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Calculation of Slip Energy Recovery Induction
Motor Drive Behavior Using the Equivalent Circuit

Pragasen Pillay, Senior Member, IEEE, and Larbi Refoufi

Abstract—A transformer-type equivalent circuit model for the

calculation of the steady state performance of a slip energy.

recovery induction motor drive with a step down chopper in the
dc link is described. Experimental data of rms currents, power,
reactive power and overall efficiency satisfactorily correlate with
calculations over most of the operating speed range. Also, detailed
calculations of rotor, stator and supply harmonic currents due
to the rectifier and inverter actions are performed using the
conventional version of the equivalent circuit. The computed
and measured instantaneous current waveforms show satisfactory
agreement except at a slip of 1/6 where significant deviations
appear. This effect is adequately catered for by using a more
rigorous model. .

I. INTRODUCTION

HE SIMPLICITY of the conventional slip energy recov-

ery induction motor drive (SERIMD) belies the degree of
difficulty of its analysis. This is largely due to the interdepen-
dence between the rotor bridge rectifier conduction sequences
and the rotor voltage and current waveforms. The performance
of the conventional SERIMD can be enhanced by inserting a
step-down chopper between the rotor rectifier and inverter in a
SERIMD as shown in Fig. 1. While the chopper is operational,
it can be used to match the rotor voltage to that of the inverter.
The inverter can thus operate at its maximum safe firing angle
to minimize VAR requirements. Once the chopper is fully on,
inverter control can be used to control the motor up to rated
speed. Hence the speed is controlled in two stages, chopper
control from the minimum speed to an intermediate speed and
inverter control from there to rated speed. The chopper can
be used to start the drive from rest thus eliminating the three
phase resistance starter. It also allows a lower turns ratio in the
recovery transformer thus reducing the magnitude of harmonic
currents injected into the supply.

A rigorous analysis should yield a solution that takes
account of the nonsinusoidal nature of both the rotor current
and voltage waveforms and all the voltage and current ripples
in the system. To this end, a coupled approach (a dg/abc
derived model) becomes necessary. This has been the object
of several papers [1-3]. On the other hand, several methods
for the steady state analysis of the conventional static Kramer
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drive, which are based on a non-coupled circuit approach, have
been reported in the literature. The so called dc equivalent
circuit (EC) approach [4] and the ac EC approach [5] are
simplified methods which consist in essence, of transferring
the system parameters on to the diode bridge de or ac sides
respectively. The aim of the steady state EC approaches is o
calculate the overall drive perfermance to a sufficient accuracy
that the results are usuable while avoiding the mathematical
and numerical complexities of the detailed model [1-3]. They
are however inherently unable to take into account the effect
of motor and rectifier resistances and voltage drops on the
commutation process in the dicde bridge. This effect becomes
substantiaily important at high speeds where slip and rotor
voltages are low. Because of these drops in the rotor cir-
cuit, commutation will start earlier than the normal voltage
crossover point and the overlap angle will be longer.

A mathematically exact steady state analysis of the drive has
been done [6] which takes into account motor resistance and
rectifier losses on the commutation in the diode bridge rectifier.
A similar approach using a transformer-type model for the
motor and based on the fundamental component of rotor and
stator currents has been developed {7]. Analytical expressions
for predicting torque, stator power, stator reactive power and
rectifier output voltage were presented for a conventional
SERIMD. In this paper, this model is extended to calculate
the performance of a chopper-controlied SERIMD. In addition
the conventional form of the EC is used for more detailed
calculations of stator, recovery, and supply curmrents for a
chopper-controlled drive. The paper is organized as follows:
Section I has the introduction. Sections Il and III present the
transformer-type EC and the steady state results for the drive.
Sections IV and V show how the conventional EC can be
used to calculate the harmonic currents. Section VI has the
conclusions,

