. Following this, C and n are
fitted with experimental data in the Paris regime using the least
squares method. The last step is to quantitate the statistics of C
using a point-to-point approach. For each data point, the C value
is calculated using Eq. (17) and the previously obtained values of
n, p and DKth (mean value). All the calculated C values are fitted
to a distribution. It is found that the lognormal distribution is
appropriate for the materials investigated in this paper. An exam-
ple of fitting results for one type of aluminum alloy AlSi9Cu3 [30] is
shown in Fig. 5, and is used for fatigue life prediction in the next
section. It is seen that most of the experimental data falls within
the 90% confidence bounds using the proposed uncertainty quanti-
tation method.

3.2. Probabilistic crack growth analysis

Once all the statistics associated with material properties have
been quantified, probabilistic life prediction can be performed
next. Eq. (17) is rewritten as

dN ¼ 1

CDKn 1� DKth
DK

� �p da: ð18Þ
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Fig. 5. Crack growth data and uncertainty quantitation for AlSi9Cu3 (a) 20 �C and (b)
150 �C.
Integrating both sides, fatigue life N can be obtained as

N ¼
Z N

0
dN ¼

Z ac

ai

1

CDKn 1� DKth
DK

� �p da; ð19Þ

where ai is EIFS determined in the Section 2. ac is the critical length
at failure and can be calculated using fracture toughness and ap-
plied stress levels. ac also depends on the specimen geometry and
loading types. For the high-cycle fatigue problem, time spent at fast
crack growth regime (regime III) is negligible, and changes in the
value of ac will not affect life prediction significantly. In the current
study, ac is assumed to be a constant. Stress intensity factor range
DK is calculated as shown in Eq. (7).

The above discussion is for elastic analysis and is appropriate
for very high-cycle fatigue analysis, in which materials remain
elastic during the entire fatigue life. For medium and low-cycle fa-
tigue problems, materials will experience some plastic deforma-
tion. Elastic analysis is not sufficient for fatigue life prediction.
For the collected material data in this paper, the shortest fatigue
life is in the range of 104 cycles. This range is in the transition range
from low-cycle fatigue and high-cycle fatigue, where plastic defor-
mation can not be ignored. To include the effect of plastic deforma-
tion, an elastic–plastic correction factor based on the BCS model
[31] is proposed. Wilkinson [32] derived cyclic reversed plastic
zone size as

q ¼ a sec
prmaxð1� RÞ

4ry
—1

� �
; ð20Þ

where q is the plastic zone size using dislocation theory. It should
be noted that this result is similar to Dugdale’s model using contin-
uum mechanics with elastic-perfect plasticity model [32]. A modi-
fication to Eq. (20) is proposed as

q ¼ a sec
prmaxð1� RÞ

4r0
—1

� �
; ð21Þ

where r0 is the flow stress and can be approximated using the
material yielding strength ry and material ultimate strength ru to
consider the strain hardening effect as

r0 ¼
ry þ ru

2

� �
: ð22Þ

Eq. (7) can be expressed considering plasticity correction as

DK ¼ rmax

ffiffiffiffiffiffiffi
pa0
p

Y 0; ð23Þ

where Y0 is the geometry correction factor using the equivalent
crack length a0 considering plasticity correction. a0 can be expressed
as

a0 ¼ aþ q: ð24Þ

Fatigue life is calculated by combining Eqs. (19) and (23).
Numerical integration is performed using an adaptive recursive
Simpson’s rule [33]. The current plasticity correction is a very sim-
plified model and further improvements may be required. It is
found that the current model works well for the materials investi-
gated. To show the effects of plasticity correction factor, a compar-
ison using pure elastic analysis (Eq. (7)) and elastic–plastic analysis
(Eq. (23)) is plotted in Fig. 6. In Fig. 6, solid lines are median curve
prediction using elastic–plastic analysis and dashed lines are med-
ian curve prediction using elastic analysis. It can be seen that elas-
tic analysis overestimates fatigue life at higher stress amplitude. At
lower stress amplitude, the two approaches give almost identical
prediction.

