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Coherent interaction of spins induced by thermal bosonic environment
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Abstract

We obtain and analyze the indirect exchange interaction between two two-state systems, e.g., spins, in a formulation that also incorporates the
quantum noise that they experience, due to a bosonic environment, for instance, phonons. We utilize a perturbative approach to obtain a quantum
evolution equation for the two-spin dynamics. A nonperturbative approach is used to study the onset of the induced interaction, which is calculated
exactly. We predict that for low enough temperatures the interaction is coherent over time scales sufficient to create entanglement, dominated by
the zero-point quantum fluctuations of the environment. We identify the time scales for which the spins develop entanglement for various spatial

separations.

PACS: 75.30.Et; 71.70.-d; 71.55.-i; 73.21.-b

Keywords: Exchange interaction; Entanglement; Thermal environment; Qubit

Studies of open quantum systems have a long history [1,2].
Recent experimental advances have allowed the observation
of fundamental quantum mechanical phenomena in nanostruc-
tured systems in condensed matter and other fields. Promise of
applications for quantum information processing has stimulated
significant interest in theoretical studies of quantum coherence
and entanglement in situations when the quantum system is
subject to environmental noise [1-5]. In the present work, we
consider two two-state systems: qubits, e.g., spins 1/2, in a ther-
mal bosonic environment (bath). We study the emergence of
the indirect exchange interaction between two localized spins
and identify the regimes where entanglement generated by this
interaction can be observed. We report results for geometries
relevant for recent experiments [6—8].

Quantum computing schemes with qubits coupled by indi-
rect exchange of excitons were proposed in [9-12], and these
interactions are also of interest in studies of quantum phase
transitions [13]. Traditionally, such RKKY-type interactions
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were calculated perturbatively at zero temperature, without con-
sidering quantum noise, with conduction electrons [14] or exi-
tons [15] acting as the “bath”. Recent works [16,17] consid-
ered the effects of noise for a thermalized bath of, respectively,
noninteracting and interacting electrons. A bath of thermalized
bosonic modes can cause decoherence and, for more than one
qubit, disentanglement. These effects have been studied exten-
sively in the recent literature [18]. It has also been anticipated
[19] that such a thermalized bath of modes can induce entan-
glement under certain conditions.

In this Letter, we investigate both physical effects of a
thermalized bosonic bath in which two qubits are immersed.
Specifically, the induced interaction, which is effectively a zero-
temperature effect, and the quantum noise, originating from
the same bath modes, are derived within a uniform treatment.
We study the dependence of the induced interaction (coherent)
vs. noise (decoherence) effects on the parameters of the bath
modes, qubits, and their coupling, as well as on the geometry
of the qubit system.

We consider two localized spins separated by distance d and
identically coupled with the modes of a thermalized bosonic
bath, described by Hp = Zk wkaiak, where we set i = 1.
The external magnetic field will be represented by the Hamil-
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tonian Hg, corresponding to the energy gap A between the up
and down states for each spin. A natural example of the de-
scribed model are spins of two localized electrons interacting
via lattice vibrations (phonons) by means of the spin-orbit in-
teraction [20]. For each type of phonons, the interaction can
be assumed [1,2,20] linear in the bosonic variables. Without
loss of generality, the calculational techniques can be developed
for a coupling that involves a specific spin component, which
will be the same for both spins and denoted by S; for the jth
spin, localized at r;. Thus we take Hgp = ijl,Z S;X;, where

X;i=>k gKe ® i (ay + aik). All our derivations, however, can
be generalized to include all the projections of the spin [21],
and we give some illustrative numbers for such a calculation
below. Our emphasis here is on comparing the relative impor-
tance of the coherent vs. noise effects of a given bosonic bath in
the two-qubit dynamics. We do not include possible other two-
qubit interactions in such comparative calculation of dynamical
quantities.

The overall system is described by the Hamiltonian H =
Hs + Hp + Hgp. Let us point out that such a model is quite
general and it also finds applications, for instance, in quantum
optics [22] where the Hamiltonian H would describe atoms
(regarded as the two level systems) interacting with an elec-
tromagnetic field. Our detailed expressions here are obtained
for the one-dimensional case, relevant for recent experiments
that involve channel geometries [6—8], when phonons propa-
gate along d, i.e., k-d — k|d|.

