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Abstract

We survey the equationsof continuous-timequantumwalks on simple one-dimensionallattices,
which include the finite and infinite lines and the finite cycle, and comparethem with the classical
continuous-timeMarkov chains. The focusof our expositoryarticle is on analyzingtheseprocesses
usingtheLaplacetransformon thestochasticrecurrences.Theresultingtimeevolutionequations,clas-
sical versusquantum,arestrikingly similar in form, althoughdissimilarin behavior. We alsoprovide
comparisonswith analysesperformedusingspectralmethods.

1 Intr oduction

The theoryof Markov chainson countablestructuresis an importantareain mathematicsandphysics.A
quantumanalogueof continuous-timeMarkov chainson the infinite line is well-studiedin physics(for
example,it canbefoundin [12], Chapters13and16). More recently, it wasstudiedby Aharonov et al. [2]
andbyFarhiandGutmann[11]. Thelatterworkplacedtheproblemin thecontext of quantumalgorithmsfor
searchproblemson graphs.Herethesymmetricstochasticmatrix of thegraphis viewedasa Hamiltonian
of thequantumprocess.UsingSchr̈odinger’s equationwith thisHamiltonian,weobtainaquantumwalk on
theunderlyinggraph,insteadof aclassicalrandomwalk.

Recentworkson continuous-timequantumwalks on finite graphsincludethe analysesof mixing and
hitting timesonthe � -cube[16, 14], of mixing timesoncirculantgraphsandCayley graphsof thesymmetric
group[6, 13], andof hitting timeson path-like graphs[8, 9]. Most of thesearestructuralresultsbasedon
spectralanalysisof theunderlyinggraphs,suchasthe � -cube,circulantandCayley graphs,and(weighted)
paths.For example,MooreandRussell[16] provedthatthemixing time of a quantumwalk on the � -cube
is asymptoticallyfasterthana classicalrandomwalk; Kempe[14] proved that thehitting time for vertices
on oppositeendsof the � -cubeis exponentiallyfasterthanin a classicalrandomwalk. Ahmadiet al. [6]
andGerhardtandWatrous[13] provedthatcirculantsandtheCayley graphof thesymmetricgrouplack the
uniformmixing propertyfoundin classicalrandomwalks.

A recentwork of Childs et al. [9] gave intriguing evidencethat continuous-timequantumwalk is
a powerful methodfor designingnew quantumalgorithms. They analyzeddiffusion processeson one-
dimensionalstructures(finite pathandinfinite line) usingspectralmethods.Anotherwork by Childsand
Goldstone[10] exploredthe applicationof continuous-timequantumwalks to performGrover searchon
spatiallattices.�
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Thereis analternatetheoryof discrete quantumwalkson graphs,which we will not discusshere.This
alternatemodelwasstudiedin Aharonov et al. [4] andAmbainiset al. [5], but hadappearedearlierin work
by Meyer [15]. Thework by Ambainiset al. [5] hadalsofocusedon one-dimensionallattices. Recently,
Ambainis [1] developedan optimal (discrete)quantumwalk algorithm for the fundamentalproblemof
ElementDistinctness.Thisoffersanotherideafor developingquantumalgorithms.

We survey and (re)derive equationsfor the continuous-timeclassicaland quantumwalks on one-
dimensionallatticesusing the Laplacetransformthat works directly with the recurrences.The Laplace
transformis awell-known tool in stochasticprocesses(see[7]) andit might offer a usefulalternative to the
Fouriertransformin certainsettings.

1.1 Stochasticwalks on graphs

Let �	��

������� bea simple(no self-loops),countable,undirectedgraphwith adjacency matrix � . Let �
bea diagonalmatrix whose� -th entry is thedegreeof the � -th vertex of � . TheLaplacianof � is defined
as ��������� . Supposethat ��
 �!� is a time-dependentprobabilitydistribution of a stochastic(particle)
processon � . Theclassicalevolutionof thecontinuous-timewalk is givenby theKolmogorov equation�#"$
 �!�%�&�'�(
 ���*) (1)

Thesolutionthisequation,modulosomeconditions,is ��
 �!�%�,+.-0/1�(
324� , whichcanbesolvedby diagonal-
izing thesymmetricmatrix � . This spectral approachrequiresfull knowledgeof thespectrumof � .

