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Identification of nonlinear discrete-time systems using

raised-cosine radial basis function networks

A. F. AL-AJLOUNI{, R. J. SCHILLING{* and S. L. HARRIS§

An effective technique for identifying nonlinear discrete-time systems using raised-
cosine radial basis function (RBF) networks is presented. Raised-cosine RBF networks
are bounded-input bounded-output stable systems, and the network output is a continu-
ously differentiable function of the past input and the past output. The evaluation speed
of an n-dimensional raised-cosine RBF network is high because, at each discrete time,
at most 2n RBF terms are nonzero and contribute to the output. As a consequence,
raised-cosine RBF networks can be used to identify relatively high-order nonlinear
discrete-time systems. Unlike the most commonly used RBFs, the raised-cosine RBF
satisfies a constant interpolation property. This makes raised-cosine RBF highly suit-
able for identifying nonlinear systems that undergo saturation effects. In addition, for
the important special case of a linear discrete-time system, a first-order raised-cosine
RBF network is exact on the domain over which it is defined, and it is minimal in
terms of the number of distinct parameters that must be stored. Several examples,
including both physical systems and benchmark systems, are used to illustrate that
raised-cosine RBF networks are highly effective in identifying nonlinear discrete-time
systems.

1. Introduction

Neural networks provide an effective framework
for the identification and control of nonlinear discrete-
time systems (Chen et al. 1990, Narendra and
Parthasarathy 1990, Liu et al. 1999, Fang and Chow
2000, Chen and Chen 2001). In recent years, con-
siderable effort has focused on the use of radial basis
function (RBF) networks (Poggio and Girosi 1990,
Chen and Billings 1992). RBF networks tend to have
improved training characteristics in comparison with
standard feedforward neural networks due to their
localized nature and the fact that they are linear in the
weights (Moody and Darken 1989, Gorinevski 1996).
They can also be made compact by having the number

of points about which the RBFs are centred grow and
shrink to obtain a minimal network (Platt 1991, Chen
et al. 1992, Kadirkamanathan and Niranjan 1993,
Yingwei et al. 1997, Liu et al. 1999).

A variety of radial basis functions have been investi-
gated and used including Gaussian functions (Schagen
1986), thin-plate splines (Duchon 1977), multiquadratics
(Hardy 1971) and inverse multiquadratic functions
(Powell 1987). In this paper, we make use of a network
structure based on a raised-cosine radial basis function
(Schilling et al. 2001) to identify discrete-time nonlinear
systems. The class of nonlinear discrete-time systems
considered consists of bounded-input bounded-output
(BIBO) stable systems whose output depends continu-
ously on the past input and past output. Raised-cosine
RBF networks are BIBO-stable, and the network
output is a continuously differentiable function of the
past input and past output.

A raised-cosine RBF network consists of a sum of
RBF terms, with each term centred about a grid point
and scaled by a coefficient function. The coefficient func-
tions are either zeroth- or first-degree polynomials of
the state vector. Evaluation speed of an n-dimensional
raised-cosine RBF network is very high because, at
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each discrete time, at most 2n RBF terms are nonzero
and contribute to the output. As a consequence of this
property, raised-cosine RBF networks can be used to
identify relatively high-order nonlinear discrete-time
systems. Simple analytical expressions are available
for the weights of a raised-cosine RBF network that
cause the network output and its gradient to be exact
on the grid over which the network is defined. For
high-precision grids, these weights effectively mould
the input–output behaviour of the RBF network to
that of the system being identified. For low-precision
grids, the computed weights serve as an effective initial
guess for a learning algorithm based on the least mean
square (LMS) steepest descent method. Unlike other
popular RBFs such as the Gaussian RBF, the raised-
cosine RBF satisfies a constant interpolation property.
This allows raised-cosine RBF networks to efficiently
model nonlinear systems that undergo saturation effects
when the system is overdriven with a large input.
The constant interpolation property also makes the
raised-cosine RBF network particularly effective for
the important special case of a linear discrete-time
system. For linear systems, a first-order RBF network
is exact on the domain over which it is defined, and
it is minimal in terms of the number of distinct param-
eters that must be stored. A number of simulation exam-
ples are presented that illustrate that raised-cosine RBF
networks can be successfully used to identify a variety of
nonlinear discrete-time systems.

