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Application of the theorem of minimum entropy production to
growth of lamellar eutectics with an oscillating freezing rate
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Abstract

The theorem of minimum entropy production is applied to steady and stationary periodic eutectic growth with an
oscillating freezing rate. When the volume fractions of the two phases are signi"cantly di!erent, a "nite lead distance
makes the eutectic spacing j larger than for a planar interface. Freezing rate oscillations reduce j. If the interface is
modulated on a length scale larger than j, there can be regions with both smaller and larger j. ( 2000 Elsevier Science
B.V. All rights reserved.
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1. Background

Unsteady eutectic solidi"cation is of practical importance, because solidi"cation rarely occurs at steady
state. The usual cause of a #uctuating freezing rate is a #uctuating temperature "eld in the melt ahead of the
interface. We assume here that the #uctuations of temperature and freezing rate can be described by one
harmonic of sinusoidal oscillations, and the interfacial composition by a phase-shifted sine function as
revealed in Ref. [1].

An important theorem applicable to steady-state solutions in dissipative systems was stated in Ref. [2]: the
principle of minimum entropy production, which can be represented using the variational principle

dPH d3r"0, (1.1)

where H is the entropy production, which will be de"ned in Eq. (2.6). It was noted in Ref. [3] that for
time-dependent processes the principle of minimum entropy production might be preserved by forming
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a double variation integral

d2PPH d3r dt"0. (1.2)

The beauty of stationary periodic systems1 lies in the possibility of describing their evolution over one period.
Entropy is conserved over one period, and all of the morphological changes that may take place are
reversible. Then a stationary periodic system can be described by Eq. (1.1), where H is the entropy production
time averaged over one period of oscillations.

The objective of this paper is to describe steady state and stationary periodic eutectic growth, and "nd the
optimal spacing j using the principle of minimum entropy production. We heuristically assume here that j is
constant. That is, any periodic changes in melt composition and temperature have already changed j so that
the growth proceeds in a quasi-stationary way, with no further change in j.

2. Entropy production for a binary eutectic system

Consider cooperative growth of two phases from a binary alloy melt at the eutectic composition. We
assume that the growth takes place close to thermodynamic equilibrium. The speci"c free energy can be
written for both solid and liquid phases as

f"C
V
¹!C

V
¹ ln ¹#

R

v
.

¹(c ln c#(1!c) ln(1!c))#
X

v
.

¹c(1!c), (2.1)

where C
V

is the speci"c heat, X is the excess entropy of mixing, and v
.i

is the molar volume of component i,
assumed to be the same for the two components (v

.1
"v

.2
) and the same for solid and liquid phases. The

composition c represents the atom fraction of component 1. We consider further an ideal solution so that
X"0. From Eq. (2.1), the speci"c entropy becomes

s"C
V

ln ¹!

R

v
.

(c ln c#(1!c)ln(1!c)). (2.2)

Di!erentiation of Eq. (2.2) gives

ds

dt
"C

V

1

¹

d¹

dt
!

k6
¹

dc

dt
. (2.3)

Due to the periodic nature of the eutectic structure, we con"ne the calculation to a domain with dimension
j/2 in the direction of the eutectic periodicity, where the integration limits x"0 and j/2 correspond to the
centers of a and b neighboring lamellae, respectively. In the direction of growth the integration is carried out
from !w

S
to #w

M
(w

M
from the freezing interface into the melt, and w

S
from the freezing interface into the

solid), which were taken to be equal w
S
"w

M
"w. The value of w must be large enough that the composition

there is constant. We integrated to #R to obtain the contribution to the entropy production from chemical
di!usion in the melt. The contribution from solid-state di!usion was neglected due to the very low di!usivity
in solids. Thus, the calculation was carried out from z

0
(x) to #R, where z

0
(x) is the interface position.

