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Abstract

We suney the equationsof continuous-timegquantumwalks on simple one-dimensionalattices,
which include the finite and infinite lines and the finite cycle, and comparethem with the classical
continuous-timeMarkov chains. The focus of our expository article is on analyzingtheseprocesses
usingthe Laplacetransformon the stochastiadecurrencesTheresultingtime evolution equationsglas-
sical versusgquantum,are strikingly similar in form, althoughdissimilarin behaior. We alsoprovide
comparisonsvith analyseperformedusingspectraimethods.

1 Intr oduction

The theoryof Markov chainson countablestructureds animportantareain mathematicandphysics. A

guantumanalogueof continuous-timeMarkov chainson the infinite line is well-studiedin physics(for
example,it canbefoundin [12], Chaptersl3and16). More recently it wasstudiedby Aharonw et al. [2]

andby FarhiandGutmanr[11]. Thelatterwork placedtheproblemin thecontet of quantumalgorithmsfor
searchproblemson graphs.Herethe symmetricstochastianatrix of the graphis viewed asa Hamiltonian
of thequantumprocesslUsing Schibdingers equationwith this Hamiltonian,we obtaina quantumwalk on
theunderlyinggraph,insteadof a classicarandomwalk.

Recentworks on continuous-timeuantumwalks on finite graphsincludethe analyseof mixing and
hitting timesonthen-cube[16, 14], of mixing timeson circulantgraphsandCayley graphof thesymmetric
group([6, 13|, andof hitting timeson path-like graphg[8, 9]. Most of theseare structuralresultsbasedon
spectrabnalysisof the underlyinggraphs suchasthen-cube,circulantandCayley graphsand(weighted)
paths.For example,Moore andRussell[16] provedthatthe mixing time of a quantunwalk onthen-cube
is asymptoticallyfasterthana classicarandomwalk; Kempe[14] provedthatthe hitting time for vertices
on oppositeendsof the n-cubeis exponentiallyfasterthanin a classicalrandomwalk. Ahmadiet al. [6]
andGerhardtandWatrous[13] provedthatcirculantsandthe Cayley graphof the symmetricgrouplack the
uniformmixing propertyfoundin classicarandomwalks.

A recentwork of Childs et al. [9] gave intriguing evidencethat continuous-timeguantumwalk is
a powerful methodfor designingnew quantumalgorithms. They analyzeddiffusion processe®n one-
dimensionaktructuregfinite pathandinfinite line) usingspectralmethods.Anotherwork by Childs and
Goldstone[10] exploredthe applicationof continuous-timegquantumwalks to perform Grover searchon
spatiallattices.
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Thereis analternateheoryof discrete quantumwalks on graphswhich we will notdiscusshere. This
alternatenodelwasstudiedin Aharonw et al. [4] andAmbainiset al. [5], but hadappeare@arlierin work
by Meyer [15]. Thework by Ambainiset al. [5] hadalsofocusedon one-dimensiondhttices. Recently
Ambainis[1] developedan optimal (discrete)quantumwalk algorithm for the fundamentalproblem of
ElementDistinctnessThis offersanotheiideafor developingquantumalgorithms.

We suney and (re)derve equationsfor the continuous-timeclassicaland quantumwalks on one-
dimensionallatticesusing the Laplacetransformthat works directly with the recurrences.The Laplace
transformis awell-known tool in stochastigprocesseésee[7]) andit might offer a usefulalternatve to the
Fouriertransformin certainsettings.

1.1 Stochasticwalks on graphs

Let G = (V, E) beasimple(no self-loops),countable undirectedgraphwith adjaceng matrix A. Let D

be a diagonalmatrix whosej-th entryis the degreeof the j-th vertex of G. The Laplacianof G is defined
asH = A — D. Supposehat P(t) is atime-dependenprobability distribution of a stochastiqparticle)
proces®n G. Theclassicakvolution of the continuous-timevalk is givenby the Kolmogorw equation

P'(t) = HP(%). 1)

Thesolutionthis equationmodulosomeconditionsjs P(t) = e P(0), which canbe solved by diagonal-
izing thesymmetricmatrix H. This spectral approactrequiresfull knowledgeof the spectrunof H.

