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A two-o spring branching annihilating random walk model, with nite reaction rates, is studied
in one-dimension. The model exhibits a transition from an active to an absorbing phase, expected
to belong to the DP2 universality classembracing systemsthat possesswo symmetric absorbing
states, which in one-dimensional systems, is in many casesequivalent to parity consenation. The
phasetransition is studied analytically through a mean- eld like modi cation of the so-called parity
interval method. The original method of parity intervals allows for an exact analysis of the di usion-
controlled limit of in nite reaction rate, where there is no active phaseand henceno phasetransition.
For nite rates, we obtain a surprisingly good description of the transition which comparesfavorably
with the outcome of Monte Carlo simulations. This provides one of the rst analytical attempts to
deal with the broadly studied DP2 universality class.

PACS numbers: 02.50.Ey,05.50.+¢,05.70.Ln,82.40.-g

I. INTR ODUCTION

Phasetransitions occurring away from thermodynamical equilibrium constitute one of the most challenging topics
in statistical physics. They appear in a host of physical systemsas well as in many models in biology, chemistry,
saciology, etc. Given the lack of a general theory of non-equilibrium systems, we are still living in a taxonomic
era in this eld: it would be highly desirableto reach a complete classi cation of the known phasetransitions into
universality classesas a preliminary stepto their full categorization, and identi cation of relevant features.

After more than twenty yearsof study, it has becomeclear that the degreeof universality is much narrower away
from equilibrium than it is in equilibrium transitions. Certainly, generalproperties sud as symmetries, consenation
laws, dimensionalities, etc., play a key role, asthey do in equilibrium. But someother ingredients, such as microscopic
dynamical details, hard coreinteractions, and the type of updating may, in somecases,n uence the emergingcritical
behavior of non-equilibrium systems,making the task of theoreticians both stimulating and di cult.

One of the most robust and best studied non-equilibrium classesof transitions is directed percolation (DP). It
includes an amazingvariety of models and systemsexhibiting a transition from an active to an absorbing phase[1{6],
and is well characterized at a eld-theoretical level by Reggeoneld theory (RFT) [7, 8].

DP is sorobust, that identifying and classifyingthe nature of perturbations ableto drive absorbingphasetransitions
away from this classhasbecomea challenging task. Probably the best known instance of this is the DP 2 class,where
the presenceof two perfectly symmetric absorbing states (Z, symmetry) is the main feature responsible for non-DP
scaling[9]. This classincludesa cellular automaton intro ducedby Grassbergeret al., [10], interacting monomer-dimer
models [11], non-equilibrium Ising models [12, 13], monomer-monomersurface reaction models [14], Z,-symmetric
generalizations of DP [15] and of the contact process[16], branching annihilating random walks with consened
parity [17{19], and it has also beenrelated to generalizedversionsof the Voter model [20, 21]. Extensive numerical
simulations led to conjecturerational exponert valuesfor the DP2 class[22], though this was later disproved by more
exhaustive simulations [4].

Although the existenceand robustnessof the DP2 classare well establishedfrom a numerical view-point, a solid
theoretical understanding is still missing. Bold attempts to write down and renormalizea eld theory suitable for the
DP2 classhave beenperformed, but the results are not as satisfactory asthey are for RFT [23, 24]. In particular, the
renormalization is basedon a clever, but somehav uncontrolled expansionaround two-di erent critical dimensions.
As we shall illustrate below, straightforward mean- eld approaches(cluster approximations) fail to reproduce a phase
transition if too small clusters are considered,and one has to resort to large-clusters, which make the calculation
complicated and not very accurate, i.e. the convergenceof the seriesis very slow (although results can be improved
if combined with coherent-anomaly methads [13)).

It is the purposeof this paper to shedsomelight on theseissues,by examining models of Branching Annihilating
Walks with two o spring (2-BAW) in onedimension: the 2-BAW with nite reaction rate exhibits a phasetransition
in the DP2 class[25]. Our approad is basedon a mean- eld modi cation of the methad of parity intervals, originally
intro duced for the study of annihilation reactions, A+ A ! 0 [26{29]. A similar approach has been previously
employed in conjunction with the methad of empty intervals [26, 30, 31] for the analysis of other intractable models
that do not consene parity [32]. See[27, 28] for a more detailed introduction to this method and its applications to
di erent models.