2. Problem formulation

Consider a nonlinear discrete-time system or plant of
the following general form.

ypðkÞ ¼ f ½ ypðk� 1Þ, . . . , ypðk�NÞ, uðk� 1Þ, . . . ,

uðk�MÞ�, k � 0: ð1Þ

For convenience, (1) will be referred to as the system Sf.
A more compact alternative formulation of Sf is
obtained by introducing a state vector consisting of
past outputs and past inputs.

xpðkÞ ¼
�
½ ypðk� 1Þ, . . . , ypðk�NÞ, uðk� 1Þ, . . . ,

uðk�MÞ�
T : ð2Þ

Thus, xp(k) is an n� 1 vector denoting the state of Sf

at time k where n ¼ N þM. The output of Sf at time
k is then

ypðkÞ ¼ f ½xpðkÞ�, k � 0: ð3Þ

The nonlinear system Sf corresponds to the most
general class of systems (Model IV) introduced in

(Narendra and Parthasarathy 1990). More specialized
classes of systems include systems that are linear in
the past outputs (Model I), linear in the past inputs
(Model II), and nonlinear but separable between the
past inputs and outputs (Model III).

The technique presented in this paper can be applied
to a slightly more general system in which the current
input, u(k), also appears on the right-hand side of (1).
However, almost all of the benchmark examples of
systems cited in the literature fall into the more restric-
tive form of (1). Models of this form are particularly
suitable for real-time control applications because the
plant output at time k can be precomputed during
sampling interval k� 1, thereby reducing the latency in
updating the control signal u(k).

Assumptions: Two assumptions are made regarding
the nonlinear discrete-time system to be identified:

(1) The function f : Rn ! R is continuous.
(2) The system Sf is BIBO-stable.

Neither assumption is particularly restrictive in terms
of limiting potential applications. Suppose that, in the
normal operation of the system Sf, the input is restricted
to the following interval where b is a 2� 1 vector of
input bounds:

b1 � uðkÞ � b2, k � 0: ð4Þ

Since Sf is BIBO stable, there exists a corresponding
2� 1 vector of output bounds a such that

a1 � ypðkÞ � a2, k � 0: ð5Þ

The BIBO stability assumption effectively restricts the
domain of the function f to the following compact
subset of Rn.

X ¼ ½a1, a2�
N
� ½b1, b2�

M : ð6Þ

Thus the problem of representing or modelling the
nonlinear discrete-time system Sf reduces to one of
representing a continuous function f on a compact
set X. In this paper, it is proposed that this be done
using a raised-cosine radial basis function (RBF)
neural network.

yðkÞ ¼ g½xðkÞ�: ð7Þ

The system in (7) will be referred to as the RBF network
Sg. Here, x(k) is an n� 1 vector representing the state of
the network at time k, and y(k) is the network output.
Let e(k) denote the error between the system Sf and
the RBF network Sg at time k.

eðkÞ ¼ ypðkÞ � yðkÞ: ð8Þ
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Given measurements of the input u(k) and system
output yp(k), the problem is to adapt the network param-
eters so as to minimize the square of the error e(k). This
will be achieved using the block diagram shown in
figure 1. Note that during the learning or adaptation
process, the RBF network Sg uses the system state,
xp(k), rather than the network state, x(k). However,
once the learning process is terminated, the RBF
network is independent of Sf with the output y(k) com-
puted as in (7). This technique of using the system state
to train the RBF network has been referred to as the
series-parallel method (Narendra and Parthasarathy
1990).