A quantumanalogueof this classicalwalk usesthe Schr̈odingerequationin placeof theKolmogorov
equation.Let 5768�(

�9�;:=< bethetime-independentamplitudeof thequantumprocesson � . Then,the
waveevolution is >@?BAAC� 5D
 ���E�F�'5D
 ���*) (2)

Assuming
? �HG for simplicity, thesolutionof thisequationis 5I
 �!�E�&+KJMLN-0/O5D
324� , which,again,is solvable

via spectraltechniques.Theclassicalbehavior of this quantumprocessis givenby theprobabilitydistribu-
tion �(
 ��� whose� -th entryis �QPR
 �!�S�	T 5UPR
 �!�.T V , where5UP4
 ���W�	XY�ZT 5I
 �!�![ . Theaverage probability of vertex� is definedas �(
Y�R�%�&\^]^_9`Qacbed`gf `h � P 
 ���iAC� (see[4]).
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Figure1: Examplesof someone-dimensionallattices.Fromleft to right: n , oUp , nqp .
The tablein Figure2 shows the known equationsfor continuous-timestochasticwalks on the infinite

(integer)line nr�7sC).).)t�.�1uv�.�9GK��2w�xGK�yuv�.).).)Kz , thefinite cycle n;{r�7s|2w�.).).)}��~���G�z on ~ vertices,andthe
finite path o}{F�7s|2w�.).).)t��~�z on ~��rG vertices,in termsof thetwo kindsof Besselfunctions�Q
i��� and �E
i��� .
We assumeherethattheparticleis initially at 2 . Theplotsin Figures3 and4 show thedissimilarbehavior
of theclassicalversusquantumwalks.
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Graph Classicalwalk Quantum walk� P 
 ���%� probabilityonvertex � at time � 5 P 
 ���%� amplitudeonvertex � at time �n +KJM-
��� P �N
 �!� 
i� > � � P � ��� P ��
 ���n;{ ��C��� P.� mod{S� +KJM-$� � 
 �!� ��C��� Px� mod{S� 
i� > � � � � 
 ���o}{ ��C��� P.� mod V {W� + JM- � � 
 ��� ��C��� Px� mod V {S� 
i� > � � � � 
 �!�
Figure2: The equationsof the continuous-timeclassicalversusquantumwalks on the infinite line, finite
cycle,andthefinite line, assumingtheparticlestartsat position 2 .

1.2 Laplace transform

TheLaplacetransformof a time-dependentfunction �(
 ��� , denoted ���
$�����F�Os|�(
 ���yz , is definedas�;s|��
 �!�yzI��� bh + JZ��- �(
 ���UA4�*) (3)

Theonly basicpropertiesof theLaplacetransformwhichwewill needare(see[3]):� Linearity: �;s|�v�(
 ���U���.��
 ���yzI�F�B��(
$�K�����;���
$�K�� Derivative: �Os|� " 
 �!�yz#�&�D���
$���}����
324�� Shifting: �;s�+|  - �(
 ���yz#� ��(
$�;�¡�w�
TherelevantInverseLaplacetransforminvolving theBesselfunctionsare(for ¢¤£,�9G ):��(
$�K�%� 
$�O��¥ � V �¡� V �i¦¥ � V �¡� V §(¨ ��
 �!�%�&� ¦ � ¦ 
3�4��� (Eqn.29.3.59in [3]) (4)

��(
$�K�%� 
 ¥ � V �©� V �r���i¦¥ � V �©� V §(¨ ��
 �!�%�&� ¦ � ¦ 
3�4��� (Eqn.29.3.56in [3]) (5)

2 The infinite line

Classicalprocess.TheKolmogorov equationfor theinfinite line is� "P 
 �!�%��ª« �8P J d 
 ���}���8P4
 ���U�¬ª« �QP®­ d 
 �!�*� (6)

with initial value � P 
324�E�&¯ h®° P . TheLaplacetransformof (6) is��8P*­ d 
$�K�}�¡u±
$�²�FG|�%��QPR
$���t�³��QP J d 
$�����H�O�QPR
324�*) (7)

Thesolutionof ´ V �ru±
$�S�FG|�i´O�&G is ´ � �µ
$�q�FG|�U¶,· 
$�q�FG|� V �¸G . A naturalguessof thesolutionis�� P 
$�����º¹ �D´ P ­ if ��»¸2�D´ P J if ��£¸2 (8)
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When���F2 , weget �,�µ
¼GS�©�;��´ J � J d . Thus,for ��½¾n ,�� P 
$�K��� ´ � P �J
¼GW���O��´ J � � 
!
$�q�FG|�¿� · 
$�S�FG|� V ��G|� � P �· 
$�²�FG|� V ��G ) (9)

UsingtheInverseLaplacetransform(4), aftershifting À��&�S�&G , weget� P 
 �!�E�&+ JM- ��� P ��
 ���*) (10)

This is aprobabilityfunction,since +x-0Á¼V ��Ây­ d Á Â � �,� bÃ.Ä J brÅ Ã � Ã 
 ��� , if ÅÇÆ�F2 (seeEqn.9.6.33in [3]).

