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Abstract

A new mixed-mode threshold stress intensity factor is developed using a critical plane-based multiaxial fatigue theory
and the Kitagawa diagram. The proposed method is a nominal approach since the fatigue damage is evaluated using
remote stresses acting on a cracked component rather than stresses near the crack tip. An equivalent stress intensity factor
defined on the critical plane is proposed to predict the fatigue crack growth rate under mixed-mode loading. A major
advantage is the applicability of the proposed model to many different materials, which experience either shear or tensile
dominated crack growth. The proposed model is also capable to nonproportional fatigue loading since the critical plane
explicitly considers the influence of the load path. The predictions of the proposed fatigue crack growth model under con-
stant amplitude loading are compared with a wide range of fatigue results in the literature. Excellent agreements between
experimental data and model predictions are observed.
� 2006 Published by Elsevier Ltd.
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1. Introduction

The investigation of fatigue crack behavior using fracture mechanics has been largely focused on mode I
loading [1]. However, engineering components or structures are often subjected to both normal and shear
loading (modes II and III). This type of fatigue problem is usually referred to either as the multiaxial fatigue
problem for classical fatigue analysis (S–N or e–N curve approach) or the mixed-mode fatigue crack problem
within the context of fracture mechanics. Several reviews of existing multiaxial fatigue models [2,3] and mixed-
mode fatigue crack growth models [4,5] are available in the literature. A comprehensive review and compar-
ison of different models is not the objective of the current study and thus only a few of them are briefly
described below.

For the multiaxial fatigue models using the S–N (e–N) curve approach, the critical plane-based models have
been gaining popularity due to their success in accurately predicting lives [2]. The development of the critical
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plane approach is based on the observations that the fatigue crack nucleated along certain planes in the mate-
rial. The planes are named ‘‘critical plane’’ and the stress (strain) components on it are used for fatigue anal-
ysis [3]. Liu and Mahadevan [6] examined various critical plane-based models and grouped them into two
categories based on their underlying failure mechanisms. A number of the critical plane approaches are for
the shear failure mode and some others are for the tensile failure mode. It has been found that the methods
based on one failure mode perform poorly for the fatigue modeling of the other failure mode [7,8]. Jiang [9]
proposed an incremental critical plane-based model. The Jiang model can deal with tensile cracking, shear
cracking, and mixed cracking behavior. Recent work by Jiang and Feng [10] and Feng et al. [11] has extended
the application of the Jiang multiaxial fatigue criterion to predicting general crack growth. As the Jiang model
used plastic strain energy as the major measure of the fatigue damage, the model is only applicable to ductile
materials.

For the mixed-mode fatigue crack models, a similar trend comparable with those of the multiaxial fatigue
models can be found in the literature. A number of existing models assume that the tensile crack growth dom-
inates during the fatigue crack propagation. The maximum tangential stress (MTS) criterion proposed by
Erdogan and Sih [12] and the maximum tangential strain (MTSN) criterion proposed by Chambers et al.
[13] are two typical models using the tensile failure mode assumption. Yan et al. [14] used an equivalent stress
intensity factor defined on the maximum tangential stress plane, which also assumed the tensile failure mode.
Many other models based on energy concepts, such as the energy release rate model [15], the strain energy
density model [16] and the dilatational strain energy density model [17], can be also deemed as variations
of a tensile failure-based model similar to the MTS criterion [18]. Compared with a large number of models
based on the tensile failure mode, relatively few models based on the shear failure mode are available in the
literature. Otsuka et al. [19] observed Mode II crack growth in ductile steels and stated that fatigue cracks can
either grow along the maximum tangential stress plane (mode I) or along the maximum shear stress plane
(mode II). A similar approach for the crack growth under static loading has been proposed by Chao and
Liu [18], in which the MTS criterion and the MSS (maximum shear stress) criterion are combined together
to predict the crack growth. Socie et al. [20] proposed an equivalent strain intensity factor for the near thresh-
old small crack growth, which is defined on the maximum shear strain plane. A similar approach was also
proposed by Reddy and Fatemi [21].