3. Raised-cosine RBF network

A raised-cosine RBF neural network has been
introduced as a representation for approximating
continuous-time nonlinear systems (Schilling et al. 2001).
In this paper, it is demonstrated that the same basic
structure is highly effective when applied to the problem
of real-time identification of nonlinear discrete-time
systems. The general form of a first-order raised-cosine
RBF network is as follows.

yðkÞ ¼ g½xðkÞ�

¼ ½wþ VxðkÞ�T�½xðkÞ�: ð9Þ

Here, w is an r� 1 weight vector, V is an r� n linear
weight matrix, and �ðxÞ is an r� 1 vector of radial basis
functions. Since the coefficient of �ðxÞ is a first-degree
polynomial in x, the RBF network in (9) is referred to
as a first-order network. When the weight matrix
V ¼ 0, (9) reduces to a zeroth-order RBF network.

3.1. Grid points

Each component of the vector �ðxÞ is an RBF centred
about a particular grid point. Let dj � 2 be the number
of grid points along dimension j for 1 � j � n. Then, the
total number of grid points is

r ¼ d1d2 � � � dn: ð10Þ

If the grid points are distributed uniformly along
dimension j, then from (6) the mth grid value along
dimension j is

xjm ¼

a1 þ
ðm� 1Þða2 � a1Þ

dj � 1
, 1 � j � N

b1 þ
ðm� 1Þðb2 � b1Þ

dj � 1
, N þ 1 � j � N þM:

8>>><
>>>:

ð11Þ

In order to arrange the r points of the n-dimensional
grid fxjmg into a one-dimensional array fxig, it is helpful
to introduce a vector index q 2 Rn whose elements
specify the grid point subscript along each dimension.
That is, element qj takes on integer values in the range
1 � qj � dj for 1 � j � n. If x½q� denotes the qth grid
point, then the jth element of x½q� is defined

xj½q� ¼ xjqj , 1 � j � n, 1 � qj � dj: ð12Þ

The r grid points can be stacked into a long one-
dimensional array. Given the vector index q of grid
point x½q�, the corresponding scalar index i is computed
as follows.

i ¼ q1 þ d1ðq2 � 1Þ þ d1d2ðq3 � 1Þ þ � � �

þ d1d2 � � � dn�1ðqn � 1Þ: ð13Þ

u(k )

nonlinea

buffer

r
system

S f

yp(k )

x p(k ) RBF
netw ork

S g

y(k )
e(k )

Figure 1. Training a RBF network Sg using the system state xp.
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The ith grid point can be expressed either as xi or as
x½q� with (13) used to go back and forth between the
two representations. Suppose vi denotes the ith row of
the linear weight matrix V. Then the RBF network
output in (9) can be expressed explicitly in terms of
the scalar index i as follows.

yðkÞ ¼
Xr
i¼1

½wi þ vixðkÞ��i½xðkÞ�: ð14Þ

3.2. Raised-cosine RBF

To define the vector of RBF functions �ðxÞ, it is help-
ful to start with the special case of a one-dimensional
raised-cosine RBF centred at z ¼ 0.

 ðzÞ ¼
�

1þ cosð�zÞ

2
, jzj � 1

0, jzj > 1:

8<
: ð15Þ

Note that  ðzÞ is a continuous function with compact
support. The scalar RBF in (15) is normalized to a
grid of unit radius. To adjust  ðzÞ to the grid size

along dimension j, one can simply divide by the grid
spacing along dimension j.

�xj ¼
xjdj � xj1

dj � 1
, 1 � j � n: ð16Þ

The ith RBF is centred about grid point xi, and the
n-dimensional raised-cosine RBF is constructed as a
product of n scalar RBFs, one for each dimension. Thus,
the ith raised-cosine RBF can be expressed as follows.