In Eq. (19), ai, C, and DKth are random variables. Thus, fatigue
life N is also a random variable. The analytical solution for the dis-
tribution of N is hard to obtain. Monte Carlo simulation is used to
calculate the probabilistic fatigue-life distribution in this study.
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4. Model validation with experimental data

Several experimental data sets available in the literature are
collected and used to validate the proposed methodology for prob-
abilistic EIFS calculation and fatigue life prediction. These materials
include: (1) aluminum alloys AlSi9Cu3, magnesium alloys AZ91 hp
Table 1
Mechanical properties for AlSi9Cu3 aluminum alloy

150 �C

Mean Std. Di

Yielding strength (MPa) 123 0
Ultimate strength (MPa) 198 0
C (m/cycle) 6.64E-12 3.78E-12 Lo
n 4.469 0
Kmax(R = �1) (MPam0.5) 2.07 0.12 Lo
Drf (MPa) 61 12 Lo
p 0.75 0
EIFS a (mm) 0.37 0.14 Lo

Table 2
Mechanical properties for magnesium alloys AZ91 hp

125 �C

Mean Std. Di

Yielding strength (MPa) 93 0
Ultimate strength (MPa) 165 0
C (m/cycle) 1.63E-10 6.97E-11 Lo
n 4.181 0
Kmax(R = �1) (MPam0.5) 1.12 0.07 Lo
Drf (MPa) 41 7 Lo
p 0.75 0
EIFS a (mm) 0.22 0.07 Lo
and AS21 hp at two temperatures reported by Mayer et al. [30];
and (2) aluminum 7075-T6 data under stress ratio R = �1 reported
by Wang et al. [34]. The mechanical properties required in the pro-
posed methodology are listed in Tables 1–4. The EIFS value re-
ported here is assumed to be for a center-through crack.
Experimental data and numerical predictions are shown in Fig. 7
for the collected materials. In Fig. 7, the solid line is the median
prediction and dashed lines are 90% confidence bounds using the
proposed methodology. It is shown that the prediction results
agree with experimental data very well for both trend and scatter.

5. Discussion

Several concerns using the proposed methodology are discussed
here and illustrated using the collected experimental data.

5.1. EIFS using assumptions of through crack and surface crack

The proposed EIFS calculation depends on the assumption of the
crack configuration as we have shown in Section 2. If a different
crack configuration is assumed, the EIFS is usually different since
the stress intensity factor solution is different. However, this differ-
ence will not change the fatigue life prediction as long as the crack
growth analysis uses the same crack configuration. Fig. 7 shows the
fatigue life prediction using the center-through crack assumption.
We also calculate the fatigue life prediction using the semi-circular
surface crack assumption. The other mechanical parameters re-
main the same. The prediction results are shown in Fig. 8 together
with experimental data. Comparing Figs. 7 and 8, the fatigue life
predictions are almost the same using two different assumptions,
with a few exceptions. The reason is that the proposed EIFS calcu-
lation includes the effects of the initial crack configuration (see Eq.
(8)). The center-through crack assumption makes the calculation
easy to perform and is suitable for fatigue life prediction of the
smooth plate specimen in the current investigation. However, the
surface crack assumption is closer to the actual situation for struc-
tural components. Also, the surface crack assumption can easily be
20 �C

stribution Mean Std. Distribution

134 0
216 0

gnormal 1.79E-12 1.10E-12 Lognormal
4.2511 0

gnormal 2.57 0.12 Lognormal
gnormal 75 14 Lognormal

0.25 0
gnormal 0.32 0.13 Lognormal

20 �C

stribution Mean Std. Distribution

118 0
190 0

gnormal 2.91E-10 1.71E-10 Lognormal
2.7045 0

gnormal 1.41 0.12 Lognormal
gnormal 45 7 Lognormal

1.5 0
gnormal 0.3 0.1 Lognormal



Table 3
Mechanical properties for magnesium alloys AS21 hp

125 �C 20 �C

Mean Std. Distribution Mean Std. Distribution

Yielding strength (MPa) 65 0 84 0
Ultimate strength (MPa) 103 0 131 0
C (m/cycle) 4.78E-10 2.67E-10 Lognormal 3.15E-10 1.24E-10 Lognormal
n 2.24 0 2.7187 0
Kmax(R = �1) (MPam0.5) 1.05 0.09 Lognormal 1.36 0.11 Lognormal
Drf (MPa) 27 5 Lognormal 38 8 Lognormal
p 0.75 0 1.5 0
EIFS 2a (mm) 0.43 0.18 Lognormal 0.41 0.2 Lognormal