It is well known that models based on the tensile failure mode work well for brittle materials. For ductile
materials, both mode I and mode II cracks could occur and the models based on a single failure mechanism
cannot give a satisfactory prediction [4,18]. For mixed-mode fatigue crack growth, it has been reported that
the crack could change the growth mode depending on the applied loading amplitude [22]. Gao et al. [22]
observed that the near threshold crack growth is shear-mode and the crack branches to tensile-mode when
the applied mixed-mode loading is gradually increased. This type of observation indicates that no single model
based on a specific failure mechanism can be applied to the whole regime of the fatigue crack growth, i.e., from
near-threshold crack growth to long crack growth, since the underlying failure mechanisms could be different.

For the fatigue problem under multiaxial loading, the nonproportionality of the applied loading is another
important factor affecting the fatigue life. The effects of different loading paths on the fatigue crack initiation
life have been studied by previous researchers [6,23–25]. For mixed-mode fatigue crack propagation, several
studies have focused on the nonproportionality effect [1,4,26]. Feng et al. [26] observed different crack growth
behavior under different loading paths with identical loading magnitude in the axial and the torsional direc-
tions and stated that many models using applied stress intensity range or J-integral range are not capable
under this situation as they produce identical predictions under different loading paths. A reasonable model
for mixed-mode fatigue crack growth should consider the loading path effects.

In this study, a new model for mixed-mode threshold stress intensity factor and growth rate prediction is
proposed. The method is a nominal approach since it is developed using remote stresses rather than stresses
near the crack tip. Two major advantages of the proposed model are that it can automatically adapt for dif-
ferent failure mechanisms and that it considers the loading path effects. A multiaxial fatigue limit criterion
proposed earlier by the authors [27] is extended to develop a threshold stress intensity factor criterion using
the Kitagawa diagram [28]. Following this, an equivalent stress intensity factor is proposed for the crack
growth rate prediction. The predictions of the proposed fatigue damage model under constant amplitude load-
ing are compared with a wide range of experimental fatigue results in the literature.
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2. Proposed model for mixed-mode fatigue

2.1. Multiaxial fatigue limit criterion

A stress-based approach is commonly used for high-cycle fatigue analysis. The stress-based approaches can
be divided into four groups based on empirical equivalent stress, stress invariants, average stress and critical
plane stress [2]. Liu and Mahadevan [27] proposed a critical-plane based model for multiaxial fatigue damage
modeling and validated the model using bending-torsional fatigue experimental data. Different from most
existing critical plane-based models, the proposed method does not rely on the cracking mechanisms, such
as the crack growth orientations [27]. The critical plane in the proposed model is only a material plane on
which the stress/strain components are used to analyze the fatigue damage of materials. It arises from the idea
of mathematical dimensional reduction rather than the physical cracking observations. Even without knowing
the cracking mechanisms, the proposed method can still be applied. This is one of the advantages of the pro-
posed method. For example, this feature makes it possible to be applied to both metallic and composite mate-
rials, even through the cracking mechanism for the two materials are fundamentally different [29].

The plane experiencing maximum normal stress amplitude is first identified in the proposed method. The
angle between the critical plane and the maximum normal stress amplitude plane is c, which depends on dif-
ferent materials. A detailed derivation and explanation of the model can be found in Liu and Mahadevan [27].
Only the results are shown here. The general fatigue limit criterion under multiaxial loading is expressed as
Table
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where rc and sc are the normal stress amplitude and shear stress amplitude acting on the critical plane, respec-
tively. rH is the hydrostatics stress amplitude. A and B are material parameters which can be determined by
uniaxial and torsional fatigue limits. Material parameters A, B and c are listed in Table 1. The material para-
meter s ¼ t�1

f�1
is related to the material ductility and affects the critical plane orientation. For brittle materials,

the critical plane is close to the maximum normal stress amplitude plane. For ductile materials, the critical
plane is close to the maximum shear stress amplitude plane. Thus this model can automatically adapt for dif-
ferent failure modes, i.e., tensile or shear dominated failure. The model is load path-dependent since different
loading paths result in different critical plane orientations and thus different fatigue life prediction.

