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Abstract

We study a version of compact directed percolation (CDP) in ae
dimension in which occupation of a site for the rst time requires that
a \mine" or antiparticle be eliminated. This process is analogous to
the variant of directed percolation with a long-time memory, proposed
by Grassberger, Chat and Rousseau [Phys. Rev. B5, 2488 (1997)]
in order to understand spreading at a critical point involving an in nite

number of absorbing con gurations. The problem is equivalet to that

of a pair of random walkers in the presence of movable partiale ectors.

The walkers, which are unbiased, start one lattice spacing part, and
annihilate on their rst contact. Each time one of the walker s tries to
visit a new site, it is re ected (with probability r) back to its previous
position, while the re ector is simultaneously pushed one tep away
from the walker. Iteration of the discrete-time evolution equation for
the probability distribution yields the survival probabil ity S(t). We
nd that S(t) t , with  varying continuously between 1/2 and
1.160 as the re ection probability varies between 0 and 1.
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I. INTRODUCTION

Models that can become trapped in one of an in nite number oflesorbing con-
gurations (INAC) exhibit unusual spreading dynamics at their critical point. The
most intensively studied model of this kind is the pair contet process (PCP) [IR].
INAC appears to be particularly relevant to the transition to spatio-temporal chaos,
as shown in a recent study of a coupled-map lattice with “lamar' and “turbulent’
states, which revealed continuously variable spreading onents [B].

Anomalies in critical spreading for INAC (such as continuocsly variable criti-
cal exponents) have been traced to a long memory in the dynassiof the order
parameter, , arising from a coupling to an auxiliary eld that remains frozen in
regions where = 0 [fB]. Grassberger, Chat and Rousseau (GCR]][6] propes
that spreading in models with INAC could be understood moreasily by studying a
model with a unique absorbing con guration, but with a long memory of its initial
preparation.

The GCR model is a variant of bond directed percolation (DP)ri which bonds
connecting to \virgin" sites (i.e., that have never been oagied), have a transmission
probability, g, that may di er from the value, p, for bonds to \used" sites. Used
sites follow the usual DP rule. If sitex has been occupied previously, then the
probability that x is occupied at timet+1 is pif either x 1 orx+1 (but not both)
are occupied at timet, p(2 p) if both sites are occupied at timet, and zero if neither
is occupied. For virgin sites the parametep is replaced byg. The dynamics begins
(as in all spreading experiments) with activity restrictedto a small region of the
lattice. Grassberger et al. found in simulations that in 1+1dimension, the critical
point remains atp, = 0:644701, the standard bond DP value [7], independent qf
They concluded that forg < p, the survival probability S(t) decays faster than any
power oft, at the critical point p= p.

In this work we study one-dimensionatompactdirected percolation (CDP) [8,9],
so called because gaps cannot arise within a string of occegbisites. Being exactly
soluble, CDP provides a valuable test for ideas on scaling absorbing-state phase
transitions. For example,Odor and Menyhard recently found a continuously-variable
survival exponent for CDP con ned to a xed parabolic region[10].

The rules of standard CDP are as for DP, described above, egtehat if both
x 1 andx + 1 are occupied at timet, then x must be occupied at timet + 1.
(Note that CDP possesses two absorbing states: all vacanndall occupied.) If the
process starts with only a single occupied site, the state ahy later time is speci ed
by the positions of a pair of random walkersw; and w,, which mark the extent of
the occupied region. (Speci cally, the occupied sites arav, +1;w;+2;::55W,.) If
we take the origin as the position of the original \seed" paitle, thenw; = 0 and
w, =1 at t = 0. The stochastic evolution ofw, is given by

wo(t)+1 w.p. p

wo(t +1) = wo(t) 1 wp.1lp

(1)
while for w; the roles ofp and 1 p are interchanged. Thus the lengthY (t) =
wo(t)  wsq(t) of the occupied region itself executes a random walk withadnsition
probabilities:



g Y(t) 2 wp. (1 p?
Y({t+1)= _ Y() w.p. 2p(1 p) (2)
TY()+2 wp. p?

The state Y = 0 (all sites vacant) is absorbing. In this work we focus on th case
p=1=2 since for smaller (larger) value¥ (t) is attracted to (driven away from) the
origin.