Table 4
Mechanical properties for 7075-T6 aluminum alloy

R = �1

Mean Std. Distribution

Yielding strength (MPa) 691 0
Ultimate strength (MPa) 764 0
C (m/cycle) 6.54E-13 4.01E-13 Lognormal
n 3.8863 0
DKth (MPam0.5) 5.66 0.268 Lognormal
Drf (MPa) 201 20.1 Lognormal
p 0.75 0
EIFS a (mm) 0.23 0.05 Lognormal
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extended to include notch effects, i.e. using the stress intensity fac-
tor solution considering notch effect [26]. It is expected that the
surface crack assumption is more suitable for structural level fati-
gue life prediction.

5.2. Fatigue life prediction for surface crack and internal crack

To better show the proposed method’s performance with re-
spect to probabilistic life prediction, cumulative distribution func-
tion (CDF) curves constructed using Monte Carlo simulation results
are compared with experimental data for aluminum alloys AlSi9-

Cu3 at two stress levels and under two temperatures. One is under
150 �C and at the stress amplitude of 71 MPa. Another comparison
is shown under 20 �C and at the stress amplitude of 107 MPa. CDF
curves from experimental data and Monte Carlo simulation are
plotted together in Fig. 9. Two basic statistical goodness-of-fit re-
sults of the model prediction and experimental observations are
performed. Correlation of coefficients are calculated to be 0.96
and 0.95 for Fig. 9a and b, respectively. Nonparametric Kolmogo-
rov–Smirnov test is also performed. The result showed that the test
can not reject the null hypothesis at the 5% significance level. The
test statistics are 0.22 and 0.25 for Fig. 9a and b, respectively.

From Fig. 9, it is seen that numerical predictions agree with
experimental data well. However, at the long life tail region, a
small difference can be observed. This phenomenon is discussed
below.

From Fig. 9, the experimental data seems to be a bi-modal dis-
tribution, with the long life tail appearing to follow another type of
CDF. This indicates that another type of failure mechanism is ig-
nored in the numerical prediction. Surface crack is assumed in
the probabilistic crack growth analysis and no internal crack
growth is assumed. It is known that internal crack is less dangerous
compared to the surface crack and may contribute to the long life
tail. To justify this statement, a modification of the developed
probabilistic crack growth methodology is proposed and validated.

There are two reasons for longer fatigue life of internal cracks.
First, the stress intensity factor of embedded cracks is about 10%
less compared to surface cracks [25]. Eq. (14) is modified to include
a reduction factor of internal cracks as
DK ¼ nrmax

ffiffiffiffiffiffiffi
pa0
p

Y 0; ð25Þ

where n is equal to 1 for surface crack and is equal to 1/1.12 for
internal cracks. Another reason for longer life of internal crack
growth is due to the constraint effects (i.e., plane stress or plane
strain) near the crack tip. The constraint effect affects the plastic
zone size and the equivalent crack length in the proposed calcula-
tion methodology. To include the constraint effects, Eq. (21) is mod-
ified as

q ¼ 1
g

a sec
prmaxð1� RÞ

4r0
—1

� �
; ð26Þ

where g is a correction factor considering constrain effects. g = 1 for
plane stress condition, and g = 3 for plane strain conditions. A sur-
face crack can be treated as under purely plane stress condition.
An embedded crack in an infinite body can be treated as under
purely plane strain condition. For an internal crack in a finite thick-
ness plate, it is usually under the condition between purely plane
stress and purely plane strain and g takes a value between 1 and
3. In the current investigation, g is assumed to be 2 for the investi-
gated smooth plate specimen. A detailed study of constraint effect
may be required for other types of specimens or components.