Liu et al. [30] modified the above criterion to be applicable to a general 3D stress condition. Out-of plane
shear stress component is included in the criterion and Eq. (1) is rewritten as
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where the subscripts (1), (2), (3) of rc and sc indicate the directions of the stress amplitude as shown in Fig. 1.
For the axial-torsional loading, one component of shear stress amplitude reduces to zero, and Eq. (2) reduces
to Eq. (1).
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Fig. 2. Schematic representation of Kitagawa diagram for fatigue limits and threshold stress intensity factor.
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2.2. Fatigue limit and threshold stress intensity factor

The concept of fatigue limit is traditionally used within the fatigue resistance design approach, which
defines a loading criterion under which no macroscopic crack will form. The concept of threshold stress inten-
sity factor is often used within the damage tolerant design approach, which defines a loading criterion under
which the cracks will not grow significantly [31]. A link between the fatigue limit and the threshold stress inten-
sity factor was proposed by Kitagawa and Takahashi [28]. The fatigue limit against the crack size using the
Kitagawa diagram is shown in Fig. 2. According to the well-known El Haddad model [32], the fatigue limit
can be expressed using the threshold stress intensity factor and a fictional crack length a. The crack length a

represents the intersection of the smooth specimen fatigue limit and the linear elastic fracture mechanics
(LEFM) threshold stress intensity factor, i.e.,
f�1 ¼
KI;thffiffiffiffiffiffi

pa
p ð3Þ
where KI,th is the threshold stress intensity factor for mode I loading. A similar formula can be also expressed
for mode II (or III) loading
t�1 ¼
KII;thffiffiffiffiffiffi

pa
p or t�1 ¼

KIII;thffiffiffiffiffiffi
pa
p

� �
ð4Þ
where KII,th and KIII,th are the threshold stress intensity factors for mode II and mode III loading, respectively.

2.3. Mixed-mode I + II threshold stress intensity factor

As shown in the last section, the Kitagawa diagram links the fatigue behavior of cracked and noncracked
material together. Using this concept, it is easy to extend the multiaxial fatigue limit criterion in Section 2.1 to
a mixed-mode threshold stress intensity factor criterion, as derived below.
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To facilitate the discussion, first consider a simple problem as shown in Fig. 3. An infinite plate is under
remote tensile stress and shear stress, which has a centered crack of length 2a. This results in a mixed-mode
I and II condition near the crack tip. Suppose the remote tensile stress has a range of r with zero stress ratio
and the remote shear stress has a range of s with zero stress ratio.

The range of the mode I stress intensity factor is
KI ¼ r
ffiffiffiffiffiffi
pa
p

ð5Þ

The range of the mode II stress intensity factor is
KII ¼ s
ffiffiffiffiffiffi
pa
p

ð6Þ

Substituting Eqs. (3)–(6) into Eq. (1) and Table 1, we obtain
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where k1, k2 and kH are loading-related parameters with the same units as stress intensity factor. For propor-
tional multiaxial loading, they can be expressed as
k1 ¼ KI

2
ð1þ cos 2aÞ þ KII sin 2a

k2 ¼ � KI

2
sin 2aþ KII cos 2a

kH ¼ KI

3

8><
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where a is the critical plane orientation. It can be expressed as
a ¼ bþ c ð9Þ

where b is the maximum normal stress amplitude plane orientation at the far field. For proportional loading,

b ¼ 1
2

tan�1 2KII

KI

� �
. A schematic representation of the critical plane orientation is shown in Fig. 4. Fig. 4
Fig. 4. Orientation of critical plane and maximum normal stress plane.
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illustrates the critical plane orientation and its relationship with the original coordinate and the maximum nor-
mal stress amplitude plane. In the proposed method, the critical plane depends on the applied loading (i.e., the
maximum normal stress amplitude plane b) and the material properties (i.e., the angle between the critical
plane and the maximum normal stress amplitude plane c). The orientation a of the critical plane is the sum-
mation of both b and c.