�iðxÞ ¼
Yn
j¼1

 
xj � xij

�xj

 !
, 1 � i � r: ð17Þ

A plot of a two-dimensional raised-cosine RBF
centred at the origin is shown in figure 2. Like the
scalar version, it is a continuous function with compact
support. The raised-cosine RBFs in (17) have a number
of interesting and useful properties (Schilling et al.
2001). Both the network function g(x) in (9) and its
gradient rgðxÞ are continuous. Thus, the RBF network
output is a continuously differentiable function of the
past input and past output. As a consequence of their
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Figure 2. Two-dimensional raised-cosine RBF centred at the origin.
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compact support, the raised-cosine RBFs in (17) satisfy
the following basic orthogonality property on the grid.

�iðx
jÞ ¼

1, j ¼ i

0, j 6¼ i:

(
ð18Þ

This leads directly to the following simple, but highly
effective, expressions for initial guesses for the network
parameters. Recalling that vi is the ith row of V, let

vi ¼ rf ðxiÞ, 1 � i � r ð19Þ

wi ¼ f ðxiÞ � vixi, 1 � i � r: ð20Þ

Using the orthogonality property in (18), it can be
shown that the RBF network output and its gradient
are then exact on the set of grid points.

gðxiÞ ¼ f ðxiÞ, 1 � i � r ð21Þ

rgðxiÞ ¼ rf ðxiÞ, 1 � i � r: ð22Þ

For a sufficiently high precision grid, the weights in (19)
and (20) effectively mould the input–output behaviour
of the RBF network to that of the system being
identified. Of course, it may not be possible to directly
evaluate f(x) and rf ðxÞ at prescribed values of x, in
which case w and V can be set to zero or to small
random values. The network then can be trained by
minimizing e2ðkÞ using a numerical search method
where e(k) is the error defined in (8). If � > 0 is the
step size, the least mean square (LMS) method based
on the steepest descent (Widrow and Stearns 1985)
results in a learning algorithm with the following
weight update formulas:

wðkþ 1Þ ¼ wðkÞ þ 2�eðkÞ�½xðkÞ� ð23Þ

Vðkþ 1Þ ¼ VðkÞ þ 2�eðkÞ�½xðkÞ�xT ðkÞ: ð24Þ

The evaluation speed of the raised-cosine RBF
network is also quite high. This is a consequence of
the fact that for each x 2 X , there are at most 2n nonzero
terms in (14). The grid points of the nonzero terms form
a hypercube in X, and the vector indices of the vertices
of this hypercube can be quickly identified and then
converted to scalar indices using (13). Thus, the compu-
tational effort for evaluating the RBF network output
grows only as 2n, and it is independent of the precision
d of the grid. Note from (15) and (17) that j�iðxÞj � 1.
Hence, from (14), it follows that if x(k) is bounded,
the RBF network output y(k) is also bounded. That is,
the RBF network, Sg, is BIBO-stable.

Another important qualitative property of the raised-
cosine RBF network is the constant interpolation
property (Schilling et al. 2001).

Xr
i¼1

�iðxÞ ¼ 1, x 2 X : ð25Þ

This property (which is not shared by a Gaussian RBF)
is useful when the desired output is constant over certain
regions (Lee and Chung 1999). This can occur, for
example, when a nonlinear system undergoes saturation
effects as a result of being overdriven by an excessively
large input. The constant interpolation property is
illustrated graphically using a two-dimensional RBF
network with four grid points in figure 3.

3.3. Linear discrete-time systems

In view of the constant interpolation property, the
first-order raised-cosine RBF network is particularly
effective in representing linear discrete-time systems.
If the system Sf is linear, then from (3) there exists an
n� 1 coefficient vector c such that

ypðkÞ ¼ cTxpðkÞ: ð26Þ

Suppose dj ¼ 2 for 1 � j � n. Let the weight vector be
w ¼ 0, and let the rows of the linear weight matrix V
be defined

vi ¼ cT , 1 � i � r: ð27Þ

Next, let xðkÞ 2 X be arbitrary. Using (14), (27), and
the constant interpolation property in (25), the RBF
network output is

yðkÞ ¼
Xr
i¼1

½wi þ vixðkÞ��i½xðkÞ�

¼
Xr
i¼1

cTxðkÞ�i½xðkÞ�

¼ cTxðkÞ
Xr
i¼1

�i½xðkÞ�

¼ cTxðkÞ: ð28Þ

Thus, the RBF network is exact on X when the system Sf

is linear. Note from (27) that the number of distinct
parameters that have to be stored to compute w and V
in this case is n. Thus, the RBF network is also optimal
for a linear system in the sense that the number of
distinct parameters that must be stored is the minimum
possible. When the system Sf is linear, the RBF
network in (9) simplifies to

yðkÞ ¼ xT ðkÞVT�½xðkÞ�: ð29Þ
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4. Examples