The problem of describing the dynamics of the spin system
and, thus, finding the reduced density matrix, ps(t) = Trp p(t),
cannot be solved exactly in the general case. We first consider
time scales longer that the thermalization times of the bath. Fur-
thermore, we treat the interaction, Hgp, as a perturbation, and
expand the equation for the density matrix, i9; 0 () = [H, p(t)],
up to the second order in Hgp. In this regime, it is appro-
priate [2] to model the thermalization of the bath within a
standard Markovian approximation which involves factoring
out the environmental mode density matrix in the second or-
der term, replacing it by the thermal one, as well as using [1]

thermal thermal _

the initial condition p(0) = ps(0) ® pp . Here pjp

i . .. .
[k Z,:]e"”k“k“k/ k8T and Zy is the partition function for the
oscillator k. The resulting equation [2] for the density matrix is

t

ionps(t) = [Hs. ps®)] +1 [ a7 = 0psto), M)
0

where X (' —t)ps(t) = — Zij TrplS; X, [Si(t' —) X (' —1),

pg‘ermalpg (1)]] is the self-energy superoperator term.

This expression involves the correlation functions Cj; (¢) =
Trp[X; X; (t),oglermal], where i, j = 1, 2 for the two spins, with
the property C;‘l. (t) = Cj;i(—t). The present approximation as-
sumes [2] that the bath has very short memory. One can argue
that the correlation functions C;(¢) are nonnegligible only up
to times 1/w,., where w, is the frequency cutoff for electron
spins interacting with phonons. This cutoff comes either from
the phonon density of states or from the localization of the elec-
tron wavefunctions. This time scale will be considered to be

significantly smaller then the system evolution times defined
by the inverse of the energy gap A.
In the resulting evolution equation,

id;ps(1) = [Hetr, ps(1)] +iLeps(t) +iLsps(t), ()

we separate out the coherent dynamics in the first term. The
superoperators L. and Ly will be addressed shortly. In the two-
spin case, one can establish by a lengthy calculation [21], which
is not reproduced here, that

Heft = Hs + 2x(d)S152 4 O (x5(d), 15(0)), 3

which includes the effective coupling of the spin components.
Expressions for the quantities x. s and 7. s follow from, respec-
tively, the imaginary and real parts of the correlation functions
and will be given explicitly below. The last term in (3) intro-
duces corrections of relative order A /w, in the induced inter-
action and is not of interest here.

The second term in (2) is

Lepst) == nc@d){SiS;, ps(t)}
ij
+2) ne(0;d)Sips(1)S;, “)
i#]
where 6;; = 1 — §;;; it accounts for the dominant relaxation and
decoherence processes. The third term in (2), L;ps(t), involves
expressions proportional to 1, (6;;d) or xs(6;;d) and may often
be considered small compared to terms in (4), as will be shown
bellow by analyzing the magnitudes of n;(6;;d) and x;(6;;d).
In (3) and (4) we introduced the quantities

0 00
d
Xc(d):/dt/da)D(w)|g(a))|2sinwtcosw' Lecosar (5)
Ce
—00 0 $
and
0 00
(d)—/dt/d D(w)|g(@)|* coth —— cos wr
Ne(d) = wD(w)|g(w pT 1))
—00 0
d
><cosw| |cosAt, (6)
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where D(w) is the density of states of the bosonic modes; this
factor should also include the Debye cutoff at large frequen-
cies. For definiteness, we have assumed the linear dispersion,
o = csk, because details of the dispersion relation for larger
frequencies usually have little effect on decoherence properties.
Another reason to focus on the low-frequency modes is that
an additional cutoff, w., resulting from the localization of the
electron wave functions, typically much smaller than the De-
bye frequency, will be present due to the factors |g(w)|>. The
expressions for ns(d) and x,(d) can be obtained by replacing
cos At — sin At in n.(d) and y.(d), respectively. The integra-
tion in (6) then yields

T A Ald
ne(d) = ED(A)‘g(A)Izcothz— d]

)

kg Cs
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Fig. 1. The magnitude, in units of «jw,, of (a) the induced spin—spin interac-
tion, and (b) the largest decoherence amplitude. Here we took A /w. = 0.01.