Quantum process.TheSchr̈odingerequationfor theinfinite line is> 5E"P 
 ����� ª« 5 P J d 
 �!�t� ª« 5 P®­ d 
 �!�*) (11)

TheLaplacetransformof (11) is�5 P*­ d 
$�K�¿�¡u > 
$� �5 P 
$�K�¿�È5 P 
324�!�}� �5 P J d 
$�K���F2 (12)

Thesolutionsof ´ V �ru > �|´;�FG are ´ � � > 
$�²¶ ¥ � V �ÉG�� , wheré ­ ´ J �HG . A guessfor thesolutionis�5 P 
$���%� ¹ �D´ P ­ if ��Ê¸2�D´ P J if ��£¸2 (13)

When���F2 , weget �,�µ
$�q� > ´ J �yJ d . Thus,�5 P 
$���%� ´ � P �J
$�S� > ´ J � �µ
i� > � � P � 
 ¥ � V �FG;�¡��� � P �¥ � V �FG ) (14)

TheInverseLaplacetransform(5) yields,for �(½¾n ,5 P 
 ���%�µ
i� > � � P � � � P � 
 ���*� (15)

This is aprobabilityfunction,since GO�7�UVh 
 Å �t��u � bÃ.Ä d ��VÃ 
 Å � (seeEqn.9.1.76in [3]).

Spectral analysis. Let � bea Hamiltoniandefinedas XY�QT �©T ËM[Ì� dV if �'�	ËB¶7G , and 2 otherwise.For
eachÍ¾½¡Î��OÏÐ��ÏQÑ , define T Í8[ sothat XY�QT Í8[E� G¥ uKÏ + LÓÒ P ) (16)

The eigenvalueequation��T Í8[���Ô Ò T Í8[ hasthe solution Ô Ò ��Õ×ÖCØ|
�Í8� . Thus,the amplitudeof position �
whentheparticlestartsat position 2 isXY�QT + JML^/%- T 24[%� GuKÏ �¡ÙJ Ù + LÓÒ P + JMLN-yÚ
Û!Ü � Ò � A.Íg�µ
i� > � P ��PR
 �!� (seeEqn.9.1.21in [3]) (17)

Childset al. [9] gave amoregeneralizedanalysisalongtheselines.

4



3 The finite cycle

Classicalprocess. If � is theadjacency matrixof thefinite cycle, let �e� dV �r�'� beits Laplacianmatrix.
TheKolmogorov equationfor thefinite cycle is� "P 
 ����� ª« � P J d 
 �!�¿�¡� P 
 �!�U� ª« � P*­ d 
 ���*) (18)

Applying theLaplacetransformto (18),weget
$�q�FG|�%�� P 
$���Ð��� P 
324�%�Ýª« �� P J d 
$���t�¬ª« �� P®­ d 
$�K�*) (19)

For convenience,definetheextra condition �� J d 
$���Ì� ��¿{ J d 
$�K���Fu , so that �� P*­ d 
$�K�W��u±
$�D��G|�%�� P 
$�K�Ð��� P J d 
$�K�%�F2 holdsfor �(½¾n;{ . Thecycleconditionis ��Ð{Ì
$�K�%� �� h 
$��� . Weguessthesolutionto be�� P 
$���E�É�1´ P­ �©Þ�´ P J � (20)

wheré � is thesolutionto ß V �ru±
$�²�&G|�@ß(�&G#��2 , i.e., ´ � �	
$�q�,G|�t¶7· 
$�S�&G|� V ��G , with ´ ­ ´ J �¬G .
Usingthecyclecondition,weget�1´ {­ �©Þ�´ {J �F�à�©Þ � ¨ ��
3´ {­ ��G|�%�&Þg
¼Gq�¡´ {J �Ý� ¨ ÞH�F�D´ {­ ) (21)