II. TRANSFORMER-TYPE CIRCUIT
MODEL FOR THE INDUCTION MOTOR

A. Introduction

The motor is represented by its so called transformer-type
EC [8] (with all three phases treated as separate entities). The
few parameters used can all be measured experimentally. This
relatively unused variant of the EC has been chosen because it
has the advantage of leading to a simple sinusoidal source with
a series impedance for rectifier calculations while preserving
the fundamental component of no load current. Figs. 2(a) and
(b) compare the conventional and transformer-type ECs and
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show how the parameters of the latter can be derived from
the former. K is a complex ratio which includes the phase
shift between V| and V/ on no load. The circuit is valid
for the fundamental component of current only as the true
equivalent circuit must differ for each harmonic. The circuit
is therefore approximate since rotor current is necessarily
nonsinusoidal. All current and voltage ripple in the dc link
are assumed to be negligible ie, the switching actions of the
chopper and inverter are neglected. It is therefore assumed
that the principal harmonics impressed on the rotor circuit are
simply odd multiples of slip frequency (excluding the triplen
harmonics) which are caused by rectification taking place in
the rotor diode bridge.

B. Analysis

The derivation of the formulae pertaining to the motor/diode
bridge circuit are given in reference [9] and used in this
analysis. Performance is calculated for given values of speed
and rectifier output current [;. However, in order to predict
the performance for a specified torque/speed characteristic,
because of the overlap effect in the rectifier, preliminary
calculations are needed to establish the magnitude of the
rectifier output current I required for a given torque T at a
given speed. This overlap effect can go through different stages
or modes. The most common mode of overlap is characterized
by an overlap angle f of less than 7/3 with two and three
diodes alternately conducting. This is the so called mode 1
overlap. Mode 2 overlap takes place when p becomes equal
to 7/3 wherein there are three diodes conducting at any time.

*—ﬂ Demanded firing angle

Step-dewn chopper-controlled slip energy recovery drive,

Under most steady state conditions, practical systems would
normally experience mode 1 overlap and only occasionally
mode 2 [9}. The relevant mode of overlap under any load
condition has to be established first. For this purpose, the value
of the rotor rectified current, called 14,5, at which the transition
between mode 1 and mode 2 takes place can be calculated
from the following equation:

L{Sin(0 + B)™P/* — Sin(6 + f — 7/3)} = Iz (1+¢"P/?)
(1)

where:

I, =V//[R? + (swL,)?|

V = /2.,/3.V, (peak line-to line voltage)

8 = tan~!(swi,/R)

D=-R/swl,

R=R,+ Ry
where R, is the resistive component of Z, (Fig. 3) and Ry is
the diode forward resistance.

8 =sin " (RI;/V) )

By comparing the rectified rotor current I; with Ijo the
relevant mode of ovetlap can then be determined. The overlap
angle ¢ for that given value of I3 can be worked out from the
following equation [9]:

I{sin(f + B)e"P —sin(d + 8 — p)} = Li(1 + e*P)  (3)

The rotor current can now be described over one complete
cycle {7] (Fig. 3), assuming a smooth dc¢ link current but
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Fig. 2. Comparison of the conventional and transformer-type ECs showing
how the parameters of the latter can be derived from the former.
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extended to include the characteristics of the conducting
diodes. The diodes are modelled as a constant voltage V7 in
series with a resistance Ry, i;(which only needs to be defined
over half a cycle) can be seperated into four periods: the first is
when it rises and commutation is still in progress; the second
is when it is constant at the dc link value; the third is when
it falls to zero and the fourth is when it is zero. The effect of
the source inductance is to advance the turn-on of diode Ap
given by (2). Durtng the first period of overlap between Ap

and Cp ie. for
(r/6 —0) < swt < {n/6 -0+ pu),
tq = [Ig + I, sin{swt — 8 — w /6)
+ eP(swt + 8~ 7 /6)(I,sin(B +0) - Id)| /2 (4)
6 = tan™ ' (sw.L,/R)

During the second period,
(/68— B+ p) < swt < (5r/6 - 3)
Ap conducts alone in the top row of the diode bridge and
g = Iq. (5)

During the second overlap period when the current transfers
from Ap to Bp ie.