For general nonproportional loading, the axial loading and the torsional loading may not reach the max-
ima simultaneously. Numerical search is required to find the value of b, k1 and k2 [30]. c has been defined in
Table 1 earlier. Note that s in Table 1 is redefined using the threshold stress intensity factor under mode I and
mode II loading as s ¼ KII;th

KI;th
. Eqs. (7)–(9) together with the material parameters defined in Table 1 are used for

threshold stress intensity factor prediction under general mixed-mode loading.
In Eq. (8), k1 and k2 are loading-related parameters with the same units as the stress intensity factor. How-

ever, they are not the same as those defined in the fracture mechanics for kinked cracks [33]. The equivalent
stress intensities of kinked crack are obtained using the stress field near the crack tip. The proposed parameters
are obtained using the remote stress transformation and thus we name the proposed model as a nominal
approach.

Similar to Liu and Mahadevan [30], the ratio of mode II and mode I threshold stress intensity factor

s ¼ KII;th

KI;th
is related two different material failure mechanisms. A larger value of s (s P 1) indicates tension-

dominated failure and smaller s s 6 1ffiffi
3
p

� �
indicates shear-dominated failure. If the value of s is known (based

on uniaxial and pure torsional fatigue tests), the proposed model can automatically adapt for different failure
mechanisms.

2.4. Mixed-mode I + II fatigue crack growth

After developing the threshold stress intensity factor criterion as above, the methodology for fatigue crack
growth rate prediction is relatively easy. Note that the threshold stress intensity factor is often related to the
stress intensity at a very low crack growth rate da

dN < 10�8–10�7 mm=cycle
� �

. Eq. (7) can be rewritten as
1

B
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ðk1Þ2 þ
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s
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s
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The left side of Eq. (10) can be treated as the equivalent stress intensity. It can be used to correlate with the
crack growth rate using the mode I crack growth curve. For prediction corresponding to a general crack
growth rate da/dN, the threshold stress intensity factors (KI,th and KII,th) may be replaced by the stress inten-
sity coefficients at the specific crack growth rate (KI,da/dn and KII,da/dn). In the proposed mixed-mode crack
growth model, stress intensity coefficients at the specific crack growth rates are considered as equivalent stress
intensity factor for mixed-mode case. Then the mixed-mode crack growth model is expressed as
Kmixed;eq ¼
1

B

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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da
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where f da
dN

� �
is the crack growth curve obtained under mode I loading. The quantity s in Table 1 is redefined as

s ¼ KII;da=dN

KI;da=dN
. Eq. (11) has no closed-form solution. In practical calculation, a trial and error method can be used

to find da
dN. For high cycle fatigue problem, KII,da/dN and KI,da/dN take initial values as KII,th and KI,th, respec-

tively. It is found that usually a few iterations are enough to make Nf converge. Eq. (11) together with the
parameters in Table 1 may be used for fatigue crack growth rate prediction under mixed-mode loading.

2.5. Mixed-mode I + III and I + II + III crack

The above derivation is for mixed-mode I + II loading. Similar results can be obtained for mixed-mode
I + III loading. For isotropic materials, no difference is obtained for fatigue limit for in-plane shear stress
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or out-of-plane shear stress. These two different loadings result in mode II and mode III stress intensity factors
if the frictional crack is included. Similar to Eq. (6), the mode III stress intensity factor can be expressed as
Table
Experi

Mater

6061A
7075-T
316 St
Alumi
2017-T
Mild s
2024A
SiCp/2
KIII ¼ s
ffiffiffiffiffiffi
pa
p