1All physical parameters in the system averaged over one period of oscillations exhibit a steady-state behavior, i.e they do not vary
from one period to the next.
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Assuming that there is no convection, and < is the translation rate of the interface (freezing rate), the
expression for the entropy change can be represented as

RS
Rt"

1

wjP
w

~w

dzP
j@2

0

dxG
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(+ (V¹)#+K+¹#I(Vn)d(z!z
0
))#
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c(1!c)+A

k6
¹BB#+ (Vc)BH ,

(2.4)

where K is the thermal conductivity (assumed to be constant throughout the domain), I is the speci"c latent
heat of the phase transformation, and n is the normal vector to the interface. It is possible to separate the rate
of change of entropy into the entropy #ux J

S
and the entropy source H:

RS
Rt"!+J

S
#H, (2.5)

where these are given by
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We are interested in the excess quantities dH
T

and dH
C

that describe the nonequilibrium part of the total
entropy production, i.e. the di!erence between the entropy production for the stationary (steady-state or
stationary periodic) solutions of temperature and composition "elds and that for equilibrium2 of those "elds.

3. Entropy production due to di4usion in the melt

Integrating the second term in Eq. (2.6), the entropy production per unit volume is

H
C
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v
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(+c)2
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dz dx. (3.1)

Now, we let c"c
E
#dc, where dc is a small deviation of composition from c

E
anywhere in the liquid.

A similar representation of the entropy production due to di!usion in the liquid was used by Lesoult [4,5]
and Wolzynski [6}8]. We limit the analysis to a eutectic composition c

E
not near 0 or 1, i.e. where the

variation of the chemical potential is small for small variations in composition. For values of dc not to exceed
10~3, a range of c

E
from 0.01 to 0.99 is suitable. Then,
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2Equilibrium refers to the eutectic temperature ¹
E

at the interface, eutectic composition c
E

in the liquid, and terminal solid
compositions c

a
and c

b
in the two solid phases. Volume fractions are equal to those from the phase diagram at the eutectic composition.
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Following Lesoult and Turpin [5], let us consider the "rst term, which requires the calculation of
:j@2
x/0

:=
z/z0 (x)

(+dc)2 dz dx over the melt region with appropriate boundary conditions. This integral can be
integrated by parts to give
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The "rst term on the r.h.s. of Eq. (3.3) is zero since Rdc/Rx"0 at the integration limits. The higher-order
corrections in Eq. (3.2) can be evaluated similar to Eq. (3.3). We assume the nonequilibrium composition "eld
is in a form similar to the Jackson}Hunt [9] solution of the di!usion "eld with a planar interface and
constant freezing rate <:
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where

K
n
"

2pn

j
, M

n
"

<

2D
#SA

<

2DB
2
#K2

n
, B

n
"

<

D
c
0
j

1

(pn)2
sin2(pnf).

(3.5)

Here, the coe$cients B
n

are given in the form appropriate for small values of j</D. By assuming that the
di!usion length D/< is much larger than the interlamellar spacing j, i.e., D/<<j/2p, we can make the
following approximation for the wave number M

n
:

M
n
+K

nA1#
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2DK
n
B (3.6)

as used by Bolze et al. [10] in their steady-state analysis.

3.1. Contribution from diwusion in the melt for a yat interface

Now, using Eqs. (3.4) and (3.5), the contribution to entropy production from di!usion is calculated
assuming that z

0
(x)"0, i.e. a #at interface. We assume that the segregation coe$cient is constant for each

phase, so that

Rdc

Rz "!

<

D
(1!k

a
)c"!

<

D A1!
c(E)a
c
E
B c for 0)x)

fj
2

,

Rdc

Rz "!

<

D
(1!k

b
)c"!

<

D A1!
c(E)

b
c
E
B c for

fj
2

)x)
j
2

. (3.7)

The overall contribution from integral (3.3) is
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with
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The second and third terms in Eq. (3.8) appear in the analysis of Lesoult and Turpin [5]. The "rst term arises
when the bulk composition is o!-eutectic, and does not appear in Ref. [5]. The last two terms are
higher-order terms in the expansion for small (j</D) using Eq. (3.6) (in Ref. [5] M

n
"K

n
was used instead).