The paper is organized as follows. The 2-BAW model is described in Section |1, where we also perform simple
(up to two sites) cluster approximations (which fail to capture the transition). In SectionI1l we presen the exact
solution of the 2-BAW model in the limit of in nite reaction rate, using the method of parity-intervals. Although
there is no phasetransition in this limit, the analysisseresasa basisfor the mean- eld like approximation presered
in Section 1V, for the relevant caseof nite reaction rates. There we derive the approximate steady-state solution for
genericparameter values,and compareit with the outcome of Monte Carlo computer simulations. We conclude with
a critical discussionof our results and further developmerts, in SectionV.

I. THE MODEL AND CLUSTER APPR OXIMA TIONS

The model is de ned as follows. Each site of a one-dimensionallattice is either empty or singly occupied. The
lattice is updated asyncronously: a randomly chosenparticle attempts diusion at rate (probability =( + )),
and branching at rate  (probability =( + ));

time is increasedby 1=N, where N is the number of occupied (active) sites. In a di usion attempt the particle
is moved to one of its two nearest neighbors (target sites), with equal probabilities. If the target site is occupied,
annihilation resultswith probability r: the moveis e ected and both particles, the di user and the target, are removed
from the lattice. The moveis rejectedwith probability 1 r, and the lattice state remainsunchanged. In a branching
attempt the particle givesbirth to two new particles at the nearest neighbor sites (target sites). If either, or both
of the target sites is occupied, annihilation takes place with probability r: branching is e ected, and the occupied
target site(s) becomeempty. Once again, the move is rejected with probability 1 r, and the lattice state remains
unchanged.

In the di usion-controlled limit of in nite reactionrate (r = 1), the 2-BAW model is known to posses®nly a steady
absorbing phase[33]. Howewer, for nite rates (r < 1), a transition belongingto the DP2 class, from an absorbing
state, at r < r¢, to an active phase,at r > r¢, is found in numerical simulations [25]. We now demonstratethat simple
mean- eld approximations fail to capture this transition.

The simplest conceiable mean- eld theory is that of the one-site approximation, obtained by neglecting all cor-
relations between the states of dierent sites. For example, if the probability of one site being occupied is equal
to the conceriration c, then the probability of nding one occupied site followed immediately by an empty site is
c(1 c). There are only three everts that lead to a changein particle concerration: (i) annihilation of two particles
by di usion, ! ; (i) creation of two particles via birth, ! ; and (iii ) annihilation of two particles due to
birth onto previously occupied sites, ! . Note that the birth process ! (and its mirror-symmetric
image) doesnot alter the conceriration. However, processegi) and (iii) occur with restricted probability r. Thus

%c= 2rc2+ 201 ¢)? 2rcd; (1)
wherewetook = = 1. The rst, secondand third terms on the r.h.s. correspond to (i), (iiF) and (iii ), respectively.
For the steady state, we set dc=dt= 0 and choosethe stable root (Fig. 1), cs= (2+r 8r+r2)=2 2r). We
concludethat accordingto the one-siteapproximation the systemalways ewolvesto an active phase,with 1=3< ¢cs < 1
(Fig.2).
The two-site approximation providesthe next level of complexity. Let p be the conditional probability for a site to
be occupied, given that the adjacert site (to its left) is occupied. Let q be the conditional probability for a site to

be occupied, given that the site to its left is empty. Thus, the probability of the events , , , iscp, ¢l p),
(A 09g, (1 o(1 q), respectively. Note that since and are equally likely, we have,
cl p=@Q 0oq: (2

(The samerelation may be derived from the fact that Pr( ) = Pr( )+ Pr( ).) Eqg. (1) is now rewritten as

%c= 2rcp+ 2(1 ogd p)  2rep?; 3)

where the terms on the r.h.s. correspond to the sameewerts as before. Setting dc=dt= 0 and using the relation (2),
we obtain, for the steady state,