Following the same procedures described for surface crack
growth, probabilistic life prediction can be obtained for internal
crack growth. Comparisons with experimental data and previ-
ous life prediction assuming surface crack growth are shown in
Fig. 10.

From Fig. 10, it is seen that the internal crack growth mecha-
nism can explain the tail shape of probabilistic life distribution.
For short fatigue life, surface crack growth predictions agree with
experimental data well. For long fatigue life, internal crack growth
predictions agree with experimental data well. The actual fatigue-
life distribution is a combination of those two predictions for the
current investigation. For fatigue reliability analysis, low failure
probability or high reliability (e.g., 99% reliability or 1% failure
probability) is more important and the short life regime should
be the area of interest. If the majority of failure is dominated by
the surface crack, which is more dangerous than internal crack
growth, probabilistic life prediction based on surface crack
assumption is sufficient and will give a slightly conservative
prediction.

In the current discussion, no effect of the vacuum effect on the
internal crack is included. The longer fatigue life of an internal
growing crack is explained by constraints effect. Further study
for other materials are required to understand the mechanism of
an internal growing crack.

5.3. EIFS and actual initial flaw size

The proposed EIFS methodology presents an equivalent quan-
tity to predict fatigue life using long crack growth data. It does
not represent the actual material defect size. However, if the mate-
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rial does have large initial flaws, the proposed EIFS could give an
estimation of the actual initial flaw size. The reason is that no
small-crack growth exists for this type of material. From Fig. 2,
we can expect that the proposed EIFS will approach actual initial
flaw size when small-crack growth can be ignored (i.e., the area
under the small-crack growth curve approaches zero). To justify
this statement, measured initial defect sizes (porosities in the
reported data) using SEM of aluminum alloys AlSi9Cu3 and magne-
sium alloys AZ91 hp are shown in Fig. 11 by plotting their cumu-
lative probability distribution together along with the predicted
EIFS distribution. It is seen that the EIFS predictions using the pro-
posed method agree with experimentally measured defect sizes for
AlSi9Cu3 and deviates from the actual defect size of AZ91. For alu-
minum 7075-T6, the difference of the EIFS and the actual defect
size could be huge. The actual initial flaw size of aluminum 7075
is usually very small and is in the range of 10–20 lm [20]. The cal-
culated EIFS is in the range of 200–300 lm (see Table 4). Generally
speaking, the proposed EIFS does not represent the actual initial
flaw size and only supplies an initial crack length quantitate for
the purpose of life prediction.
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5.4. Fatigue endurance limit definitions

One important parameter in the proposed methodology is the
fatigue endurance limit. For some materials, fatigue endurance
limit can be observed in the fatigue S–N testing. For some other
materials, there is no clearly observed fatigue limit, such as alumi-
num materials. The fatigue strength of this type of material contin-
ues to drop as the loading cycles increases. There is argument
whether the endurance limit does exist for metallic materials
[35]. The choice of fatigue limit value will affect the EIFS calculation
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and fatigue life prediction. The effect of fatigue limit definition on
the proposed methodology is discussed here. For materials that
show a fatigue limit in the S–N curve testing, such as AlSi9Cu3,
AS21, and AZ91 used in this study, fatigue limit distribution can
be calculated using the run out experimental data. For materials
that do not show fatigue limit behavior in the S–N testing, such
as aluminum 7075-T6 used in this study, the fatigue limit value
can be defined and estimated using fatigue strength coefficients
at very high cycles (i.e., 107–108). Due to the fact that fatigue
strength at very high-cycle fatigue regime shows asymptotic
behavior, i.e. very small slope in the S–N curve compare to that
in the medium-cycle fatigue regime (e.g., 104–106), the different
definition of fatigue limit will not lead to a significant difference
in the overall fatigue life prediction. Thus the proposed method
is still applicable in practical applications. To justify this statement,
we show one demonstration example for Al-7075-T6 using differ-
ent fatigue limit definitions. The first case uses the fatigue strength
coefficient interpolated at 107 cycles. The second case uses the fa-
tigue strength coefficient interpolated at 108 cycles. The third case
uses the averaged value of fatigue strength coefficients beyond 107

cycles. The model predictions for these three cases are shown in
Fig. 12 together with experimental data. It is shown that the fati-
gue life prediction has no significant difference in the three cases.
In the current investigation, the fatigue limit estimation uses the
average value of reported fatigue strength coefficients beyond
107 cycles.