We also obtain corrections to the entropy production arising from the Taylor expansion of Eq. (3.2). Up to
order j2 the entropy production due to di!usion is
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The "rst term in Eq. (3.10) is independent of j, and the only one that is applicable to single-phase alloy
solidi"cation. The correction to the result of Lesoult and Turpin in the j2 term appears due to use of
condition (3.6). This correction is shown in Fig. 1. Note that it is symmetric with respect to A and B. These
corrections are signi"cant only when the eutectic composition c

E
is close to 0 or 1. When the volume fraction

f is far away from 0.5, then Q(f) is small. Thus, the higher-order corrections in j to Eq. (3.2) are insigni"cant
for a melt at the eutectic composition. For solidi"cation of symmetric systems from a eutectic melt, only the
second term in Eq. (3.10) gives a signi"cant contribution to the entropy production, and this contribution

Fig. 1. Correction to the entropy production term &j2 due to inclusion of higher-order terms from Eq. (3.2) in the expansion of
1/c/(1!c).
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Fig. 2. The positive and negative contributions to the entropy production H
C

from the nonequilibrium composition "eld at the freezing
interface. Second term in Eq. (3.10).

comes from the nonequilibrium interfacial composition (shown schematically in Fig. 2). The shaded areas
show the positive and negative parts of entropy production dH

C
along the freezing interface.

3.2. Ewect of interface nonplanarity on the melt composition

The freezing interface of each lamella is assumed to be of parabolic shape described by a second-order
polynomial. Thus, for phase a:

za
0
(x)"!

tan(h
a
)

fj
x2#

fj
4

tan(h
a
). (3.11)

A similar expression can be written for the shape of the b/liquid interface. The lead distance is given by the
last term of Eq. (3.11). The correction to the composition due to interface curvature is used only for the
boundary term in Eq. (3.3). Lesoult and Turpin [5] used the correction dc8 "dc#a

i
i, where i is the interface

curvature, dc8 is the surface composition along the curved interface and a
i
is a constant (i"a, b). Nash [11]

claimed that this correction depends on the composition "eld, and can be either positive or negative,
depending on volume fraction. However, this claim does not match the assumption made in Ref. [5] that the
coe$cient a is always positive. Here, we assume that the correction has the form

dc8 "cisign(c
E
!c

(a,b)
)#dc(1#a

i
i), (3.12)

where ci is the average deviation of the composition at the interface from the eutectic composition. The
appearance of ci in correction (3.12) has nothing to do with interface curvature; it appears when one phase
leads the other due to condition

dM
a
"

2

3 A
fj
4

tan(h
a
)B'dM

b
"

2

3A
(1!f)j

4
tan(h

b
)B , (3.13)

using Eq. (3.11). According to Nash, if correction dc is written in the form (3.12), then coe$cient a
i
should be

negative.

186 D.I. Popov et al. / Journal of Crystal Growth 209 (2000) 181}197



Using Eq. (3.11), it can be shown that a
i
should be proportional to j. For a parabolic approximation to the

interface shape, the interface curvature i and the average lead distance are related. To a "rst approximation,
the correction to composition at the curved interface of a is given by

dc8
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!dc

a
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<

D
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0
j G
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+
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(pn)3
sin2(pnf) expA!
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3
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)B!P(f)H . (3.14)

The assumption of small ((p/6)h
a
and h

b
was made in order to simplify the evaluation integral (3.3) with the

integrand dc given by Eq. (3.14). Using Eq. (3.12) with ci"0, a very good approximation to a
a
in correction

(3.14) is given by

a
a
"!

pf2j
6

. (3.15)

3.3. Ewect of interface curvature on the solid composition

The change of chemical potential at the interface due to interface curvature can be expressed in terms of
solid and liquid composition using the Gibbs}Duhem relation and the di!erential van der Vaals equation [5]
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and m
(a,b)

are the liquidus slopes in the (¹, c) phase diagram. Note, that since c
a
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E
and c

b
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E
, m

a
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b
is positive. At the eutectic temperature, cL"c

E
, ca"c

a
(terminal a-phase composition), and

cb"c
b
(terminal b-phase composition). Note that N

(a,b)
depends on the entropy of the pure components, and

the compositions of the solids and the eutectic. For positive curvature i of the solid/liquid interface and
positive N

a
and N

b
, dca(k

a
dc and dcb'k

b
dc. That is, there is more segregation than with a planar interface,

yielding a positive contribution to entropy production.