(5m/6 — 3) < swt < (57/6— B+ u)
to = [Ig — Iy sin{swt — & — 57 /6)
— eP(swt + 8 — 5n/6)(Lsin(B+0) — Id)] /2 (6)

In the final period,
(57f6 — 3+ ) < swt < (Tnf6 - 1)

to = 0. N

From the above piecewise curves describing i,, the Fourier
series can be calculated from:

to(swt) = a, + an cos(nswit} + b,, sin(nswt) (%)

where the coefficients a,, a,, and b, are the de, quadrature
and in-phase components of the function respectively.

6o =10 , ©)
Tw/6—8
an = 2/(T/2) [

ig cos{nswt)dswt (10}
/63

Tn/6—3
b, =2/(T/2) / ig sin {nswt)dswt  (11)
x/6—8

The rms values of the quadrature and in-phase components of
the fundamental rotor current (half range series) are therefore
given by:
Tw/6—0
ay = /2/x / tq €Os (swt)dswt (12
T/6—1

Tw /60
1o 8in (swit)dswt (13)
/6-8

by = /27 /,:

The quadrature and in phase components of the fundamental
rotor current a; and b; can be shown to be equal to:

a1 = V(3/2)(1/m){2lecos(s/2) sin(8 — u/2)
= (I5/2)[pp8in 8 + sin psin(20 + ¢ — p)]
+ sin 81, sin{f + 3) — I ]{f; cos(f — B) — L]
—ePcos(@— B+ )} (14)
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Figd. Supply, stator and recovery currents from zero up to 1400 rpm.

and

by = /(3/2)(1/) {21 cos(s/2) cos(8 — 1/2)
+ (1,/2)[ppcos 6 + sin pcos(26 + 6 — p))
+ sin B[, sin(f + 8) — I4][sin(8 — A8)
— ePrsin(d — B+ )]} (15)

The total r.m.s value ¢; of the fundamental rotor current and
the phase angle ¢, by which ¢; lags V, can then be obtained:

o1 = (a? +62)? (16)
¢1 = tan"" {a1/b1) (17)
The average rectifier output voltage V; obtained by integrating
the instantaneous voltage that appears across the dc terminals
of the diode bridge over one-sixth of a rotor cycle can be
shown to be given by the following equation (mode 1):
Vi = (3V/m){cos 3 — sin{p/2) sin((n/2) — 3)}
~(3RIy/m){(2n /3 — pu/2) — 2V} (18)
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Fig. 5. Real powers of the supply, stator and recovery circuits, respectively.

This voltage V; will be siepped down or stepped up to the

constant inverter voltage which is determined by the firing

angle adjustment and the recovery transformer turns ratio.
For a step down chopper:

Vi/Va=6 (19)
and
Li/Iy =6 (20)
For a step up chopper:
Va/Vpy=1-6 1)
and
Lifla=1-6 (22)

where 6 is the duty cycle (mark space ratio) of the chopper.
For a complete modeling of the system, the characteristics of
the recovery inverter are included. The approach is similar
to that used for the motor/rectifier circuit except that the
frequency is now equal to the supply line frequency. The
average value of the dc side line commutated inverter voltage
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Fig. 6. Reactive powers of the supply, stator and recovery umits.

V; is solely determined by the thyristor inverter firing angle
and the transformer turns ratio if overlap in the inverter is
neglected. In the chopper control mode, when the voltage V},
is kept constant, the average value of dc inverter current I,
is determined by chopper duty cycle & and the rectified rotor
current [4. The presence of some overlap effect in the inverter
may necessitate an increase in the advance firing angle in order
to keep V; constant at the value initially fixed. This second
order effect was however found to be negligible. In the inverter
contro] mode, once the required value for the back emf ¥,
is known for a given rectified rotor current I;, the inverter
firing angle can be determined together with the inverter real
and reactive powers which can be combined with those at the
stator to give the overall system characteristics.