Usingtheextraconditionand(21),weget �,�&u±
!
3´ ­ �¡´ J �×
3´ {­ ��G|�!�yJ d . Thus,for ��½án;{ ,�� P 
$�K�=� �D´ P ­ �rÞ�´ P J �F��
3´ P ­ �©´ { J P­ �� u
3´|­â�¡´ J � 
3´ P J �©´ { J PJ �
¼G²��´ {J � � u
3´|­â�ã´ J � bäÃ.Ä hqå ´ Ã { ­±PJ ��´ � Ã ­ d �0{ J PJ æ� bä Ã×Ä h9ç 
!
$�q�FG|�¿�É· 
$�S�FG|� V ��G|� Ã { ­±P· 
$�S�&G|� V ��G � 
!
$�q�&G|�¿�É· 
$�q�FG|� V ��G�� � Ã ­ d �0{ J P· 
$�S�&G|� V ��G è )
TheInverseLaplacetransform(4), aftershifting,yields,for �(½¾n;{ ,� P 
 ���%� bäÃ.Ä h + JM-%é � Ã { ­±P 
 ���U�©� � Ã ­ d �ê{ J P 
 �!�@ë;� ä�C��� Px� mod{W� + JM- � � 
 ���*) (22)

Quantum process.Sincethefinite cycle is a regulargraph,insteadof theLaplacian,weusetheadjacency
matrixdirectly. In a continuous-timequantumwalk, this simply introducesanirrelevantphasefactorin the
final expression.TheSchr̈odingerequation,in thiscase,is> 5 "P 
 �����Ýª« 5 P J d 
 �!�t�¬ª« 5 P®­ d 
 �!�*) (23)

TheLaplacetransformof (23) is�5UP*­ d 
$�K�¿�¡u > 
$� �5UP4
$�K�¿�È5UP4
324�!�}� �5UP J d 
$�K���F2 (24)

Thecycleboundaryconditionis �5�{9
$���E� �5 h 
$��� . For convenience,define�5 J d 
$����� �5%{ J d 
$���E�&u > ) (25)
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Thesolutionsof ´ V �ru > �|´;�FG are ´ � � > 
$�²¶ ¥ � V �ÉG�� , with ´ ­ ´ J ��G . A solutionguess,for �(½¾n;{ , is�5 P 
$�K�%�É�D´ P­ �©Þ�´ P J ) (26)

Thecycleboundaryconditionyields Þ¬�F�D´ {­ . By (25),weget �,�&u > 
!
3´ ­ ��´ J �×
3´ {­ ��G|�!�yJ d . Thus,for�(½¾n { , �5 P 
$�K�ì� �D´ P ­ �©Þ�´ P J �F�í
3´ P ­ ��´ { J P­ �� u >
3´|­'��´ J � 
3´ P J ��´ { J PJ �
¼G²�ã´ {J � � u >
3´|­'��´ J � bäÃ.Ä hqå ´ Ã { ­±PJ ��´ � Ã ­ d �0{ J PJ æ� bäÃ.Ä hÌç 
!
i� > �×
@¥ � V �&Gq�¡���!� Ã { ­±P¥ � V �FG � 
!
i� > �×
@¥ � V �FG²�¡�K� � Ã ­ d �0{ J P¥ � V �FG è )
TheInverseLaplacetransform(5) gives,for �(½¾n;{ ,5 P 
 ���%� bä Ã.Ä h1î 
i� > � Ã { ­±P � Ã { ­±P 
 ���U�F
i� > � � Ã ­ d �0{ J P � � Ã ­ d �ê{ J P 
 ����ïc� ä�C��� Px� mod{S� 
i� > � � � � 
 �!�*) (27)

Spectralanalysis.Thenormalizedadjacency matrix � of n;{ is thecirculantmatrix

�k�ìðñññññò
2 G|óKu 2 ).).) 2 G|óKuG|óKu 2 G|óKu ).).) 2 22 G|óKu 2 ).).) 2 2
...

...
...

...
...G|óKu 2 2 ).).)ôG|óKu 2

õ.ööööö÷ ) (28)

It is well-known that all ~ìøã~ circulantmatricesareunitarily diagonalizedby the Fourier matrix ùú�dû { ��
êüÐ{D� , where üÐ{Ý��+ V Ù L^Á { and ��
êü�{1� is the Vandermondematrix definedas ��
êüÐ{1�×Î �C�yËRÑD�ºü P Ã{ ,

for �C�yËF½µs|2w�xGK�.).).)¿��~ý��G�z . The eigenvaluesof � are ÔRP'� dV 
êü P { �Fü P.� { J d �{ ���kÕ×ÖCØ|
$uKÏM�vó®~þ� , for���F2w�xGK�.).).)}��~���G . Thus,thewaveamplitudeatvertex � at time � is5UP4
 ����� G~ { J däÃ.Ä h + JMLN-yÚ
Û!Ü � V Ù Ã Á {S� ü P Ã{ ) (29)