0= 2rcp+ 2c(1 p)? 2rep?:

We conclude that either cs = Oorps = 2+ r P 8r+r2)=2 2r). In the latter case,an additional ewolution
equation, for the event , providesthe missingvalue of cs: ¢s > O for all r. The result agreescloselywith that of the
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FIG. 1: One-site cluster approximation. Flow diagram, according to Eq. (1), with dc=dt= 0. This shows that the root ¢cs = 0
is unstable, while the root cs > 0 is stable. Results from the two-site approximation are very similar. The stationary solution
as a function of r is plotted in Fig.2

one-site approximation, with deviations not larger than 20%. Thus, also the two-site approximation fails to predict
the transition. Considering larger clusters, a phasetransition can be generated[13, 34], but a large set of coupled
equations (which enlargeswith cluster-size) hasto be solved, the accuracyis not good, and the results are expected
to be valid only up to the cluster-size. In the next section we presern an alternative method intended to overcome
thesedi culties.

I1l.  PARITY INTER VALS AND EXA CT SOLUTION FOR r=1

We now turn to a dierent approad, that of the method of parity intervals [26{29]. We rst presen the exactly
soluble caseof r = 1, for which there is no transition. The exact approac followed here seres as a basis for a
mean- eld like approximation, for the more interesting caseof r < 1| an approximation that does capture the
transition and reproduceskinetic details surprisingly well.

Let G, (t) be the probability that (in an homogeneoussystem) an arbitrary segmen of n consecutiwe sites contains
an even number of particles at time t. A site can be either empty or occupied by a single particle, sothe probability
that a site is occupied, i.e., the particle density, is

=1 Git): (4)

Since the dynamic rules of the two-o spring BAW consene parity, the only way that G, might changeis when:
(i) particles at the edgeof the segmem hop outside or branch, or (ii) particles just outside of the segmen hop inside
or branch. Let ——— and === represent segmens of even and odd number of particles, respectively. Then, the
changesof G, can be described schematically by the everts:

d n1 ! n no1 !

—G, = — ! | 1 —
dt
+ *& + = 1'|& — '|& “& : (5)

Arrowsin the rst four terms indicate the hopping of a particle to the left or right. In the last four terms, the arrows
indicate branching. For example,the rst term in (5) represernts the evert that a particle outside of an n-segmen of
odd parity jumps in, thus creating an n-segmei of even parity.

For the caseof immediate reactions, r = 1, the processesndicated in (5) occur regardlessof the state of target
sites. It is easyto show (see[26{29]) that:

Fn Pr(iu):%[(l G+ (Gn  Gns1)l; (6a)

Hn Pr(*):%[(l G1) (Gn Gns1)l: (6b)



Using theserelations, Eq. (5) becomes

C6aM=2( + )Gy 1 260+ G @)

and are the rates of hopping and branching, respectively, and the factor of 2 accourts for the everts in (5) taking
place alsoat the left edgeof the interval. The caseof n = 1 requiresa special equation, sinceGg is unde ned. Taking
into accourt all the ways G; might change,we nd

Tei=2(1 261+ 6G)+2(6; Go): ®
Thus, Eq. (7) may be understood to be valid alsofor n = 1, provided that one usesthe boundary condition
+ G
Go= — 5. (9)
Additionally , sincethe G, are prolabilities, we have
0 Gh(t) 1: (10)

Eq. (7), with the boundary conditions (9), (10) may be analyzedexactly for a variety of initial conditions [27]. Here we
merely obsenethat the only steady state solution supported by theseequationsis G, = 1,n = 1;2;:::, corresponding
to the absorbingstate = 0. Indeed, the 2-BAW model with r = 1 lacks an active phaseand exhibits no transition.

IV.  PARITY INTER VALS APPR OXIMA TION FOR THE GENERAL CASE

Consider now the caseof nite reaction probability, r < 1. A transition about somecritical probability valuer. is
known to take place, from the absorbing state into an active (non-empty) phase[25], and our goal is to capture this
transition, if only in an approximate fashion. We shall assumethat = = 1, without lossof generality [35].