Well known results on random walks [11] imply that for p=1=2), the survival
probability S(t) t 2, while the mean-square displacement, if the walker has not
hit the origin up to time t, follows hY?(t)is t. (The average is over trials that
survive until time t or longer.) The latter implies an active region (in survivimg
trials) of extent  t¥*2, so that the mean number of occupied sites, averaged over all
trials, is n  t°% In the usual notation of absorbing-state phase transiticg[12,13],
these results imply the exponent values =1=2,z=1and =0. (The exponents
are de ned via the relationsP t ,R? t?,andn t.) These values satisfy the
expected hyperscaling relation for a compact growth proce# d dimensions [14]:

_ dz
+ =5 (3)

Now we introduce a memory e ect in CDP along the lines propoden Ref. [6].
Suppose that initially sites other than the origin harbor satic \antiparticles" (or
\mines"), independently with probability r. If site x has a mine, then the rst
particle to venture there is destroyed, and along with it themine, so that in future,
site x can be occupied as in normal CDP. In terms of the random wallew; and
Wy, a mine is e ectively a re ecting boundary: the rst time w; attempts to visit
site x (mined), it is re ected back to x + 1, and at the same time the re ector moves
to x 1; similarly, w, will be re ected back to x 1 on its rst visit to X, if it
harbors a mine. Forr > 0 our model represents the spread of activity into a hostile
environment, for example the advance of a bacterial colony ia medium, with a
preliminary contact facilitating expansion into new regias, or, similarly, the spread
of a political viewpoint in an initially skeptical population.

We recently studied a simpli ed version of this problem, inalving a single ran-
dom walker on the nonnegative integers [15]. The walker is biased, and starts at
x =1, with x =0 absorbing. The re ector is initially at x =2. On each visit to
a new site, the walker is re ected with probabilityr, and the re ector moves for-
ward by one site. Asymptotic analysis of the probability geerating function shows
that the survival probability exponent varies continuousy with r: = (1+ r)=2.
In this work we analyze the two-walker problem de ned abovegorresponding to a
spreading CDP process.

The remainder of this paper is organized as follows. In thelloving Section we
show how CDP with re ectors can be represented (despite therhlg memory) as a
discrete-time Markov process. We proceed to de ne an appnogte state space and
the associated transition probabilities. In Sec. Il we argze the results of numerical
iteration of the probability evolution equations, yielding precision estimates of the
critical exponent and other asymptotic scaling properties. Sec. IV presents a
summary and discussion.



1. MODEL

To investigate the scaling properties of CDP with re ectorsit is convenient to
enlarge the state space to include the positions of the re &xs; this renders the
process Markovian. [The processam(t); w(t)) is evidently non-Markovian.] We
consider CDP in one dimension, starting from a single activate. The evolution of
the active region is represented by the motion of a pair of urdsed random walkers,
w; and w,. Each time a walker tries to jump to a new site it pushes a re gor
(R1 or Ry) to the left or right, and in the process the walker is re ectd back with
probability r; it remains at the new position with probability r=1 r. The generic
con guration is:

Due to translation invariance, we require only three variales, x, y and z, de ned
as follows:

x
I

W1 R, 1;

R, w» 1;

<
I

z=R, Ry 2

Then the distance between the walkers (i.e., the number of cupied sites), isz X v;
X+y = z is the absorbing state. We start with the walkers a unit distace apart,
and the re ectors one lattice spacing away from the walkerso that, initially, z =1
and x = y = 0. At each time step the walkers jump to the left or right with equal
probabilities. z is nondecreasing, with 1 z 2t + 1, since the separation between
re ectors can increase by at most two spacings at each step.

Let P(x;y;z;t) denote the probability of state ;y;z) at time t. Transitions
(x;y;2) ! (x%y%z9 may be grouped into three classes. The simplest is ferand y
both greater than zero. Thenz cannot change, since the walkers do not encounter
the re ectors, and we have X;y;z) ! (x%y%2z) with x°= x 1andy®=y 1;each
of these has a transition probabilityW = 1=4. Next considery > x = 0. There
are six possible transitions, listed, along with their proabilitites, in Table I. (The
transition probabilities for x >y are obtained by noting thatW is symmetric under
the simultaneous interchange ok and y and x°and y°)
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Table I. Transition probabilitites for y > x =0.