In this section, a number of examples illustrating
the identification of nonlinear discrete-time systems
are presented. For all of the examples, the inputs used
are random white-noise sequences uniformly distributed
over ½b1, b2�. The system under investigation is first
driven by a domain input, ud (k), that is used to estimate
the operating range of system. Let

ymin ¼ min
m

k¼1
fypðkÞg ð30Þ

ymax ¼ max
m

k¼1
fypðkÞg: ð31Þ

The domain X of the RBF network is then determined
by computing output bounds that are slightly larger in
each direction to take into account the fact that the
domain input ud (k) is of finite length.

a1 ¼ ymin � 0:05 ð32Þ

a2 ¼ ymax þ 0:05ð ymax � yminÞ: ð33Þ

The closeness of the fit between the system and the
RBF network is measured by using a separate m point
test input, ut(k). The two test outputs are used to

compute the following normalized root mean square
error, where e(k) is defined in (8):

Erms ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPm�1
k¼0 e2ðkÞ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPm�1

k¼0 y2pðkÞ
q : ð34Þ

The measure of error in (34) is normalized in the sense
that if w ¼ 0 and V ¼ 0, then Erms ¼ 1.

4.1. Example 1 (tunable plucked-string filter)

The first example is a linear system designed to
synthesize the sound produced by a stringed musical
instrument (Steiglitz 1996). A block diagram of the
tunable plucked-string filter is shown in figure 4. The
objective for this type of system is to produce a magni-
tude response that consists of series of harmonically
related resonances of decreasing amplitude with the
first resonance tuned to the pitch of the instrument.
The feedback delay block produces a comb filter with
uniform resonance peaks. The FIR lowpass filter
block causes the size of the peaks to decay gradually
with increasing frequency. Finally, the IIR allpass
filter block is used to finely tune the location of the
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first resonance. Analysis of figure 4 reveals that the
overall transfer function of the tunable plucked-string
filter is

HðzÞ ¼
0:5½cþ ð1þ cÞz�1 þ z�2�

1þ cz�1 � 0:5�L½cz�L þ ð1þ cÞz�ðLþ1Þ þ z�ðLþ2Þ�
:

ð35Þ

This example was chosen to illustrate that a first-
order raised-cosine RBF network can be used to
efficiently model a relatively high-order linear discrete-
time system. Suppose the sampling frequency is
fs ¼ 20,000Hz, and the desired location for the first
resonance is f0 ¼ 1440Hz. Using the technique dis-
cussed in Jaffe and Smith (1983), appropriate values
for the delay L and fine tuning parameter c are L ¼ 13
and c ¼ 0:44. Suppose the feedback attenuation factor
is set to � ¼ 0:98. In this case, N ¼ 15, M þ 1 ¼ 3,
and the order of the system is n ¼ N þM þ 1 ¼ 18.
Notice from (35) that the current input u(k) appears
on the right-hand side in this case, hence the use of
M þ 1 rather than M. Given that n � 1, the size of
the grid is quite large at r ¼ 2n ¼ 262144. However,
because Sg is linear, the number of distinct parameter
values that must be stored for the raised-cosine RBF
network is small. In this case, w ¼ 0, and the first row
of V is

v1 ¼ ½�c, 0, . . . , 0, c�L=2, ð1þ cÞ�L=2, �L=2�: ð36Þ

Thus, a total of n distinct parameter values must be
stored, the remaining rows of V being copies of
row one. Using (32) and (33), the domain of the RBF
network was found to be

X ¼ ½�1:1644, 1:1125�15 � ½�1, 1�3: ð37Þ

Plots of the magnitude responses of the tunable string
filter Sg and the RBF network are shown in figure 5.