Considerthe rst processon the r.h.s. of (5). Forr < 1, there is a di erence in the reaction rate depending on
whether the target site is empty or occupied:

n n 1 n 1

[ B L N O ee—
Unfortunately, events such asssmm  and———=  cannot be expressedin closedform in terms of the G,,. We
therefore rewrite the processin a way that the terms assaiated with r < 1, and which cannot be expressedn closed
form, appear as a perturbation, proportional tos 1 r:

n n 1 n 1
B I O —
n 1 n 1 n 1
O I e— @ = (11a)
1
- e— S

Likewise,the remainder of the di usion ewverts in (5) may be rewritten as

|
|nl|-:|nl| S|n1| X (11b)
—— = —— S e— ; (11c)
|
—— = — S e— (11d)

The branching everts too require closeinspection of the target sites. For example, we rewrite the rst branching
evert of (5) in a perturbativ e fashion:

o - R R k IR na -k

n 1 -
— = m— Ll G — T — Ll —
n 1 n 1 n 1 n 1 n 1
=1 r) — + I — +r —= + I — +r —= (12a)

S e— + (@1 S)&



The remainder of the branching terms are similarly expressedas

”:1}& s +(1 s ; (12b)
n - & n 1 n

—— =S +(1 s)/——— ; (12c)

“—1'& = S+ (1 S) e— (12d)

Sofar everything is exact. In order to proceed,we approximate the terms proportional to s in the simplest possible
way, by neglecting correlations. Thus, for example, we write

Prc—= ) Pr(c—= )Pr()=Fn 1(1 Gi); (13)
for the problematic term in (11a), and similar expressionsfor the onesin (11b){(11d). For the problematic terms
proportional to s in (12), we intro duce the notation

Prc—=— )= fn;  Pr(m—)=h,;
and
Pr( )=x; PrC )=Pr( )=y; Pr( )=1z;

and approximate in the samespirit as above,

Pr(emmmes ) Pr(ssmm )Pr( )= hy 1y; (14)

and similarly for the other terms. Sincey+z = Gy, Xx+z = Gy, andx+ 2y+z = 1,it followsthat x = 5(1 2G;+ Gy),
y=3(1 Gp),andz= 3( 1+ 2G;+ Gp) are expressiblein terms of the G, in closedform. Sincef, + F, = G, and
hy+ Hy =1 Gy, it followsthat f, = 2( 1+ G1+ Gy + Gpsr) andh, = 3(1+ Gy G, Gps1) aretoo givenin
terms of the G, in closedform.

We are now ready to write down a closedewolution equation for G,. Starting from Eq. (5), usingthe represerations
of Egs. (11) and (12) with their respective approximations, collecting terms and rearranging, we obtain

d

1 1
aGn = 55(1 Gz)Gn 2+ (2 3s+ ZSGl)Gn 1+ é( 8+ 7s 4sGy + SGz)Gn + (2 S)Gn+1 ; (15)

valid for n 3. As expected, this reducesto (7), with = = 1,in the limit s! 0. The equation for n = 2 is
exactly the sameas (15), provided that one adopts the boundary condition

Go=1: (16)

G, requires a separateewvolution equation that we nd by consideringall the events that cortribute to dG;=dt, and
write down, in the spirit of Eq. (15), as

d _ ! I
ael =2( + + )

(1 x+[1 Gi) sx] y+(@ s)x [1 s)y+ syGilg 17)
2 6Gy+ 4G, + S( 2+ 5G; 4G, + G1G2) :

To compute the steady state, we set dG,=dt = 0. Eg. (15) yields a recursion relation for the G, with constan
coe cien ts (that depend partly on G; and G;). Applying the ansatzG, = " we nd a cubic equation for , with
roots

_ 4 5s+4sG;  sG; p(4 B5s+ 4sG;  sGp)2+ 8s(2 s)(1 Gy) .