A quantumanalogueof this classicalwalk usesthe Schibdingerequationin placeof the Kolmogorw
equation.Let : V(G) — C bethetime-independeramplitudeof the quantumproceson G. Then,the
wave evolution is

..d
i (t) = Hi (). )

Assumingh = 1 for simplicity, the solutionof this equatioris 1(t) = e~*4)(0), which,again,is sohable
via spectrakechniguesThe classicabehaior of this quantumprocesss given by the probability distribu-
tion P(t) whosej-th entryis P;(t) = |1,(t)|?, wherew,;(t) = (j|1(t)). Theaverage probability of vertex
j is definedasP(j) = limr_,o0 & [y Pj(t)dt (see[4]).
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Figurel: Examplef someone-dimensiondhttices.Fromleft to right: Z, Py, Z4.

Thetablein Figure2 shavs the known equationdor continuous-timestochastiavalks on the infinite
(integenlineZ =4{... ,—2,-1,0,1,2,... }, thefinitecycle Zy = {0,... ,N — 1} on N vertices,andthe
finite pathPy = {0,... , N} on N + 1 vertices,in termsof thetwo kindsof BessefunctionsI(-) andJ(-).
We assuméherethatthe particleis initially at0. Theplotsin Figures3 and4 shav the dissimilarbehaior
of the classicalversusgquantumwalks.



Graph Classicalwalk Quantum walk
P;(t) = probabilityonvertex j attimet | v,(¢t) = amplitudeonvertex j attimet
Z, e_tfm(t) (—’L)'J‘Jm(t)
7N e o (t) > (=)%a(t)
a==xj(modN) a==j(modN)
Py e tI,(t) (—i)*Ja ()
a==£j(mod2N) a==£j(mod2N)

Figure2: The equationof the continuous-timeclassicalversusquantumwalks on the infinite line, finite
cycle,andthefinite line, assuminghe particlestartsat position0.

1.2 Laplacetransform

The Laplacetransformof atime-dependerfunction P(t), denotedP(s) = £L{P(t)}, is definedas

L{P(t)} = / =P (1) dt.
0
Theonly basicpropertiesof the Laplacetransformwhich we will needare(seg[3]):
e Linearity: £{aP(t) + bQ(t)} = aP(s) + bQ(s)
e Derivative: L{P'(t)} = sP(s) — P(0)
e Shifting: £{e*P(t)} = P(s — a)

TherelevantinverselLaplacetransforminvolving the Bessefunctionsare(for v > —1):

ps) = 8=

BP(s) = (Vs? +a? — )Y

1/82 _ a2)l/
1/82 — a2

—

VsZ +a?

2 The infinite line

< P(t) =d"I,(at)

P(t) = a"J,(at)

(Eqn.29.3.59in [3])

(Egn.29.3.56in [3])

Classicalprocess. The Kolmogora equatiorfor theinfinite line is

Pj(t) = 3Pj-1(t) — Pj(t) + 5 Pj41.(2),
with initial value P;(0) = do ;. TheLaplacetransformof (6) is

Pjs1(s) = 2(s + 1) Pi(s) + Bj-1(s) = —P;(0).

Thesolutionof ¢ — 2(s + 1)g + 1isq+ = (s + 1) £ /(s + 1)2 — 1. A naturalguesf the solutionis

Aq’

By :{

Ag. ifj<0
if 5 >0

(3)

(4)

(5)

(6)

(7)

(8)



When; =0, wegetd = (1 + s —q_)~!. Thus,for j € Z,

Jl :
5o 4 C((s+1) = /(s +1)2—1)l
K e i (s+1)2 -1 ' ©

UsingtheInverseLaplacetransform(4), aftershifting S = s + 1, we get
Pj(t) = e 1 (¢). (10)
Thisis aprobabilityfunction,sincee/2(=+1/2) = 5% 2k (¢),if z # 0 (seeEqn. 9.6.33in [3]).