3.4. Total contribution to entropy production from interface nonplanarity

The contribution to entropy production from interface nonplanarity was obtained by substituting
corrections (3.16) and (3.12) into the "rst integral on the r.h.s. of Eq. (3.3), with the integration limits from
z"z

0
to z"R. Note that ci consists of two parts with di!erent length scales: ci"c(j)i #c(u)i . The "rst

part c(j)i appears due to di!erent leading conditions of a and b on the scale of j. If dM
a
"dM

b
(lead

distance d"dM
a
!dM

b
"0), then c(j)i "0. The second part, c(u)i , is responsible for the deviation of composition

at the interface from the eutectic due to long-wavelength3 perturbations of the freezing interface shape. These

3Compared to j.
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Fig. 3. The positive and negative contributions to the entropy production H
C

from the nonequilibrium composition "eld at the freezing
interface when one phase leads. Here ci is the o!set of the average interfacial composition from the steady-state composition
corresponding to the planar interface (dashed line) due to leading conditions.

perturbations are associated with spatial oscillations of temperature along the interface due to interface
instability. We consider that part in Section 7.

Based on a Fourier series representation of the steady-state solution (Eqs. (3.4) and (3.5)), it is reasonable to
assume that c(j)i "<j/Dc(0)i , i.e. proportional to j, although it is not a linear function of the lead distance
d"dM

a
!dM

b
. Our numerical results for a planar interface [1] show that for small d, Dc(j)i D drastically increases

with increasing d. As d increases further, the dependence becomes less steep, and for high d Eq. (3.12) ceases to
be valid.

The correction arising from interface nonplanarity possesses the following negative term that is propor-
tional to j:
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The following term is proportional to j2:
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For dM
a
"dM

b
, c(0)i "0 and the contribution from Eq. (3.19) is zero. For c(0)i O0, the sign of Eq. (3.19) is

determined by the sign of c(0)i and by the volume fraction f. The constant c(0)i gives a contribution to entropy
production that is of opposite sign for a and b phases, as shown in Fig. 3. There is also a term that is
proportional to 1/j for ci"c(u)i :
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This contribution works on a larger length scale, and becomes important for long wavelength perturbations
of the interface.
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4. Entropy production due to heat transfer

The entropy production due to heat transfer can be written as
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where K is the thermal conductivity, which can be di!erent for solids and melt, and I is the latent heat. The
"rst integral can be evaluated by parts to give
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We consider a fully developed temperature pro"le with time-independent far-"eld boundary conditions (far
from the interface into the solid and into the liquid). Under this assumption, we can neglect the last term on
the r.h.s. of Eq. (4.2). The same considerations as for mass transfer set the "rst term on the r.h.s. of Eq. (4.2)
equal to zero. Assuming the temperature gradient is constant for each phase,
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where ¹
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and ¹
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are the temperatures at z"!w and w, respectively.
The second integral in Eq. (4.1) is
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The di!erence between the interface temperature of a and the eutectic temperature is given by the following
equation:
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with a similar expression for b's interface temperature. Since that temperature di!erence is less than the
eutectic temperature ¹

E
, the terms 1/¹
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) in Eq. (4.4) can be expanded into Taylor series and

then integrated. The excess entropy production was calculated thereby to be
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All three terms in Eq. (4.6) are positive, since sin(h
a
) and sin(h

b
) are both positive, m

a
(0, and m

b
'0. So, the

excess entropy production associated with a nonequilibrium interface temperature is positive.
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5. Analysis of steady-state eutectic growth

Adding together the contributions for heat and mass transfer, the excess entropy production incorporates
the following terms proportional to spacing j:
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The following terms are proportional to the inverse of the spacing (1/j):
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where C
i
"p

i
/*S

i
is the Gibbs}Thomson coe$cient for phase i (i"a, b). The term proportional to j2 is
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5.1. Steady-state symmetric and asymmetric eutectics

We estimated the contributions to entropy production from Eqs. (5.1) and (5.2). First, we took c(u)i "0,
thereby assuming that there is no long-wavelength modulation of the interface. We consider two lamellar
eutectic structures: symmetric and asymmetric. The following physical properties are taken for both
symmetric and asymmetric eutectics: c

0
"0.9; C

i
"10~5 cm K; v

.
"20 cm3/mol; *S

I
"4 J/cm3/K; h

i
"p/6;

Dm
i
D"100 K/at.frac; ¹

E
"5]102 K; <"10~4 cm/s; D"10~5 cm2/s, w"1 cm. The values of the result-

ing terms in Eqs. (5.1) and (5.2) are summarized in Table 1.
The contribution to entropy production from a nonequilibrium temperature (second term in Table 1) is

proportional to *S/¹
E
, which is large for semiconductors and small for metals. For semiconductors this

contribution is comparable to that for mass transfer ("rst term in Table 1). The third term gives a negative
contribution due to the e!ect of interface nonplanarity on the composition "eld at the interface. According to
the theorem of minimum entropy production, the lamellar spacing j can be found from minimization of all
contributions with respect to j. For a symmetric eutectic with the above properties, this minimization yields
j+4.5]10~4 cm.