ð12Þ

a refers to the crack depth under the mixed-mode I + III loading and refers to the crack length (surface crack)
under the mixed-mode I + II loading. The experimental verification of mixed-mode I + II conditions and
mixed-mode I + III conditions shown in the next section recognizes the above definition. Following the same
procedure as described in Sections 2.2 and 2.3, the mixed-mode I + III threshold stress intensity factor and
growth rate model can be also developed. They are almost same with those for mode I + II except all the mode
II components are replaced by mode III components, i.e., KII, KII,th and KII,da/dN are replaced by KIII, KIII,th

and KIII,da/dN, respectively
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If the material is under remote tensile stress, in-plane and out-plane shear stress, it results in mixed-mode
I + II + III loading on the crack. Compared with mode I + II and mode I + III loading, the problem is more
difficult, especially when none of these stress components is proportional. Eq. (2) is used for general mixed-
mode loading. Following the same procedure for the mixed-mode I + II case, the formulas for general
mixed-mode I + II + III loading are derived as
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3. Experimental validation

3.1. Comparisons of the threshold stress intensity factor

Eight sets of fatigue experimental data available in the literature are employed in this section, and are listed
in Table 2. The predicted thresholds and the experimental observations are plotted in Fig. 5. In Fig. 5, the
x-axis and the y-axis are the applied stress intensity ranges for mode I and mode II (or mode III), respectively.
All values are normalized using the mode I threshold stress intensity factor. For comparisons, the predictions
using the MTS, the maximum strain energy release rate and the minimum strain energy density are also
plotted.
2
mental threshold data used for model validation

ial name References Loading case KI,th (MPa m1/2) s = KII,th/KI,th

l [34] I + II 3.9 0.55
6 Aluminum alloy [35] I + II 1.6 0.64

ainless steel [22] I + II 5.81 0.7
num alloy [36] I + II 2.75 0.83
3 Aluminum alloy [35] I + II 1.6 0.9
teel [37] I + III 6.6 1.1
l [38] I + II 3.9 1.46
024Al composite [38] I + II 4.8 1.79
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Fig. 5. Comparisons of predicted and experimental threshold stress intensity factors.
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Two different formats of experimental data are collected. Several materials (6061Al, 316 stainless steel, mild
steel, 2024Al, SiCp/2024Al composite) used the threshold stress intensity factor values directly. Other mate-
rials (7075-T6 aluminum alloy, aluminum alloy, 2017-T3 aluminum alloy) used the values for initial growth
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crack and nongrowth crack. For the later ones, predictions going through between the two sets of data points
indicate good approximation, since the actual threshold stress intensity factor values fall between the values of
initial growth crack and nongrowth crack. As shown in Fig. 5, the predicted values agree with experimental
observations very well.

Theoretical s values for the MTS, the minimum strain energy density and the maximum strain energy
release rate methods are 0.87, 0.96 (plane strain) and 1, respectively, regardless of the material. When the
Table 3
Experimental crack growth rate data used for model validation

Material name References Loading case Mode mixity u (deg)

3.5NiCrMoV forging steel [39] I + III 0, 30, 60
Rail steel [40] I + II 0, 12, 30, 65
Metal X [41] I + II 0, 45, 60
304 Stainless steel [42] I + II 0, 15, 45, 75
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Fig. 6. Comparisons of predicted and experimental fatigue crack growth rates.
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material has an s value near one of the above numbers, the corresponding model gives a reasonable prediction
(see Fig. 5(d) for aluminum alloy and Fig. 5(e) for 2017-T3 aluminum alloy. The actually observed s values for
the material are shown in the figures). For materials with other s values, it is seen the above three models give
poor predictions (see Fig. 5(a)–(c), (f)–(h)). The proposed method generally gives better predictions than the
existing three models.