Finally, for x = y = 0, there are eight possible transitions, as listed in Tabld.
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Table Il. Transition probabilitites for y = x = 0.

(Note that there are two distinct routes to the state (1 1;z+1): both walkers may

jump to the left, with w; re ected back, or both may jump to the right, with w, being
re ected; each of these events has a probability 0£4.) Any move yieldingx°+ y°
z° represents a transition into the absorbing state. Startingrom P(x;y;z;0) =
21 x0 y:0, We can iterate the above transition probabilities to ndP(x;y; z; t).

In the three-variable representation, the evolution is coned to an in nite wedge
bounded by the plane=0, y=0, and x+y= z. The latter plane is absorbing, while
the rst two allow upward transitions (from z to z+1 or z+2). Between vertical
transitions, the process is con ned to the trianglec 0,y 0,x+y z; away from
the boundaries, the evolution is that of an unbiased latticavalk with steps between
second-neighbor sites, oA ?.

Suppose the process has just entered a given plane of constarfrom below.
Its continued survival is equivalent to the event that it touches either thex or the
y axis, and makes a further vertical transition,beforetouching the line x+y = z.
Thus survival of the process is related to theplitting probabilitiesfor exiting a two-
dimensional triangular region via the di erent edges. (Na that the x and y axes
are partly re ecting.)

The above transition probabilities de ne what we shall refeto as the \two-step”
model, in which both walkers jump at each time step, in corre®ndence with the
original CDP problem. One may de ne a simpler \one-step" moél, in which only
one of the walkers (chosen at random, with equal likelihoodumps at each step.
Since the set of transitions is somewhat reduced (there are transitions from z to



z+2, for example), this version would appear to be more amenbbto analysis. We
expect the two versions to have identical asymptotic scalinproperties.

The transition probabilities for the one-step process aresdollows. Ifx andy are
both greater than zero, there are four possible transitiongx;y;z) ! (x 1;y;2),
and (x;y;2)! (x;y 1;z), each with probability W =1=4. Fory >x =0, the ve
possible transitions are listed in Table IlI.

01 Z20 w

z+1\r=4

z+1({r=4
z |14
z |14
z |14

XO

<

T <K <K K

oNe N e

y+1
y 1

Table Ill. One-step model: transition probabilitites fory > x = 0.

Finally the transitions for the casex=y=0 for the one-step model are given in
Table IV.
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Table IV. One-step model: transition probabilitites forx=y=0.

The evolution of the one-step process is again con ned to theedge described
above, and (in each plane) to the same triangular region asdhwo-step process. The
principal di erences are that, away from the boundaries, th process corresponds to

a simple random walk with jumps betweemearestneighbors, and that all vertical
transitions are fromz to z+1.

The probability distribution evolves via

X
P(x;y;z;t+1) = W(x;y; zjx%y% 9P (x%y% 2% 1):

x0y0:20

Results from iteration of this equation are discussed in Setl.

A. Calculational scheme

Given the symmetry of the transition probabilities under exkhange ofx and y
(and, simultaneously, ofx® and y9, it follows that if we start from a symmetric
distribution, P(x;y;z) = P(y;X;z), as is the case here, then this property will be
maintained throughout the evolution. This allows us to redae the number of states



by roughly half: we need only studyx y. The presence of the absorbing state
implies thaty z 1, and, therefore, 0 x min[y;z y 1].

Since states withx >y are not considered explicitly, we must modify the iteration
of the evolution equation as follows:

(1) The contribution to P (y%y% z% t+1) due to a transition (x;y;z) ! (y%y® z) with
x<y should bedoubled to take into account the corresponding contribution due to
(y;x;2) ! (y%y®z), which is not represented explicitly in the dynamics. Sintarly,

a transition from (x;y; z) to the absorbing state should have its weight doubled, if
X<Yy.

(2) In a transition (x;y;z) ! (x%y%z9, with x <y and x°> y? the contribution
should instead be added td® (y% x% z%t+1), to include the mirror process, which,
again, is not represented explicitly.