Quantum process. The Schiddingerequatiorfor theinfinite line is

() = 35-1(t) + 39511 (2). (11)
TheLaplacetransformof (11)is
hi1(s) = 2i(s1j(s) —15(0) +hj-1(s) = 0 (12)
Thesolutionsof ¢? — 2isq + 1 areq. = i(s £ v/s2 + 1), wheregq, ¢ = 1. A guesdor thesolutionis
. Ag. if<0
(s) = . 13
Yils) {AqJ_ if j >0 (13)

. gl (V2 F1— )l
hj(s) = (Sjﬁ e L \/*Sgl—HS)J : (14)
ThelnverseLaplacetransform(5) yields,for j € 7Z,
i(t) = (=)l (t), (15)

Thisis aprobabilityfunction,sincel = JZ(z) + 2> po; JZ(z) (seeEqn.9.1.76in [3]).

Spectral analysis. Let H beaHamiltoniandefinedas (j|H|k) =
eachp € [—m, 7], define|p) sothat

5 if j = k£ 1, and0 otherwise.For

(ilp) = \/127

The eigevalue equationH [p) = A,[p) hasthe solution), = cos(p). Thus,the amplitudeof position
whenthe particlestartsat position0 is

Pl (16)

<j|e*th|0):% / el iteos(p) gy — (—3)IJ;(t) (seeEqn.9.1.21in [3]) (17)

Childset al. [9] gave amoregeneralizednalysisalongtheseines.



3 Thefinite cycle

Classicalprocess. If A istheadjaceng matrix of thefinite cycle,let H = %A — I beits Laplacianmatrix.
TheKolmogora equationfor thefinite cycleis

Pj(t) = 1Pj-1(t) = P;(t) + 1 Py (8)- (18)
Applying the Laplacetransformto (18), we get
(s +1)Pj(s) = P;(0) = $Pj-1(s) + 5Py (). (19)

For corvenience definethe extra condition P_; (s) = Py_1(s) + 2, sothat Pj 1 (s) — 2(s + 1) P;(s) +
P;_1(s) = 0 holdsfor j € Zy. Thecycle conditionis Py (s) = Py(s). We guesghesolutionto be

Pj(s) = Aq}, + B¢, (20)

wheregqy. isthesolutiontoz? — 2(s + 1)z +1 =0, i.e.,qgx = (s + 1) £ /(s +1)2 — 1,with g, g = 1.
Usingthecycle condition,we get
AgY +B¢" =A+B = A(dY -1)=B(1-¢") = B=AdY. (21)

Usingtheextra conditionand(21), we get4 = 2((g+ — ¢_)(¢} —1))~'. Thus,for j € Zy,

Pi(s) = Ad, +Bq =A(d +4¢)7)

- 2 (+d"7) _ 2 o~ (kN+Hj L (kDN

(v —g) (-6 (g+—9) kz_% (q‘ - )

x| (1) = (s +1)Z = 1)kNH N (s+1) = /(s +1)2 —1)+DN—J

- k=0 (s+1)2-1 (s+1)2-1 '

ThelnverseLaplacetransform(4), aftershifting, yields,for j € Zy,

=3 e Iingi () + Ippnynv—s ()] = > e 'Ta(t). (22)

k=0 a=+j(modN)

Quantum process. Sincethefinite cycleis aregulargraph,insteadof the Laplacianwe usethe adjaceng
matrix directly. In acontinuous-timeguantumwalk, this simply introducesanirrelevantphasefactorin the
final expressionThe Schibdingerequationjn this casejs