3.2. Comparisons of fatigue crack growth rates

Four sets of fatigue experimental data are employed in this section, and are listed in Table 3. The predicted
crack growth rates and experimental observations are plotted in Fig. 6. In Fig. 6, the x-axis is the equivalent
applied stress intensity range (Eq. (11)) under mixed-mode loading. The y-axis is the fatigue crack growth
rate. Different types of mixed-mode loading are represented using an angle u, as listed in the legends for
Fig. 6(a)–(e). The angle u is defined as
u ¼ tan
KI

KII

� �
ð17Þ
As shown in Fig. 5, the proposed model correlates different types of mixed-mode crack growth rates using
the mode I crack growth function. It needs to be pointed out that the proposed model is not tied to a specific
function format to represent the experimental data. Instead of using the commonly used Paris law or other
model forms, the best regression model form is used to represent the experimental mode I data and to predict
the crack growth rate under mixed-mode loading.

4. Discussions

4.1. Crack growth under different failure mechanism

One of the advantages of the proposed model is that it can automatically adapt for different failure mech-
anisms, namely shear-dominated failure and tension-dominated failure. From Table 1, it can be seen that the
critical plane in the proposed model depends on the material property s. It has been shown that s, the ratio of
shear strength coefficient and tensile strength coefficient, is related to the material ductility [27] and to the
material failure modes [6]. Once the s value is known, the proposed model can be used to predict the crack
growth for any failure mechanism.

One typical observation of mixed-mode crack growth is that the underlying failure mechanism might
change at different stages. Gao et al. [22] observed that fatigue crack initially propagates in a shear-mode.
After growing a few grain diameters, a tensile-mode growth was observed and continued until failure. A sche-
matic plot of the fatigue crack growth is shown in Fig. 7(a). It is well known that the total fatigue crack growth
regime can be divided into three sub-regimes: near-threshold crack growth, Paris law crack growth and rapid
crack growth, as shown schematically in Fig. 7(b) [43]. Gao’s observations [22] indicate that both the fatigue
crack growth rates and the underlying mechanisms are quite different for near-threshold crack growth and
Paris law crack growth. It can be expected that tensile failure mechanism-based model and shear failure mech-
anism-based model cannot be applied to the entire regime of this material [22], as the cracking observation
violates the physical basis of the model.

However, the proposed model can easily adapt for different failure modes, and thus is capable of represent-
ing both near-threshold crack growth and Paris law crack growth. Gao’s [22] experimental observations for
shear-mode and tensile-mode crack growth thresholds are plotted in Fig. 7(c). The predictions using the pro-
posed model are also plotted. It is observed that the proposed model works well for both failure modes, i.e.,
s = 0.7 (shear dominated) and s = 1.6 (tension dominated).

4.2. Fatigue crack growth under nonproportional loading

For multiaxial fatigue or mixed-mode fatigue crack problem, the nonproportionality of the applied loading
affects the final fatigue damage. Models based on the applied loading amplitude alone cannot capture the
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loading path effect. The proposed model is developed from a critical plane-based model, which considers the
loading path effect. In the proposed model, the critical plane depends on the maximum normal stress ampli-
tude plane during the cyclic loading. For loadings with identical amplitudes but different loading paths, the
maximum stress amplitude planes are different. Thus the fatigue damage prediction is also different.

Feng et al. [26] performed fatigue crack growth experiments under nonproportional loading and observed
different crack behavior, using a nonstandard experimental set up (i.e., combined tension and torsion on a
disk-shape compact tension specimen). The fatigue crack in the experiment showed complex nonplanar behav-
ior (i.e., both branch and slant of the crack surface). The mode mixity of cracks is very complicated due to
loading mixity and nonplanar crack orientation. A quantitative comparison of the proposed model with their
experimental observations requires sophisticated 3D finite element analysis and crack growth analysis. That is
beyond the scope of the current study. Thus, only a qualitative comparison is shown here by using a numerical
example similar to the load paths used in Feng et al. [26].