Fromearlieranalysis,wegetthefollowing BesselequationG~ { J däÃ.Ä h + JMLN-yÚ�Û!Ü � V Ù Ã Á {S� + V Ù L P Ã Á { � ä�C��� Px� mod {S� 
i� > � � � � 
 �!�*) (30)

It is anopenquestionif thereexistsa time �1½Èÿ ­ suchthat for all �á½ãn { we have T 5UP4
 ���.T VÌ�ºG|ó®~ , i.e.,
uniformity is achievedatsometime � . For ~k�,uv���v��� , it is known thatinstantaneous exact uniform mixing
is achieved(see[16, 6]).
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4 The finite path

Classicalprocess. Let � be the normalized adjacency matrix of the finite path,where � is a stochastic
matrixwith theprobabilitytransitionsareproportionalto thedegreesof thevertices.Let �ú�&�É��� beits
Laplacian.Then,theKolmogorov equation,in thiscase,is� "P 
 �!�%��ª« � P J d 
 ���}��� P 
 ���U�¬ª« � P®­ d 
 �!�*� (31)

for 2�»¡�(»�~ , with initial condition � P 
324�%�&¯ P ° h andboundaryconditions� "h 
 �!�%�&� d 
 ���¿��� h 
 �!�*��� "{ 
 ���%�F�Ð{ J d 
 ���¿���Ð{Ì
 ���*) (32)

TheLaplacetransformof (31) is�� P®­ d 
$�K�}�¡u±
$�²�FG|� �� P 
$�K�U� �� P J d 
$�K���F2w��2B»¡�(»�~'� (33)

andtwo boundaryequations
¼G1�F�K���� h 
$�K�W�,Gg� �� d 
$�K� , and 
¼G1�F���E�� { 
$���9� �� { J d 
$�K� . A guessof the
solutionis �� P 
$�K�%�F�D´ P ­ �©Þ�´ P J ��2�Ê¡�(Ê�~'� (34)

wheré � �¬
$�U�ãG|�R¶¡· 
$�q�FG|� V ��G . Theboundaryequationsgive Þ��g�É�&uCów
3´ ­ �¤´ J � and �F�FÞ�´ V {J .
Combiningtheselasttwo equations,weget�,� u
3´ ­ ��´ J � ´KV {J
¼G²�¡´ V {J � ) (35)

Thus,for ���F2w�xGK�.).).)¿��~ ,��8P4
$�K�ì� �D´ P ­ �©Þ�´ P J �F�í
3´ P ­ ��´ V { J P­ ��� u
3´ ­ ��´ J � 
3´ P J �©´ V { J PJ �
¼G²��´ V {J �� u
3´ ­ ��´ J � bäÃ×Ä h 
3´ V { Ã ­±PJ �©´ V { � Ã ­ d � J PJ �*)
TheInverseLaplacetransform(4), aftershifting,yields,for ���F2w�xGK�.).).)¿��~ ,� P 
 ����� bäÃ.Ä h + JM-%é � V { Ã ­±P 
 �!�t�©� V { � Ã ­ d � J P 
 ���@ëO� ä�C��� Px� mod V {W� + JM- � � 
 ���*) (36)

Quantum process.TheSchr̈odingerequationfor thefinite pathis> 5 "P 
 �!�%��ª« 5 P J d 
 �����¬ª« 5 P*­ d 
 ���*� (37)

for 2�»¡�(»�~ , with initial condition 5 P 
324�%�&¯ h®° P andboundaryconditions> 5E"h 
 �!�%�F5 d 
 ���*� > 5E"{ 
 �����É5%{ J d 
 �!�*) (38)

TheLaplacetransformof (37) is�5 P®­ d 
$���Ð�¡u > � �5 P 
$����� �5 P J d 
$���E�F2w��2�»¡��»¸~¾� (39)
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andtwo boundaryequations
> � �5 h 
$�K�M� > � �5 d 
$��� , and

> � �5%{9
$���%� �5�{ J d 
$��� . Thesolutionsof ´ V �¾u > �|´��rG
are ´ � � > 
$�q¶ ¥ � V �FG|� . A guessof thesolutionis�5 P 
$���%�&�1´ P­ �©Þ�´ P J ��2�Ê¡�(Ê�~¾) (40)