Similarly, we find

Ald
Xs(d)=%D(A)|g(A)|ZCOS C' 3 ®)

To derive explicit expressions for x.(d), one needs to spec-
ify the w-dependence in D(w)|g(w)|?. For purposes of model-
ing bosonic heat-bath effects, this product is usually approxi-
mated [1] by a power law with superimposed exponential cut-
off, D(w)|g(w)|* = apa’ e/ withn > 1. Finally, we get

an—] (—l)n_lé
3%‘”_1 1_‘_52

Xc(d) = _anwz I:én 9

j|‘§=Cs/(wcd)

This quantity gives the coefficient of the leading induced inter-
action; see (3). The individual Lamb shifts in (3) are defined by
ns(0) and are not important for our discussion.

For the commonly studied case of Ohmic dissipation [1],
n = 1, the environment induces the following spin—spin inter-
action,

_ﬂgl S5. (10)
1+a)3d2/c§

Hine =
This induced interaction is temperature independent and is me-
diated by the zero-point fluctuations of the bosonic field. It is
long-range and decays as a power-law for large |d|. On the other
hand, quantum noise terms, see (2)—(4), depend weakly on |d]|,
and increase with temperature. In Fig. 1, we plot the magnitude
of the interaction y.(d) as a function of the spin separation. It is
compared, for varying temperature, to the magnitude of the de-
coherence terms, x;(d), ns(d) and n.(d), among which 7.(d)
is the dominant for the Ohmic case, n = 1, and the tempera-
ture scale of Fig. 1, i.e. for 2kT /w, from ~ 0.05. For lower
temperatures evaluation of 7,(d) may be important. For the
super-Ohmic case, n > 1, one obtains similar behavior, except
that the interaction decays as a higher negative power of |d|.
The amplitudes plotted in Fig. 1 provide qualitative infor-
mation on the dynamics. For definiteness, let us consider the

case of Hg = %Aaz(l) + %AUZ(Z) and Hjy in (10) involving
S12 = le,z). If the induced interaction were the only effect
of the bath, then the system’s dynamics would be coherent,
with oscillations determined by the energy gaps of Hg + Hiy.
This Hamiltonian has the singlet state (|1]) — [ 1))/ V2, with
the energy Ey = —2x.(d), and the (split) “triplet” C(|11) —
SILLD. (ML) + [t)/+/2, and C(1LL) + 8111)), with the
energies Eg = —/A?+4x2(d), E; = 2x.(d), and E3 =
VA% +4x2(d), respectively, where § = 2x.(d)/(A — Ep), and
C is the normalization constant. The effect of the noise terms
is to wash away the coherent behavior. The time scales of
the coherent oscillations and of the noise-induced relaxation
processes, defined by the corresponding frequencies in Fig. 1,
become comparable at the intersection curve of the two sur-
faces in Fig. 1. For larger distances and/or temperatures the
noise terms dominate.

The energy gap between E| and E; is defined by y.(d),
whereas the effective width of each level due to decoherence
will be determined by the magnitudes of y,(d), ns(d) and
nc(d). Let us estimate the magnitude of this energy splitting.
As an example, we consider two phosphorus donor impurities
in Ge, in external magnetic field in the z direction. Due to the
symmetry of the spin—phonon coupling (via spin—orbit interac-
tion), only two components, namely, o, and oy, are important
[23]. One can demonstrate that in this case the terms in (1)
proportional to products of o, and o, vanish, while the con-
tributions from the o, and oy, terms are identical. Therefore,

we can use the single-component results, with §; ~ o,gj ). For
a donor impurity electron spin, the cutoff w. ~ ¢y/ap comes
from the donor electron wave function [23], which is local-
ized on the scale of agp ~ 4 nm. The characteristic value of
the phonon group velocity in Ge is about 3 x 103 m/s. The
strength of the spin—orbit coupling, oj w,, is [23] of the order of
107 s~!. Utilizing these data in (7), (10), with n = 1 which,
strictly speaking should be only valid for one-dimensional
channel for phonon propagation, we obtain the estimate for
the E1 < E; energy splitting of about 10 MHz, whereas the
noise level for mK temperatures varies from 0.1 to 1 MHz,
depending on the magnitude of the Zeeman splitting. This co-
herence/noise “measure” can be further improved for different
cases of the phonon spectrum, the shape of the wave function,
etc. [21].