5.5. Fatigue crack threshold stress intensity factor measurement

Another important parameter is the fatigue crack threshold
stress intensity factor range in the EIFS calculation. It is known that
the estimated fatigue crack threshold stress intensity factor range
(DKth) depends on the experimental procedure. Different experi-
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mental techniques will lead to different DKth estimates, such as
those from load-reduction or compression pre-cracking constant
amplitude procedures (CPCA) [36]. The EIFS calculation and fatigue
life prediction will depend on the experimental technique used to
measure DKth. Detailed theoretical and experimental study on the
selection and justification of proper experimental techniques in
determining the crack threshold stress intensity factor range is be-
yond the scope of this study. In the current investigation, the DKth

of the collected experimental data [30,34] is measured using piezo-
electric ultrasonic resonance testing at about 20 kHz. This method
is originally proposed by Mayer et al. [30], which is different from
the typically used load-reduction or CPCA technique [36]. In the
experimental validation section, it is shown that the proposed
methodology and the used DKth estimation from this technique
give a satisfactory life prediction in the current investigation. The
usage of the proposed methodology with DKth measured by load-
reduction or CPCA needs further study. Another important issue
is the data fitting near the near-threshold regime, where experi-
mental data is very hard to obtain. Further investigation is required
for near-threshold data fitting.

6. Conclusion

A new probabilistic EIFS calculation methodology is proposed in
this paper. Unlike existing back-extrapolation methods for EIFS
calculation, the proposed method is based on the Kitagawa–Takah-
ashi diagram and tries to match the infinite fatigue life of specimen
by using the fracture mechanics-based life prediction approach.
One advantage of the proposed method is that it only requires fa-
tigue limit data and fatigue crack threshold intensity factor data for
EIFS calculation, which makes the proposed EIFS is independent of
stress levels. The other advantage is that it does not solve the in-
verse crack growth problem, which makes the calculation of EIFS
statistics very efficient. A probabilistic fatigue crack growth analy-
sis based on the EIFS distribution is also proposed to calculate the
fatigue life distribution of smooth plate specimens. Plasticity cor-
rection is included in the proposed methodology and Monte Carlo
simulation is used to calculate the fatigue life distribution using
the developed EIFS method. Several experimental data for different
metallic materials are used to validate the proposed methodology.

Based on the results of investigated materials, several conclu-
sions can be drawn:

(1) Through crack and surface crack assumption will obviously
offset the results of EIFS using the proposed methodology.
However, this change will not affect the probabilistic life
prediction, as long as EIFS and life prediction calculation
use the same assumption.
(2) The probabilistic life prediction of aluminum alloys AlSi9Cu3

under two stress levels and under two temperatures (150 �C
and under stress amplitude of 71 MPa; 20 �C and under the
stress amplitude of 107 MPa) shows a bi-modal distribution,
which can be explained by the presence of both surface
crack growth and internal crack growth mechanisms. Sur-
face crack growth contributes to the short life tail and is
more critical for fatigue reliability analysis.

(3) For materials with large initial defects, the proposed EIFS can
give a good estimate of the actual material flaw size. For
materials with very small initial defects, the proposed EIFS
only presents an equivalent quantity for fatigue life predic-
tion using long crack growth data.

The proposed EIFS calculation is validated using smooth plate
specimens under constant amplitude loading. Future study is re-
quired for notched specimen and under variable amplitude load-
ing. This paper only considered uniaxial Mode I loading. The
validity of the proposed method under arbitrary mixed-mode load-
ing needs further study.
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