0= 1 8 4s

(18)

Thus G, hasthe generalsolution

Gh=A7+B "+C;



where A, B, C are constarts to be determined from boundary conditions. Since0 < s;G1;G, < 1 (in the active
phase)it followsthat j j < 1,and C = limy; Gy Gi . Supposethat the initial distribution of particles is
random, at density g, then G, (t = 0) = %+ %(1 2 )", and G; (0) = 1=2[27]. Becauseour model consenesparity,
it follows that C = 1=2. Furthermore, the boundary condition (16) implies B = % A. The remaining coe cien t, A,
could be found from the relations

Gi= A , + (% A)  +1=2; (19a)

Gy= A E+(% A) 2 +1=2; (19b)
_ 25 2+ (6 550G .

C2= = s+ sG; (19¢)

The rst two relations are required for self-consistencysince  depend on G; and G, (as well ason s). Eq. (19c)
is derived from (17), with dG;=dt = 0. BecauseEgs. (19) are unwieldy, in practice we set a humerical value for G;
and seard for (A; s;G,) that satisfy (19), using Mathematica. We thus nd a kinetic phasetransition which we next
compareto simulations.

The critical point ro = 1 s, and the behavior of the order parametern its vicinity, can be obtained analytically,
by perturbing (19) about the valuesA = 0, Gy = 1. Wethus nd rc= ¢ 33 3= 0:457427:::and s (rc ),
with = 1. The valueof = 1isin accordancewith the expectedfrom a mean- eld like solution.

We cap also obtain analytically the behavior of the order parameter in the neighborhood of r = 0. The answer,
c 1 2r, is the sameasthe one obtained from the one-site and two-site cluster approximations, and seemsto t
the numerical data from simulations exactly. Clearly, the role of uctuations diminishesasr decreasesway from the
critical point, and it is conceiable that their impact is negligible in the limit of zeroreaction.

Comparison to Sim ulations

In order to test the limit of validity of the above calculations, we have performed a Monte Carlo simulation of
the 2-BAW model. We use a system size L = 10%, and implement the previously discussedrules. The initial
con guration consistsof a randomly half-occupied lattice; we have veri ed that the obtained long-time asymptotic
results are insensitive to variations of the initial condition. Plotting the averagedensity as a function of time in
a double logarithmic plot, we identify the critical point with the value of r for which a separatrix, between curves
that tend asymptotically to a constart (active phase)and curvesthat bend downwards (absorbing phase) corverging
asymptotically to at =2 decay [36] is obtained. We thus nd r. = 0:495(10). From the slope of the plot the density
decay critical exponert = 0:28(1) (extending for about four decades),is determined. It is in excellent agreemet
with previous measuremets in the DP2 class[4]. The stationary density valuesare represened in Fig. 2.

A point worth emphasizingis that nite-size corrections dier from those usually encourtered in systemswith
absorbing states: Rather than nding a larger stationary order parameter for smaller systems, as is common, here
one obsenesa faster decay to the absorbing phase. Owing to this the exponert ratio = cannot be determined from
nite-size scaling analysis, unlessmeasuremets are restricted to surviving runs as donein [37].

We have also measuredthe order-parameter critical exponent, by plotting the average stationary density as a
function of the distanceto the critical point (Fig. 3). Our nding of = 0:92(5) is againin good agreemen with the
commonly acceptedvalue [4]. Other exponerts can certainly be measured,but with  and we can already guarantee
that the model is indeedin the DP2 class.

A more stringent test of the mean- eld parity interval approximation is obtained by comparing its predictions for
G, to the numerical results of Monte Carlo simulations, for di erent valuesof the control parameterr (Fig. 4). In all
caseswe expect G, | 1=2for large n, sinceG; = 1=2 and parity is consened. The relevant questionis how well the
approximation capturesthe G, for n small. Becausethe typical distance between particles grows as one approaces
criticalit y, we plot the results against = n rather than n, in order to comparethem better.