The air-gap power F,, per phase obtained at the point shown
in fig. 2(b) is:

Pg = (V_.,Cl COs8 (3’1 - C%Ra)/s

where Ry is the resistive component of Z3 and s is the p.u.
slip. The torque per phase can then be obtained from:

T = Py/pw

where p is the number of pole pairs and w the ac supply
frequency.

When ¢; is referred to the stator, ¢} lags V; by an angle
(¢1 — 2k). Adding the contribution from the Y, term to those
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Fig. 7. Torque, drive efficiency and power factor.

from cj, the fundamental stator power P, and reactive power
Q. per phase arc then given by:
P, = Vidy cos{¢hs - 2k) + VG,
Q. = Vicisin(¢y — 2k) + V2B,
The stator displacement factor or fundamental stator power
factor pfy is then given by:

pfi=P/(PZ+Q)'/*

(25)
(26)

@7

1II. EXPERIMENTAL VERIFICATION

Measurements of real power, reactive power and currents at
different points in the circuit made over a wide speed range
compared well with the predicted performance. A constant
torque load of 20.5 Nm with a chopper frequency of 600 Hz
is used with the drive under chopper control from zero speed
to 800 rpm and under inverter control from 800 rpm to 1400
rpm. The continuous line is the predicted values while the
measurements are shown dotted at discrete intervals.

Figures 4(a), (b} and {¢) show the supply, stator and
recovery rms currents from zero up to 1400 rpm. The supply
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current shows a small decrease while under chopper control
up to 800 rpm and then shows a small increase as the speed
increases while under inverter control. The rms stator current is
approximately constant. The recovered carrent shows a sharp
drop while under chopper control as the speed increases and
then shows a more gradual increase as the speed increases
under inverter control. '

Figures 5(a), (0) and (c) show the real powers of the
supply, stator and the recovery circuits, respectively. Because
the torque is constant, the output power and supply power
increases with speed. Also, as the inverter is fired at an
angle approaching 90°, the recovered power goes to zero, thus
resulting in a net increase in the supply power.

Figures 6(a), (b) and (c) show the reactive powers of the
supply, stator and the recovery circuits. The recovery reactive
and supply reactive powers increase during an increase in
speed during inverier control because the firing angle is
approaching 90°.

Figures 7(a), (b) and (c) show the torque, drive efficiency
and power factor. The drive efficiency increases with speed,
which follows from the motor performance. The drive power
factor shows a steady increase with speed even during inverier
control. The rate of increase during inverter control is however
lower than during chopper control. Discrepancies between the
measurements and the predicted values are essentially due to
the fact that all voltage and current ripples caused by the
chopper and inverter have been neglected.

The analysis is however fundamentally unable to predict the
drive performance in the vicinity of a speed of 1250 rev/min
where & peculiar harmonic effect takes place in the machine
[9). This effect is adequately catered for by a more rigorous
model developed in [3]. Results shown here indicate that the
model is accurate in predicting steady state drive performance

Ry 5sXo 55)(1' Rllf‘ss

Igs

58¥rs 55Xy 85=(L-63)/5s

Rotor Stator

Fig. 9. A Per-phase equivalent circuit (drawn with respect to the rotor} and
valid only for the 5th harmonic.
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Fig.10. A per-phase 7th harmonic equivalent circuit drawn with respect to
the rotor.

over most of the operating speed range provided the effects of
current and voltage ripples are negligible.