These rules are summarized in Table V, which gives the weighaissociated with
each transition, given that states withx >y are not represented explicitly.

From x=y to| weight
x0=y0 1
x0<yO 1
x0>y0 0

absorbing 1

From x<y to| weight
x0=y0 2
x0<yO 1
x°>y0 |1 for (y°x9

absorbing 2

Table V. Transition weights.

The zero entry forx=y! x%y%means that such transitions are ignored.

I1l. RESULTS

We have iterated the discrete-time evolution equation dered above numerically.
To iterate the two-step process fot,, = 2000 5000 time steps, one requires values
of z of up to 200 - 320, and ok andy up to 110 - 230, depending on. (The larger
r is, the less rapidly the processpspreads, and the smaller thgays need be. The
required size scales, naturally, as t,,,. For t;,, = 2000 the iteration requires about
20 min. to 1 hour of cpu time on an alpha workstation.) For the pe-step process we
use an upper limit of 250 for all three variables, which progemore than su cient for
tm = 2000. The CDP plus re ectors problem is, of course, easilyglied via Monte
Carlo simulation. But we have found that numerical iteration furnishes an order of
magnitude higher precision than direct simulation, for thesame expenditure of cpu
time.



For eachr we calculate the survival probability S(t), the rst and second mo-
ments, hYi, and hY?2i, of the extent of the active region (i.e., the distance betwee
the walkers,z x vy), and the probability distribution P(Y) at t,,. (The distribution
and moments ofY are taken over the surviving sample at timd. With the array
sizes mentioned above we determine the quantities of intsteo a precision of better
than one part in 1¢.)

S(t) and the moments ofY are found to follow power laws,

S(t) t (4)

hyi, ts )

hy?i, t%: (6)
(Here the subscript s’ denotes surviving sample; the expemt = ¢ )

Precise estimates of the exponents are obtained by studyirigcal slopes, for
example (t) dInP=dInt, and similarly for the other exponents. Based on experi-
ence with the random walk with movable partial re ectors [1h we expect a generic
correction to scaling exponent of 1/2; we therefore plot thiocal slopes versus 2.
Such plots (see Fig. 1), are roughly linear, but show a certadegree of curvature,
indicating (as is to be expected) that corrections of order ! are still signi cant.
The local slope data are t nearly perfectly by a quadratic fam in t 12; the inter-
cept yields our estimate for the critical exponent. An excdjpn is the caser =1,
for which the correction to scaling exponent appears to be 1(This may be seen
explicitly in the case of a single random walk with a partial ravable re ector [15].)
For r =1 we derive our estimate for from an analysis of the local slope as a function
of t 1. The extrapolated values for are very stable under changes in the interval
used (e.g..t ¥ < 0:1, ort 2 < 0:04), and int, (2000 or 5000 time steps). We
estimate the uncertainty of extrapolation as 2 10 “. This is supported by our
results for the one-step process: the estimates fodi er from those for the two-step
model by at most 0.0005. (For = 1 for example, we nd = 0:1597, compared
with = 0:1595 in the two-step case.)

The analysis described above yields, = 1=2 to within one part in 5000. Thus
the only independent exponent is. Our results for (r) are given in Table IV. As
shown in Fig. 2, appears to vary linearly withr. A simple linear expression,

1 2
= — 4+ —- 7
2 3 0
reproduces the data to within 6 parts in 1000. The simplicityof this expression,
and its similarity to the single-walker result, = 1=2 + r=2, lead us to adopt Eq.

(7) as a conjectured exact formula. Analysis using leastisgres tting suggests,
however, that (r) is weakly nonlinear. We obtain an excellent t to our data usng
an expression of the form,

+ ar + br?: (8)

NI =



with a = 0:6434 andb = 0:0167. The typical errors associated with a purely
linear t are on the order of 2 10 3, about an order of magnitude larger than the
uncertainty in . (The typical error for the best quadratic t is about 4 10 %))
The nonlinear dependence of on r therefore appears to be real, not just an e ect
of nite numerical precision. It is conceivable, nevertha@ss, that corrections to
scaling introduce systematic errors in the numerical anadjs, giving rise to apparent
nonlinearities. We defer the veri cation of Eq. (7), which veuld appear to require
either an analytic solution or improved numerics, to futurework.

r A m
0| 1=2 |1.77241.2737
0.1/0.56421.65081.2679
0.2/0.62891.54941.2628
0.3]0.69401.46331.258(
0.4{0.75981.38921.2539
0.5/0.82591.32461.2504
0.6/0.89241.26781.2469
0.7/0.95911.21741.2439
0.8]1.02581.17221.2411
0.9/1.09271.13161.2386
1.0/1.15951.09471.23647

Table VI. Numerical results.