The numerical example is a mixed-mode I + III crack in an infinite plate. The half-crack length is 5 mm.
The load paths of remote stresses are plotted in Fig. 8. Three different load paths similar to those used by Feng
et al. [26] are used. The normal stress amplitude and shear stress amplitude are assumed to be 120 MPa and
80 MPa, respectively. The stress ratio is 0.1. The material parameter s is assumed to be 0.95, which indicates
brittle material property [44]. The calculation results of the critical plane orientation and stress components on
the critical plane are listed in Table 4. The experimental observations by Feng et al. [26] of the crack slant
angles are also listed. In order to show the crack growth rates under different load paths, the Walker equation
[45] for material fatigue crack growth function is used for illustration purposes (Eq. (18)).
da
dN
¼ 3� 10�11ðDKÞ3

ð1� RÞ0:5
ð18Þ
where R is the stress ratio.
The crack length vs. number of cycles is plotted in Fig. 9. It is observed that the crack growth rate of path I

is faster than that of path II. The stress components listed in Table 4 show that path II has smaller mean stress
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Table 4
Stress components on the critical plane, and critical plane orientation

Load path rc,a (MPa)a rc,m (MPa)a hc,n (deg)b hc,e (deg)b

Path I 144 176 43 45 (max)
Path II 144 105 43 30–60
Path III 119 188 16 8 (average)–15 (max)

a rc,a and rc,m are the normal stress amplitude and mean normal stress on the critical plane, respectively.
b hc,n is the critical plane orientation in the numerical example. hc,e is the crack slant angle from the experimental observations by Feng

et al. [26].
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compared with path I. It is expected that path II will have slower crack growth rates. This numerical predic-
tion qualitatively agrees with the experimental observations of Feng et al. [26]. However, the nonproportional
load path III has a slightly slower crack growth rate compared to that of the proportional load path I. This
observation is different from that of Feng et al. [26], which shows faster crack growth rate under the nonpro-
portional load path. It is well known that nonproportional loading results in longer fatigue life in high cycle
fatigue (i.e., elastic material response) compared to proportional loading with the same amplitude [46]. The
reason is that proportional loading results in higher stress amplitude within the material. However, in low
cycle fatigue (i.e., elasto-plastic material response), nonproportional loading results in shorter fatigue life com-
pared to proportional loading with the same amplitude. This is due to the out-of-phase hardening effect [25].
The plastic deformation near the crack tip might be one of the reasons for the faster nonproportional crack
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growth. The proposed method is a stress-based critical plane approach and does not consider plastic deforma-
tion. A strain-based critical plane approach [6] can consider plastic deformation but needs further study.

Liu and Mahadevan [6,27] have shown that the proposed concept accurately predicts the loading path effect
for fatigue limit prediction, which is the same as threshold stress intensity factor predictions following the
assumption of the Kitagawa diagram. Further theoretical and experimental study is needed for fatigue crack
growth under general nonproportional loading and for complex mechanical components.
5. Conclusion

A new threshold stress intensity factor under mixed-mode loading is developed in this paper. The prediction
based on the proposed criterion shows excellent agreement with the experimental threshold stress intensity fac-
tor data reported in the literature. The new threshold stress intensity factor criterion is then extended to
develop a fatigue crack growth rate prediction model. Four sets of experimental fatigue life data under
mixed-mode loading conditions are used to validate the proposed methodology. A very good agreement is
obtained between experimental and predicted fatigue crack growth rates.

The proposed fatigue crack growth model is a nominal approach, which is developed using the remote
stress components and the critical plane concept. Most of the existing fatigue crack growth models can only
be applied to individual failure modes, i.e., shear dominated failure or tension dominated failure. Their appli-
cability generally depends on the material’s properties and loading conditions. In the proposed model, the crit-
ical plane changes corresponding to different material failure modes, thus helping the proposed model to have
a wide range of applicability.

The proposed model is also capable of handling nonproportional mixed-mode loading. Compared with
many of the existing fatigue crack growth models, which give identical predictions for the experiments with
same amplitudes but different loading paths, the proposed model gives different predictions. However, further
experimental work is required to validate the proposed methodology.

The proposed approach uses the nominal remote stress quantities. Models based on the remote stress and
strain will need to be modified in order to include the overload effect and the notch effect. At present, the pro-
posed model is applicable to mixed-mode constant amplitude loading. Further work is needed to extend the
proposed model to general mixed-mode random loading.
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