IV. HARMONIC ANALYSIS

A. Rotor Harmonic Currents

The freguencies of the rotor current harmonics resulting
from rotor rectifier action are given by:

fr=nsf | (28)

where n is the ordinal number of the harmonic and takes
integer values —5,+7, —11,+13 etc., s is the p.a. slip, and f
the supply frequency. The negative sign indicates a negative
sequence rotor cwrrent harmonic ie, the harmonic generated
field rotates in the opposite direction to that of the fundamental.
A positive sign indicates that the harmonic generated field
rotates in the same direction to that of the fundamental. The
in-phase and quadrature components of the n** rotor current
harmonics can be shown at the bottom of this page:

where

8, =tan"l(nswL,/R) 31

an = (/2/m}sin(nm/3}{(21:/n) cos(nu/2) cos[(7/2 — 3 + n/2)n)

+#Uo/(1 = m){sin{(1 = n)ps/2 cosl(~B+ u/2)(L — ) — 6 - nr/2]}

— W1+ m)sinl(1 + m)ys/2 cosl(—5 + p/2)(1 +m) — 0+ nx/2)

~ (1/n) sin(8.) [T + L sin(~ — O)}{sin{(x/2 - B)n + 6]

—ePPeos[(x/2 - B+ p)n + 8,]}} 29)
by = {/2/n) sin(nw /3){(2La/n) cos(nu/2)sin[(x /2 — B + p/2)n]

= [ /(1 — n)]{sin[(1 — n)p/2] sin[(-B + p/2K1 ~ n) — 8 — nn /2]}
+ L/ (1 4+ n)]{sin[(1 + »)p/2] sin[(—F + p/2)(1 + n) - 6 + nx /2]}
+ (1/n)sin(8,)[Ls + I, sin{~3 — 8)}{cos[(n/2 = B)n + 6n]

— ePHeos[(m/2 — B+ pn+6,]} (30) o
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and
8= tan'l(swsLs/R) (32)

Triplen harmonics are absent from the AC line current wave-
form (three-wire system). The rms value of the nt® current
harmonic with its corresponding relative phase shift are given

by:

en = (a2 + b2)'/? (33)
¢n = tan"!(an/by) (34)

B. Stator Current Harmonic Distortion

The rtotor current harmonics are reflected into the stator
winding and fed into the mains at frequencies given by:

fo = fI1+ (n £ 1)s] = f[1 £ 6ks] (35)

where £ = 1,2,3 etc..

The upper and lower indices correspond to the positive
and negative sequence harmonics respectively. For subsyn-
chronous operation, the slip is determined by the following
inequality:

1>s>20 (36)

Therefore, the frequency of the rotor-induced stator currents
is normally not an integral multiple of the fundamental stator
(supply) frequency. These are not, by definiticn, harmonics of
the supply frequency but subharmonics. Given the amplitude
and the phase angle of the n** rotor current harmonic, the
amplitude and phase angle of the rotor induced stator har-
monic current can be obtained by using the motor equivalent
circuit that is valid for that particular harmonic. Assuming a
symmetrical. machine connected to an infinite or near infinite
bus with zero or negligible impedance, the stator circuit can be
viewed as a short-circuit as far as the harmonics are concerned
since the stator voltage is assumed perfectly sinusoidal. The
rotor circuit which is the (harmonic) source is taken here as
the primary winding; therefore the harmonic equivalent circuit
is as depicted in Fig. 8 where s,,, the harmonic slip, is derived
from the definition of the slip in general and found to be
given by:

sn=[1%(n £ 1)s]/n.s (37}

The upper and lower indexes correspond to the positive and
negative sequence harmonics respectively. From the harmonic
equivalent circuit of fig. 8, the harmonic stator current 1, that
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is induced by the nth rotor current harmonic 7., is given by:

I = LnjXons/[Ri /80 + j(X.ns + X}3,)] (38)
from which the amplitude and the phase angle of the stator
harmonic currents can be found for different values of slip.
The lower harmonic components such as the Sth and the
7th harmonics will have a dominating effect. Each harmonic
component in the rotor will set up a magnetic field whose
direction of rotation depends on the order of the harmonic. The
5th harmonic current at a frequency 5sN, will rotate opposite
to the direction of the rotor whereas the 7th harmonic at a
frequency 7sN, will rotate in the same direction. Consider
the effect of the Sth harmonic. The rotor rotates at a speed
N, = N, (1 — 5) and the 3 phase 5th harmonic rotor currents
will set up a magnetic field in the +air-gap which will rotate
with respect to rotor at a speed —5sN,. Since the rotor is
rotating at a speed N (1 — 3), the resulting speed of the 5th
harmonic wave with respect to the stator is [Ns(1 — s) +
(—5sN,)] = N,(1 — 63). The rotor induced stator current
is therefore at a frequency {1-6s)f. A per-phase equivalent
circuit (drawn with respect to the rotor) and valid only for the
5th harmonic is shown in Fig. 9, The rotor-injected harmonic

current will be distributed in parallel between the stator and
the magnetic circuit, hence:

Is = Ls5sX., /(58X + 53X])% + (5sRy /(1 — 6s))*]*/2
= (Lef [5) X0 /(X + X1 + (RY/(1 = 8))11% (39)

where [.5 is the fundamental rotor current.

Equation (39) suggests that the stator 5th harmonic current
Is is maximum at unity slip and zero at slip s = 1/6
which for a 4 pole machine corresponds to a speed equal
to 1250 rev/min. It then increases as slip is further reduced;
the equation also indicates that the induced stator harmonic is
smaller than the rotor component and that its frequency which
varies with slip is generally not an integer multiple of the
stator frequency. This will create a variable frequency, variable
amplitude beating cffect on the stator current except at slips
that are exactly integer multiple of the supply frequency where
no such effect will appear. The 3-phase 7th harmonic rotor
currents will set up a magnetic field in the air-gap which will
rotate with respect to rotor at a speed of 7sN, and since the
rotor speed is equal to N,(1— s), the resulting speed of the 7th
harmonic wave with respect to the stator is N,(1 — 3) + 7sN,
that is N,(1+63s). The rotor induced stator current harmonic is
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Fig.13. Measured and calculated waveforms at 1250 rpm (using detailed model).

therefore at a frequency of (1+6s)f. A per-phase 7th harmonic
equivalent circuit drawn with respect to the rotor is shown in
Fig. 10. The rotor injected harmonic current will be distributed
in parallel between the stator and the magnetic circuit and
hence:

Ir = LaTs XL [[(TaX], + TsX7)? + {TsR} /(1 4 65)}%]*/2
= L X /TU(X 0 + X172 + {(RY/(1 4 6)11/2 (40)
where I..; is the fundamental rotor current. At a slip s = —1/6,
equation 3.40 suggests that I is equal to zero and at s = 0 it
is maximum and given by the following equation:
Iy = L X, /7((X0, + X])? + REM? (41)
Following the individual calculation of stator current harmonic
components, these are then summed up with the fundamental
stator current I, in order to construct the stator current
waveforms. I, is readily obtained from fig. 1 as:

In =kl +V1/Xm 42)
or

L=¢ +1, (43)

C. Recovery Current Harmonic Components

The in-phase and quadrature‘components of the n** inverter
current harmonics can be obtained by replacing (—£) in equa-
tions (29) and (30} by «, the firing angle, with ¢ and §,, being
equal o tan~*(wlL,/R) and tan~'(nwL./R) respectively.
The instantaneous value of the non-sinusoidal current drawn
by the recovery inverter can therefore be obtained by summing
up the fundamental component of recovery current with as
many harmonic current components as deemed necessary.
Knowing the fundamental and harmonic components of both
the stator and inverter currents, the instantaneous value of the
supply current can therefore be obtained.

V. EXPERIMENTAL VERIFICATION

A. Operation at 1300 Rev/Min

Fig. 11 shows the predicted stator, supply and rotor cusrents
waveforms together with their measured counterparts at 1300
rev/min for a constant dc link current of 18 A. The stator
current pulsations at a frequency of 10 Hz ate clearly shown in
both the predicted and measured waveforms. It appears that the
effect of rotor current or voltage ripple existing in the system