(1) = 59pi-1(8) + 59 (2). (23)
TheLaplacetransformof (23)is
h+1(s) — 2i(s1h(s) —45(0)) +1hj-1(s) = 0 (24)

Thecycle boundaryconditionis 4y (s) = v (s). For corveniencedefine

~

$_1(s) = Pn_1(s) = 2i. (25)



Thesolutionsof g2 — 2isq + 1 areq. = i(s £ v/s2 + 1), with ¢, ¢_ = 1. A solutionguessfor j € Zy, is

1/)J AqfF + Bq (26)
Thecycle boundaryconditionyields B = Aqf. By (25),wegetA = 2i((q+ — g—)(¢¥ —1))~". Thus,for
J € Zn,
$i(s) = A¢.+Bq =A(d +q} ])

. N— .

_ 21 (q +q- ]) ( EN+j k+1 N— J)

= " +q
(@+—g-) (1—¢)  (a+—g-) k:

[T =)V (i) (VP T — ) kDN
> + .

241 Vs? 41

ThelnverseLaplacetransform(5) gives,for j € Zy,

k=0

o0

P;i(t) = [(—i)kN+ijN+j(t) + (—i)(kH)N_jJ(kH)ij(t)] = Z (—=9)*Ja(t).  (27)
k=0 a==+j(modN)

Spectral analysis. Thenormalizedadjaceng matrix H of Z y is the circulantmatrix

0 1/2 0 ... 0 1/2

/2 0 1/2 ... 0 0
H= 0 12 0 ... 0 O ) (28)

/2 0 0 ... 1/2 0
It is well-known thatall N x N circulantmatricesare unitarily diagonalizedoy the Fourier matrix F' =
ﬁV(wN), wherewy = €2"/N andV (wy) is the Vandermondenatrix definedasV (wy)[j, k] = wif,
for j,k € {0,1,... ,N —1}. Theeigewaluesof H are); 2(wN + w]éN 1)) = cos(27j/N), for

j=0,1,... ,N — 1. Thus,thewave amplitudeatvertex j atnmet is

1 M= .
¢j (t) — ﬁ Z efztcos(ka/N)w%c. (29)
k=0

Fromearlieranalysiswe getthefollowing Besselkequation

=

-1
% ¢ iteos(mk/N) 2mik/N — 3™ (g, (1), (30)
0 a==xj(modN)

=
Il

It is anopenquestionif thereexistsatimet € RT suchthatfor all j € Zy we have |;(t)|? = 1/N, i.e.,
uniformity is achieredatsometime ¢t. For N = 2, 3, 4, it is known thatinstantaneous exact uniform mixing
is achieved (se€[16, 6)).



4 Thefinite path

Classicalprocess. Let A bethe normalized adjaceng matrix of the finite path,where A is a stochastic
matrix with the probabilitytransitionsareproportionakto the degreesof thevertices.Let H = A — I beits
Laplacian.Then,theKolmogora equationjn this casejs

Pj(t) = 1P;_1(t) — P(t) + 1Py (b), (31)
for 0 < j < N, with initial conditionP;(0) = 4,0 andboundaryconditions
Py(t) = Pi(t) — Po(t), Pn(t) = Pn-1(t) — Pn(2). (32)
TheLaplacetransformof (31)is
Pji1(s) —2(s +1)Pj(s) + Pj_1(s) =0, 0<j <N, (33)

andtwo boundaryequationg(1 + s)Py(s) — 1 = Py(s), and(1 + s)Py(s) = Py_1(s). A guessof the
solutionis

Pj(s) = A¢. + B¢, 0<j <N, (34)

wheregy = (s+1) £+/(s + 1)2 — 1. Theboundaryequationgive B— A = 2/(q, —q_) andA = Bg?V.
Combiningthesdasttwo equationsye get