Table VI also contains results for the amplitudeA of the mean activity, de ned
via

hyi' At*? (9)
and for the asymptotic moment ratio
_ . hy3,
M=l iz (10

The amplitude decreases smoothly withh as shown in Fig. 3. m is a measure
of the shape of the position distribution. Forr = 0 our numerical estimate is
consistent with 4= = 1:27324::, as expected for Brownian motion on the line
with the origin re ecting, for which the asymptotic probability density is Py (x) =
(x= 2)exp[ x2=2 2], with 2 = t. The ratio decreases steadily withr, but not
by very much (see Fig. 3), showing that the random walk resulstill serves as a
reasonable approximation for > 0. The moment ratiom takes the same values in
both versions of the process, con rming that it is a univerdaguantity.

The e ect of the re ectors is clearly evident in the distribution in the number of
active sites,P(Y). Fig. 4 comparesP (Y) for r =0, 0.5, and 1, (fort = 2000 time
steps, two-step process), showing that the distribution stis to smaller Y values
with increasing re ection probability r. (Note that for r =0, P(Y;t)=0 for Y +1t
odd. We have therefore multiplied the distribution forr =0 by one half, to facilitate
comparison with the other cases.) Despite the changes in rfior the tail of the
distribution remains Gaussian in all cases.

9



IV. DISCUSSION

We have studied spreading in compact directed percolatiom@ one-dimensional
lattice at its critical point, modi ed so that activation of virgin sites is less probable
than reactivation of a previously active site. The problems equivalent to a pair of
random walkers subject to movable partial re ectors. Two veants are considered:
the two-step process, in which both walkers move at each stepnd a one-step
process, in which, at each step, only one walker (selected random) jumps. We
study these processes via exact numerical iteration of thegbability distribution
for nite times (5000 time steps).

We nd that the survival probability critical exponent varies continuously with
r. Our results indicate a weak nonlinearity in the function (r), despite the fact that
the data are rather well represented by a simple linear exmsion, Eq. (7). Since,
in the case of a single random walker subject to a partial mowke re ector [15], we
found a strictly linear dependence of the survival probabtly exponent onr, this
nonlinearity is somewhat surprising. On the other hand, theresent problem is
related to splitting probabilities on a two-dimensional donain (rather than on the
line, as is the case for a single walker), allowing for a moreroplicated functional
dependence.

Our nding of a continuously-variable survival probability exponent is fully con-
sistent with previous results for the single walker. One maynoreover, understand
the fact that increases more rapidly withr than for the single walker, since in CDP
the spreading process feels the e ects bko re ectors. In the absence of an exact
analysis or rigorous argument, however, we have no qualitee understanding of the
values for (r) that we have found numerically. This question, and the vergation
of Eq. (7), remain as interesting challenges for future work
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Figure Captions

FIG. 1. Inset: survival probability S(t) for the two-step processy =0:8. Main
graph: local slope (t) versust ' for the same system. ' on y-axis: (upper)
extrapolated value ( = 1:0256); (lower) = 1:0333 predicted by Eq. (7).

FIG. 2. Survival exponent (r) from iteration of probability distribution (points).
The solid line is a quadratic least-squares best- t to the da. Inset: best-estimate
for less the value predicted by Eq. (7).

FIG. 3. Upper panel: amplitudeA of the mean activity as a function ofr; lower:
moment ratio m of the activity distribution.

FIG. 4. Probability distribution P(Y) of the activity in the two-step model (con-
ditioned on survival) after 2000 time steps, for (left to rigpt) r =1, 0.5, and O.
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