Neglecting the e!ect of the interface nonplanarity on the melt composition near the interface, the eutectic
spacing j for minimum entropy production and can be expressed as
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Table 1
Contributions to entropy production for symmetric and asymmetric eutectics

Symmetric eutectic:
c
E
"0.5; f"0.5; k

a
"0.1; k

b
"1.9

Asymmetric eutectic:
c
E
"0.8; f"0.167; k

a
"0.063; k

b
"1.188
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For a symmetric eutectic, the two terms in the denominator of Eq. (5.4) are approximately equal. To prove
the validity of the order of magnitude analysis, we substitute the denominator of Eq. (5.4) by 2]the second
term. Eq. (5.4) for the eutectic spacing simpli"es to

j"S
Dp6

<c
0
P(f)*SM m6

, (5.5)

where the entropy change, surface energy, and liquidus slope are averaged over the two phases. Eq. (5.5) is
equivalent to the result obtained in Ref. [9] when appropriate substitutions are made.

The entropy production due to mass transfer and nonequilibrium temperature decreases as the asymmetry
increases (fP0 or 1). As a result, for minimum entropy production, j is larger for an asymmetric eutectic
than for a symmetric eutectic.

5.2. Ewect of lead distance

As shown in our numerical calculations [1], if one phase leads the other, the average interfacial
composition deviates from the eutectic composition, even if the bulk of the melt is eutectic. This deviation
contributes to nonequilibrium entropy production, as calculated in Section 3.4, and consists of two parts.
The "rst part incorporates the e!ect of the nonequilibrium chemical potential di!erence on j. This part is
given by Eq. (5.3), and is proportional to j2. Its e!ect is considerable only for strongly asymmetric eutectics
(see Fig. 4 and Table 2). Thus, the e!ect of a leading condition is to increase j.

5.3. Conclusions from the steady-state analysis

As a result of the application of the theorem of minimum entropy production to steady-state eutectic
growth, all of the following were predicted to increase the spacing j:

(a) Increasing the di!erence in volume fractions of the two solid phases.
(b) Decreasing *S/¹

E
.
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Fig. 4. The contribution from the lead distance to entropy production increases j. The e!ect is signi"cant only for asymmetric eutectics
with a large di!erence in volume fractions. The plot corresponds to ci"0.1 and volume fraction of one phase f"0.02.

Table 2
E!ect of the lead distance (represented by nonequilibrium composition c(0)i ) and volume fraction on steady-state j

Eutectic composition
c
E

atom frac.
Volume fraction f j, 10~4 cm

c(0)i "0 c(0)i "0.01 c(0)i "0.03 c(0)i "0.05 c(0)i "0.1

0.5 0.500 4.117 4.117 4.117 4.117 4.117
0.2 0.833 5.910 5.913 5.917 5.920 5.929
0.06 0.989 36.40 36.85 37.68 38.61 &169

(c) Increasing the interfacial energy p.
(d) Increasing the lead distance d for asymmetric eutectics with a large di!erence in volume fractions.

6. Excess entropy production due to an oscillating freezing rate

Here, we use the results of the analytical solution obtained in Ref. [1], where we speci"ed the freezing rate
as a periodic function with one harmonic

<(t)"<
0
(1#e sin(ut)). (6.1)

The compositions in the melt and solid satisfy

dc8 "dc(1#e sin(ut!u)), i"a, b,

dc8
i
"k

i
dc8 , i"a, b,

(6.2)

where u is the frequency of oscillations, and u is the phase lag between the oscillations of the composition at
the interface and the freezing rate. The phase lag depends on an interplay between the forced oscillations (of
frequency u) and di!usion in the lateral direction. It is also a function of distance z from the freezing interface,
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becoming larger for increasing z. Here, we consider that u is constant and equals that at the freezing interface.
The reason for this assumption is that the overwhelming part of the contribution to the entropy production
comes from the nonequilibrium temperature and composition "elds at the interface.