Fromtheboundaryequations,weget Þ����&�&u > ów
3´ ­ �ã´ J � and Þ¬�F�D´ V {­ . Thus,�,� u >
3´ ­ ��´ J � ´ V {J
¼G²�¡´ V {J � ) (41)

For �í�É2w�xGK�.).).)Ð��~ ,�5 P 
$��� � �1´ P ­ �©Þ�´ P J �F��
3´ P ­ �r´ V { J P­ �� u >
3´ ­ ��´ J � 
3´ P J �©´ V { J PJ �
¼G²�ã´ V {J � � u >
3´ ­ ��´ J � bä Ã×Ä h å ´ V { Ã ­±PJ �©´ V � Ã ­ d �0{ J PJ æ� bäÃ.Ä hÌç 
!
i� > �×
 ¥ � V �FGq�¡�K�!� V { Ã ­±P¥ � V �FG � 
!
i� > �×
 ¥ � V �FG²�r���!� V � Ã ­ d �ê{ J P¥ � V �ÉG è )
TheInverseLaplacetransform(5) yields,for ���F2w�xGK�.).).)¿��~ ,5 P 
 ���%� bäÃ.Ä h î 
i� > � V { Ã ­±P � V { Ã ­±P 
 ���U�F
i� > � V { � Ã ­ d � J P � V { � Ã ­ d � J P 
 �!� ï � ä�C��� Px� mod V {S� 
i� > � � � � 
 ���*) (42)

Spectral analysis. Thespectrumof a pathon � verticesis givenby Spitzer[17]. For �â½¸s|2w�xGK�.).).)¿��~ãz ,
theeigenvalue Ô P andits eigenvector � P aregivenbyÔ P �FÕ×ÖCØ � 
Y�I�FG|�iÏ~º�àu�� ��� P 

	|�%��� u~º��u Øy]�
 � 
Y�I�FG|�iÏ~º�àu 

	W�ÉG|� � ) (43)

Theprobabilityof measuringvertex 2 at time � is givenby� h 
 �!��� �
3~Ý��uC� V ä P ° Ã Ø�]�
 V � 
Y�I�FG|�iÏ~Ý�©u�� Ø�]�
 V � 
$Ëc�&G|�iÏ~º��u�� + JML�- ����� J ��� � ) (44)

Sinceall eigenvaluesaredistinct,theaverage probability of measuringthestartingvertex 2 is�(
324�=� �
3~���uC� V ä P ° Ã Ø�]�
 V � 
Y�D�&G|�iÏ~���u�� Ø�]�
 V � 
$ËÌ�FG|�iÏ~���u�� \0]^_`Qacb G� � `h + JMLN- ����� J � � � AC�� �
3~���uC� V ä P Ø�]�
 p � 
Y�D�&G|�iÏ~���u � )
Equatingthiswith (42),weobtainaBessel-like equation:\0]^_`Qacb G� � `h�������

ä  � h � mod V {W� 
i� > �   �   
 ��� ������
V A4��� �
3~Ý��uC� V {äÃ×Ä h Ø�]�
 p � 
$Ëc�&G|�iÏ~º��u�� (45)
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5 Conclusions

This expositorysurvey reviews equationsfor thecontinuous-timequantumwalkson one-dimensionallat-
tices.ThefocuswasonanalysisbasedontheLaplacetransformwhichworksdirectlywith thestochasticre-
currences.It wouldbeinterestingto extendthisanalysisto higher-dimensionalor to regulargraph-theoretic
settings.Anotherinterestingdirectionis to considerlatticeswith defectsandweightedgraphs[9].
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Figure3: Stochasticwalkson theinfinite line n : (a) plot of � h 
 ��� in thecontinuous-timerandomwalksfor�#½ÉÎ 2w���K2�Ñ . (b) plot of T 5 h 
 ���.T V in a continuous-timequantumwalk for �#½ÉÎ 2w���K2�Ñ . Both processesexhibit
exponentialdecay, but with thequantumwalk showing anoscillatorybehavior.
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Figure4: Stochasticwalkson thefinite cycle n�� , eachapproximatedusing uwG terms:(a)plot of � h 
 ��� in the
continuous-timerandomwalksfor �S½©Î 2w���K2�Ñ . (b) plot of T 5 h 
 ���.T V in thecontinuous-timequantumwalk for�²½rÎ 2w���K2�2�Ñ . Theclassicalwalk settlesquickly to G|ó�� , while thequantumwalk exhibit a short-termchaotic
behavior anda long-termoscillatorybehavior below 2w)^G .
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