2 2N
4= (¢+ —q-) (1 g_q M) (39)
Thus,forj =0,1,... ,N,
Pi(s) = A¢.+B¢ =A(d, +4¢{" )= (q+iq_) (q(ltq:_N )])
_ . ki:o 2Nk+] tq N(k+1)—j )
ThelnverseLaplacetransform(4), aftershifting, yields,for j = 0,1,... , N,
Ze [Tonk+i(t) + on(rr1y—; ()] = Z e Lo (). (36)
k=0 a==+j(mod2N)
Quantum process. The Schibdingerequationfor thefinite pathis
W (t) = 59j-1(t) + 39541(8), @37)
for 0 < j < N, with initial conditions);(0) = do,; andboundaryconditions
itho(t) = Pu(t), Wi (t) = Pn-1(t). (38)
TheLaplacetransformof (37)is
hi+1(s) = 2isthy(s) + j_1(s) =0, 0<j <N, (39)



andtwo boundaryequations sty (s) —i = 11 (s), andisn (s) = 1hn_1(s). Thesolutionsof 2 — 2isq+ 1
areqr = i(s £ vs% + 1). A guesof thesolutionis

$i(s) = A¢l. + Bq’, 0<j<N.

FromtheboundaryequationswegetB — A = 2i/(q4 — g—) andB = A¢?". Thus
24 N
A= : (41)
(+ —q-) (1 —¢*V)

Aqi_—I—Bq —A(qﬂ_+q2N ])
2 (¢ +q ") _ i (qmwm R CELE J)
(g —q-) (1-—¢*) (g+ —q-)

f: ()" +1—8)2M0H (= ;wm )2k N
s2+1 -

k=0

Vs2+1

ThelnverseLaplacetransform(5) yields,for j = 0,1,... , N,

Z[ )V Ty (2) +(—Z')QN(k+1)_jJ2N(k+1)—j(t)] = Z (=) Ja(t). (42)
k=0

a==j(mod2N)

Spectral analysis. The spectrumof a pathon n verticesis givenby Spitzer[17]. Forj € {0,1,... ,N},
theeigevalue \; andits eigevectorv; aregivenby

A = cos (%JB;) . vi(6) = \/NTH sin (%\;;”; @+ 1)) . (43)

The probabilityof measuringrertex 0 attime ¢ is givenby

JADT o (DTN _iou—a)
Py(t) = N+222 (N+2)sm( e J .

N +2

(44)

Sinceall eigevaluesaredistinct, the average probability of measuringhe startingvertex 0 is

S J+Um\ o ((k+D)m) . l/T —it(—Ag)
P0) = N+2QZ ( )sm (7N+2 Tlgr;oT A e "M dt
j+ )m
N+22z:s ( )

N +2

Equatingthis with (42), we obtaina Bessel-lile equation:

4 & (kD)
dt—mkz:osul ( ) (45)

N+2

(40)



5 Conclusions

This expositorysuney reviews equationgor the continuous-timeguantumwalks on one-dimensiondit-
tices. Thefocuswason analysidhasednthe Laplacetransformwhichworksdirectly with thestochastice-
currenceslt would beinterestingo extendthis analysigo higherdimensionabr to regulargraph-theoretic
settings. Anotherinterestingdirectionis to considelatticeswith defectsandweightedgraphd9].
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Figure3: Stochastiavalksontheinfinite line Z: (a) plot of Py(t) in the continuous-timeandomwalksfor
t € [0,50]. (b) plot of |14(¢)|? in acontinuous-timeguantumwalk for ¢ € [0, 50]. Both processesxhibit
exponentialdecay but with the quantumwalk shaving anoscillatorybehaior.
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Figure4: Stochastiavalkson thefinite cycle Zs, eachapproximatedising21 terms:(a) plot of Py(t) in the
continuous-timeandomwalksfor ¢ € [0, 50]. (b) plot of |1,()|? in the continuous-timeguantumwalk for
t € [0,500]. Theclassicawalk settlesquickly to 1/5, while the quantumwalk exhibit a short-termchaotic
behaior andalong-termoscillatorybehaior belav 0.1.
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