We want to "nd the contribution to the entropy production by an oscillating composition "eld and
freezing rate, averaged over one period 2p/u of freezing rate oscillations. In solving the interface composition
in the form (6.2), the time-dependent part can be separated from the spatially dependent part. Therefore, the
time averaging can be done independently of the evaluation of the integrals calculated in Section 3.4. The
contribution to entropy production is for steady state multiplied by a result obtained from time averaging.

6.1. Time-averaged contribution from mass transfer, nonequilibrium temperature and xnite lead distance

Substituting Eqs. (6.1) and (6.2) into Eqs. (3.2) and (4.1), the contribution from an oscillating freezing rate to
the terms in Eq. (5.1) can be expressed as Eq. (5.1) multiplied by (e2/2) cos(u). The same is true for Eq. (5.3),
which represents the contribution from the e!ect of lead distance.

6.2. Contribution from interface curvature

In the sharp interface model, changes in morphology cause di$culties in rebuilding the domain used in the
numerical calculations. A self-consistent solution for the interface shape in the oscillating regime is not
possible since the operating point condition is not known. The minimum entropy production criterion may
still be used for cooperative solidi"cation with an oscillating shape of the freezing interface. We do not give
here an explicit solution for the evolution of the interface shape. Nevertheless, the conclusions given in this
paragraph are believed to be valid since, though they are based on a simpli"ed treatment of the problem, they
coincide with the results from our phase-"eld model of oscillatory eutectic solidi"cation [12].

Following Ref. [13], we choose the a/liquid and b/liquid interfaces to possess a shape that can be described
by a cubic polynomial. Unlike a quadratic polynomial interface, Eq. (3.11), the cubic form contains four
parameters that allow us to satisfy four boundary conditions:

(a) tension force balance at the tri-junction (dz/dx"!tan(h));
(b) zero slope at the center of each lamella (dz/dx"0);
(c) z"0 at the tri-junction;
(d) a speci"ed lead distance at the center of the lamella with respect to the tri-junction (z"d

C
). We assume

that d
C

is a function of time, and, if the freezing rate oscillates, it evolves according to Fig. 5. This "gure shows
the shape of a and the tri-junction region at di!erent times during one period of oscillation.

The angle h
i
(i"a, b) remains unchanged in time, since the tension forces are time independent. In this

way, cubic representation for a/liquid interface shape is

z"a@x3#b@x2#c@x#d@, (6.3)

where the constants are given by

a@"
16d

C
!4 tan(h

a
)fj

f3j3
, b@"

!12d
C
#2 tan(h

a
)fj

f2j2
, c@"0, d@"d

C
. (6.4)

A similar solution can be given for the b/liquid interface shape. The local curvature of the interface is

i"!

d2z/dx2

(1#(dz/dx)2)3@2
, (6.5)
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Fig. 5. Evolution of the interface shape when the freezing rate oscillates. The angles at which the phases meet at the tri-junction remain
constant during oscillation. The result was obtained using a phase-"eld approach to oscillatory eutectic solidi"cation [12]. The gray
shading ahead of the freezing interface represents the nonequilibrium composition "eld. Note that the volume fraction changes during
oscillations, but this change is not signi"cant with respect to the change in the interface shape. The deep grove in the picture corresponds
to the maximum freezing rate, whereas the largest protrusion distance of the white phase in the melt corresponds to the minimum
freezing rate.

where a convex interface is assumed to have positive curvature. The average curvature along the a/liquid
interface can be obtained by integrating Eq. (6.5) over the half-width of a (from x"0 to fj/2):

i6 "sin(h
a
). (6.6)

Note that this is independent of d
C
. This result suggests that, even though the interface shape oscillates, the

average interface curvature is time independent. Therefore, an oscillating freezing rate does not change
contribution (5.2) to entropy production that is proportional to 1/j, i.e. *dHI (1/j)"0.