The two are indistinguishable in this case because the
RBF network is an exact representation on X.

4.2. Example 2 (separable nonlinear system)

As an example of a nonlinear system, consider the
following discrete-time system introduced in Narendra
and Parthasarathy (1990):

ypðkÞ ¼
ypðk� 1Þ

1þ y2pðk� 1Þ
þ u3ðk� 1Þ: ð38Þ

This system is nonlinear in both the past inputs and the
past outputs, but it is separable, which makes it a Model
III type system. The objective of this example is to
demonstrate the training of the RBF network. Using
(32) and (33), the domain of the RBF network was
determined to be

X ¼ ½�1:5945, 1:6157� � ½�1, 1�: ð39Þ

A zeroth-order network was trained with a white
noise input, utr, consisting of 30,000 points uniformly
distributed over ½�1, 1�. The initial value for the weight
vector was w ¼ 0, and the step size was � ¼ 0:15. The
grid parameters used for the RBF network were n ¼ 2
and d ¼ ½8, 8�T . A 1000-point white noise test input
was used to evaluate the network performance, which
produced a normalized RMS error of Erms ¼ 0:133.
The system output and the RBF network output are
shown in figure 6. For clarity, only the first 100 points
are displayed. The horizontal lines represent the RBF
grid values for the output. The fit in figure 6 is clearly
not exact, but it is quite reasonable considering the
type of test input (broad spectral content), and the
number of weights used, r ¼ 64. This is in contrast to
the model used in Narendra and Parthasarathy (1990)
which consisted of two separate feedforward three-
layer networks of type N3

1�20�10�1 resulting in a total
of 460 weights. Thus, the raised-cosine RBF network
representation in figure 6 uses almost an order of
magnitude fewer weights in this case. The number of

x (k ) 1 + z −1

2

c + z −1

1 + cz −1
y(k )

rL z −L

Figure 4. Tunable plucked-string filter.
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weights might be reduced even further by using two
separate raised-cosine RBF networks.

4.3. Example 3 (continuous stirred tank reactor)

The Van de Vusse reaction in a continuous
stirred tank reactor (CSTR) can be modelled by the

following nonlinear discrete-time system introduced in
Hernandez and Arkun (1996):

ypðkÞ ¼ c1 þ c2uðk� 1Þ þ c3ypðk� 1Þ þ c4u
3ðk� 1Þ

þ c5ypðk� 2Þuðk� 2Þuðk� 1Þ: ð40Þ
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Figure 6. Outputs of a separable nonlinear system and trained zeroth-order RBF network with n ¼ 2, d ¼ ½8; 8�T , Erms ¼ 0:133.
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Here, yp(k) denotes the product concentration at time
t ¼ kT , and u(k) is a scaled reactant concentration at
time t ¼ kT , where the sampling interval is T ¼ 0:04 h.
The input has been normalized to 0 � uðkÞ � 1, and
the parameters of this system are

c ¼ ½0:558, 0:538, 0:116, � 0:127, � 0:034�T : ð41Þ

This is a system of dimension n ¼ 4 with N ¼ 2 and
M ¼ 2 that is nonlinear in both the past inputs and
the past outputs. Using (32) and (33), the domain of
the RBF network was determined to be

X ¼ ½0:6151, 1:0872�2 � ½0, 1�2: ð42Þ

The grid parameters for a first-order RBF network
were n ¼ 4, d ¼ ½3, 3, 3, 3�T . The initial weights were
computed using (19) and (20), and the network was
trained using a step size of � ¼ 0:1 and 5000 random
points uniformly distributed over ½0, 1�. A separate
1000-point white-noise test input uniformly distributed
over ½0, 1� was used to evaluate the network perfor-
mance. The system output and the RBF network
output are shown in figure 7 where, for clarity, only
the first 50 points are displayed. The fit is quite close
with a normalized RMS error of Erms ¼ 0:005. This
was achieved using rðnþ 1Þ ¼ 405 weights.