For small valuesof r (as shown in Fig. 4), deepinto the active phase,spatial correlations play a minimal role and
the theoretical prediction matches simulations remarkably well, for all . As r is raised toward the critical point,
correlations play a larger role and the t worsens. For example for r = 0:38 ( = 0:2) the theoretical curve ts
experiments well only up to 2 (and, of course, also at 1). Closer still to the critical point, at r = 0:45
(= 0:1), the theoretical prediction is good only up to 1. The large deviations obsenedfor = 1 in this last case
indicate that the state of the system near the DP2 transition, despite being dilute, is highly ordered and correlated.

The approximate curvesconvergeto the exact value for G, ! 1=2 for asymptotically large values of



FIG. 2: Order parameter as a function of r as obtained from (a) Monte Carlo simulations (diamonds), (b) parity interval
approximation (lowermost curve), and (c) one-site cluster approximation (uppermost curve): the curve shows the stable root
(see gure 1), (observethat correspondsto cs in the cluster approximation section). Note the absenceof a transition point
in the third case.

FIG. 3: Log-log plot of the order parameter vs. the distance to the critical point. Shown are simulation results (curve with
diamonds) compared to the prediction from the parity interval approximation (solid curve). Slopesof 1 (top, dashedline) and
0.92 (bottom, dotted line) are shown for comparison. The latter represerts the acceptedvalue of the order parameter exponent

for the DP2 universality classin d = 1. Nearby criticalit y, the mean- eld solution convergesto = 1. Surprisingly, the
mean- eld slope agreesquite well with the expected value of 0.92, whenr, r > 0:1.

V. DISCUSSION AND FUTURE PERSPECTIVES

We have preserted an approximation, basedon the method of parity intervals, for the analysisof the DP2 transition
obsened in the 2-BAW model in one dimension with nite reaction rates. The key ingredient of our approach is
that it respectsthe parity consenation implicit in the dynamical rules of the 2-BAW model: parity consenation is
here responsible for the Z, symmetry that underlies transitions in the DP2 class, and provides a surprisingly good
description of the transition at a mean- eld level.

An interesting nding is the fact that spatial correlations play no role in the limit of zero reacion rate,r ! 0. 1In

this \saturation" limit, the dependenceof the order parameter upon the critical eld, 1 2r, is captured even
by the simplest one-site cluster approximation.

Extensive numerical simulations of the DP2 transition suggesta value of = 0:92(2) for the order parameter
critical exponert [4]. On the other hand, an exact value = 1 was conjectured by Jensenand later supported by
numerical simulations combined with Pade approximants [16]. Regrettably, we have little to add to this controversy.
Our mean- eld results away from criticality (r. r = 0:1) are consistert with = 0:92, while ! 1 aswe approac

the transition (Fig. 3). However, the large spatial correlations obsened near criticalit y are not faithfully modeled by



FIG. 4: G, in the active phasefor three di eren t stationary activit y values: (from the bottom to the top) 0:633,0:2, and 0:1, as
computed in a) Monte Carlo simulation for r = 0:082,r = 0:38 and r = 0:45 respectively (curveswith symbols) and b) interval
approximation (contin uous lines). Instead of plotting as a function on n in order to make more meaningful the comparison we
use , de ned asn divided the averageinterparticle distance in eac case.

our mean- eld like approach (Fig. 4), and the valueswe obtain for r r < 0:1 are unreliable. It would be desirable
to improve our approximation so asto better model regionscloserto r.. Our attempts in this direction have been

futile, sofar. Arguably, the simplest improvemert would be to replace the approximation of Eq. (13) by the more
accurate:

- Pric—= )Pr( )
Pr(= Pri) ;

and likewiseelsewhere.However, on employing this scheme,instead of an improvedresult we nd that the transition
disappears. A similar phenomenonis known to occur also in mean- eld cluster approximations, where sometimes
increasingthe cluster sizeyields lower quality predictions.

Other interesting open prospects include using the parity interval approximation for the analysis of dynamical
aspects of the DP2 transition. We have here systematically assumedthat all time derivatives are zero, thereby
accessingthe steady state alone. Analyzing the very sameequations with the full time dependencebuilt in should
yield a prediction for the order parameter time decay. Additionally , the equations could be modi ed to describe a
spatially inhomogeneoussystem. In that case,one could study the dynamics of spreading.
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