6.3. Total ewect of oscillating freezing rate on entropy production

Consider the steady-state solution for spacing j given by Eq. (5.4). As shown in Section 6.2, the numerator
under the square root is time independent, and, therefore, does not have any dependence on the freezing rate
oscillation amplitude e or phase lag u. The denominator is proportional to 1#(e2/2) cos(u). The stationary
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Fig. 6. The decrease in j as a result of an oscillating freezing rate with dimensionless amplitude e.

periodic solution for j obtained using the principle of minimum entropy production is

j"j
SS

J2

J2#e2 cos(u)
, (6.7)

where j
SS

is the steady-state spacing given by Eq. (5.4). The decrease in spacing j as a result of an oscillating
freezing rate with dimensionless amplitude e is shown in Fig. 6. The two curves are for di!erent phase lags
between freezing rate and compositional oscillations. The general trend is to decrease spacing j by 13}18%
for a 100% freezing rate oscillation (e"1). Note that backmelting (e'1) is not considered here.

7. Excess entropy production due to long-wavelength modulation of the freezing interface

The freezing interface becomes unstable if the temperature #uctuations exceed some critical value [14].
The solid then grows into the liquid with an interface modulated on a length scale larger than j. Such
interface instabilities also were obtained in our numerical simulation of unsteady eutectic growth using the
phase-"eld model [12].

Here, we assume the eutectic structure grows with a modulated freezing interface. For eutectic melt
solidi"cation, the interfacial material balance requires that at the center of the protruding part of the interface
the average composition changes by c(u)i , whereas at the center of the depressed part of the interface the
average composition changes by !c(u)i (Fig. 7). When the amplitude of freezing rate oscillations increases,
the amplitude of the composition oscillations at the protruding parts of the interface increases, whereas it
decreases at the depressed parts. The second term in Eq. (5.2) is responsible for excess entropy production due
to interface modulation. Though the signs of N

a
and N

b
are not known (i.e. they are material dependent), it

would give contributions to entropy production with opposite signs for those parts of the interface
protruding in the melt and those that are depressed. It is instructive to estimate the value of that term in order
to see its e!ect on the spacing j. Taking the values from Section 5.1, dH(u)i +5]10~10 c(u)i /j, new j can be
found using the values for the other terms from Table 1 for a symmetric eutectic, using Eq. (5.4):

j"S
1.6]10~11 (1/j) (J/cm2 K s)$5]10~10 (c(u)i /j) (J/cm2 K s)

4.5]10~5j (J/cm4 K s)#4.8]10~5j (J/cm4 K s)
.

(7.1)
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Fig. 7. Composition pro"le along the modulated freezing interface for a domain 10j in width. The maximum oscillation amplitude
corresponds to the parts of the interface protruded into the melt.

Table 3
E!ect of the amplitude of the interface modulation (represented by nonequilibrium composition c(u)i ) on the value of steady state j

j, 10~4 cm

c(u)i "0 Planar interface c(u)i "0.002 c(u)i "0.005 c(u)i "0.01

j
.!9

4.15 4.28 4.46 4.75
j
.*/

4.15 4.02 3.81 3.44

Therefore, one predicts di!erent j for protruded and depressed parts of the interface. The maximum and
minimum values of j for di!erent values of c(u)i are shown in Table 3. Note that if the amplitude of the
interface modulation is large, then c(u)i is large and the di!erence in j can be signi"cant. This result may
explain the experimental results on MnBi}Bi eutectics obtained in Ref. [15], wherein the freezing interface
was perturbed by electric current pulses, causing in some places a reduction in j, in others a breakdown in
structure with coarsening.

8. Conclusions

Implementation of the principle of minimum entropy production for symmetric eutectics at steady state
gave the Jackson}Hunt solution. When one phase leads the other, the deviation of the average interface
composition from the equilibrium eutectic composition contributes to the entropy production in a way that
increases j. The larger the di!erence in volume fractions of the two phases (larger asymmetry), the larger the
increase in k. This result may explain why for faceted/nonfaceted growth when the growth is partially
coupled, and large lead distances are observed, cooperative solidi"cation takes place far from the minimum
undercooling condition.

Freezing rate oscillations contribute to entropy production via terms proportional to j and j2. The term
responsible for the curvature undercooling at the interface, and possessing 1/j proportionality, is time
independent, since the average curvature of the interface is time independent. It is predicted that the spacing
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j should decrease when freezing rate oscillations are applied in the absence of convection. However, the
amount of this decrease in spacing is not signi"cant * only 13}18% for 100% freezing rate oscillations.

Analysis of the contributions to entropy production showed that a modulated eutectic interface shape can
also change j, making it smaller at some parts of the interface, and larger at others.
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