To study the onset of the exchange interaction, we con-
sider the case when the Zeeman splitting A is negligible. Then
one can actually derive an exact solution for Hs + Hp +
Hgp, with the bath modes traced over without the Markov-
ian assumption, and demonstrate the emergence of the ef-
fective interaction Hamiltonian as in (3), (9), (10). For A =
0, a lengthy calculation utilizing bosonic operator techniques
yields

ps(t) =Y Pyps(0) Pyer®, (11)
Py

where |A;) is an eigenstate of S; labeled by its eigenvalue 2,
and we introduced the projection operator Py = |A1A2) (A1 2]
The exponent consists of the real part, which represents deco-
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Fig. 2. The onset of the indirect spin—spin interaction is measured by the decay
of the correction term F(¢). The values of F(¢) are in units of @w., and are
color-coded according to the top bar.

herence,
Re Lo (1) ==Y G(t; T)[(W] = 21)> + (W — 22)?
k
+ 2cos(wkld]/cs) (M) — A1) — A2)], (12)
and imaginary part, which describes the coherent evolution,
Im Ly, (1) = Z Ci (1) cos(wild|/cs) (h1Aa — M) 25). (13)

k
Since for A =0, Hg commutes with Hgp, quantum noise in
this case only affects the off-diagonal matrix elements. Even-
tually, this destroys quantum correlations between the spins.
In (12) and (13) the standard functions [1-3] were intro-
duced,

2
t
Gi(t:T) =2@ sin® 2L coth(awy /2k5T), (14)
W}, 2
ekl .
Ck(t)—z—z(a)kt—sma)kt). (15)

@

Our focus here is on the imaginary part (13). One can
demonstrate that if the noise terms (the real part) were com-
pletely absent, the resulting evolution would be coherent with
the evolution operator given by ¢~/ [Hin+FOI \where

D(w)|g(w)|* sinwt
w

F(t):2SlSZ/d cos(wldl/c;)  (16)

0

0]

and

H, —ZanF(n)a)f. cos| n arctan wcld] $185. (A7)
L= n .
nt (1 + w%dz/cg)n/z Cs 192

Expression (16) represents the initial, time-dependent correc-
tion present only during the onset of the induced interaction.
Specifically, F(0) = — Hjy, but F(¢) decays for large times. In
Fig. 2, we plot F(¢) for the Ohmic case, n = 1, as a function of
time and spin separation. The right side of the plot in Fig. 2 cor-
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Fig. 3. The concurrence calculated for Ohmic dissipation with ) = kT /w, =
1/20. The inset gives the time dependence for different temperatures:
80kpT /we=1,2,3,4,5,6,7,8, from the top curve to the bottom one, respec-
tively: the top curve corresponds to the lowest temperature.

responds to the constant coupling regime with the interaction
Hamiltonian (17). Note that the Hamiltonian (17) with n > 1
is identical to that obtained within the perturbative Markovian
approach, cf. (3), (9), (10).

Let us investigate the role of the decoherence resulting from
the real part of £;;  in (12). Note that within the exact solu-
tion the bath is thermalized only initially, at + = 0. However,
it is expected that the effects of the quantum noise are repre-
sented qualitatively similarly to the Markovian approximation,
see (2)—(4), which implies re-thermalization of the bath after
each infinitesimal time step. To analyze the dynamics of quan-
tum correlations between the spins, we have used the concur-
rence [24]—a measure of entanglement which is widely used in
quantum information theory. For a mixed state of two qubits it is

defined [24] via the eigenvalues A of \/ JosoloZpsolol /ps
as max{0,2max; A\; — A1 — A — A3 — A4}. For A =0, and
as long as the effects of the quantum noise are small, the in-
duced interaction will split the system energies into two degen-
erate pairs, Eg = E; and E1 = E3. As a result, the dynamics
will involve coherent oscillations with the frequency defined
by the gap E1 — Eg = 4x.(d). In Fig. 3, we plot the concur-
rence for the density matrix given by (11), as a function of
time and spin—spin separation, for the (initially unentangled)
state |11), and n = 1. The inset in Fig. 3 shows the time de-
pendence of the concurrence for different temperatures. Fig. 3
demonstrates that the system can develop and maintain entan-
glement over several coherent-dynamics oscillations before the
noise-induced effects take over and the concurrence decays to
Zero.

In summary, we studied the induced indirect exchange in-
teraction due to a bosonic bath of environmental modes which
also introduce the noise. We demonstrated that it can create ob-
servable two-spin entanglement. For an appropriate choice of
the system parameters, specifically, the spin—spin separation,
this entanglement can be maintained and the system can evolve
approximately coherently for many cycles of its internal dy-
namics. However, for large times the quantum noise effects will
eventually dominate and the entanglement will be erased.
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