4.4. Example 4 (higher-order nonlinear system)

As a final example, consider the following
Model IV type system introduced in Narendra and
Parthasarathy (1990).

ypðkÞ

¼
ypðk� 1Þypðk� 2Þypðk� 3Þuðk� 2Þ½ypðk� 3Þ� 1� þ uðk� 1Þ

1þ y2pðk� 2Þ� y2pðk� 3Þ
:

ð43Þ

This is a nonlinear system of dimension n ¼ 5 with
N ¼ 3 and M ¼ 2. Using (32) and (33), the domain of
the RBF network was determined to be

X ¼ ½�1:0576, 1:0727�3 � ½�1, 1�2: ð44Þ

The grid parameters used for the RBF network
were n ¼ 5 and d ¼ ½4, 4, 4, 4, 4�T . A zeroth-order RBF
network was used, and the weight vector w was com-
puted using (19) and no training. A 1000-point white
noise test input uniformly distributed over ½�1, 1� was
used to evaluate the resulting RBF network perform-
ance. The system output and the RBF network output
are shown in figure 8 where, for clarity, only the first
50 points are displayed. The fit is reasonably good
with a normalized RMS error of Erms ¼ 0:124. This
was achieved using r ¼ 1024 weights.
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Figure 7. Outputs of a continuous tank stirred reactor and trained first-order RBF network with n ¼ 4, d ¼ ½3; 3; 3; 3�T , Erms ¼ 0:005.
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For comparison, the same system was modelled using
a first-order raised-cosine RBF network. In this case, the
grid point precision was reduced to d ¼ ½3, 3, 3, 3, 3�T ,
and a linear weight matrix V was included. The
weights w and V were computed using (19) and (20),

respectively, and no training was used. The network
performance was evaluated using the same test
input, and the results are displayed in figure 9, which
shows the first 50 points of the system output and
the RBF network output. In this case, the normalized
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Figure 8. Outputs of a higher-order nonlinear system and zeroth-order RBF network with n ¼ 5, d ¼ ½4; 4; 4; 4; 4�T , Erms ¼ 0:124.
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Figure 9. Outputs of a higher-order nonlinear system and first-order RBF network with n ¼ 5, d ¼ ½3; 3; 3; 3; 3�T , Erms ¼ 0:089.
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RMS error was reduced from 0.124 for the zeroth-order
network to 0:089 for the first-order network. The
number of weights was r(nþ 1)¼ 1458, somewhat
larger than for the zeroth-order case. Thus, in going
from the zeroth-order RBF network to the first-order
RBF network, a 27.8% improvement in accuracy
was achieved at the expense of a 42.4% increase in
parameter storage space.

5. Conclusions

An effective technique for identifying nonlinear
discrete-time systems using raised-cosine RBF networks
has been presented. The class of nonlinear discrete-time
systems identified consisted of BIBO stable systems
whose current output depends continuously on the
past outputs and past inputs. Raised-cosine RBF
networks are BIBO-stable, and the network output is
a continuously differentiable function of the state.
Evaluation speed of an n-dimensional raised-cosine
RBF network is high because, at each discrete time, at
most 2n RBF terms are nonzero and contribute to the
output. When the dependence on some of the state vari-
ables is known to be linear, the number of parameters of
the raised-cosine RBF network can be reduced by
employing a first-order network and setting the grid
precision in selected dimensions to the minimum value
of di ¼ 2. For a linear discrete-time system, the first-
order RBF network is exact on the domain over which
it is defined, and it is minimal in terms of the number
of distinct parameters that must be stored. Raised-
cosine RBF networks were successfully used to identify
a variety of discrete-time systems including both practi-
cal physical systems and benchmark systems previously
cited in the literature.
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