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A FETI-DP PRECONDITIONER WITH A SPECIAL SCALING FOR
MORTAR DISCRETIZATION OF ELLIPTIC PROBLEMS WITH
DISCONTINUOUS COEFFICIENTS*
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Abstract. We consider two-dimensional elliptic problems with discontinuous coefficients dis-
cretized by the finite element method on geometrically conforming nonmatching triangulations across
the interface using the mortar technique. The resulting discrete problem is solved by a dual-primal
FETI method.

In this paper we introduce and analyze a preconditioner with a special scaling of coefficients
and step parameters and establish convergence bounds. We show that the preconditioner is almost
optimal with constants independent of the jumps of coefficients and step parameters. Extensive
computational evidence is presented that illustrates an almost optimal convergence for a variety of
situations (distribution of subregions, grid assignment, grid ratios, number of subregions) for both
continuous and discontinuous problems.
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1. Introduction. In this paper we discuss a second order elliptic problem with
discontinuous coefficients defined on a polygonal region 2 C R? which is a union of
many polygons §2;. The problem is discretized by the finite element method (FEM) on
geometrically conforming nonmatching triangulations across I' = U;09;\0 using the
mortar technique; see [1]. The resulting discrete problem is solved by a dual-primal
FETI (FETI-DP) method; see [5], [6], [7] for the matching triangulation and [3], [4] for
the nonmatching one. The method is discussed under the assumption of continuity of
the solution at vertices of £2;. We prove that the method is convergent and its rate of
convergence is almost optimal and independent of the jumps of coefficients, provided
that a mortar side is associated with the higher coefficient. Consequently, the method
is well suited for parallel processors.

The presented results are a generalization of results obtained in [4] and [3] for
problems with continuous and discontinuous coefficients, respectively. In [4] a modi-
fied mortar condition at the vertices of substructures is employed using the assumption
that the solution at the vertices is continuous, while in [3] a standard approximation
to the mortar condition is employed. The preconditioner in [3] which does not use
the scaling of the coefficients was tested for the simplest case of four subregions. In
general, however, the experiments show that for discontinuous coefficients the precon-
ditioner without proper scaling of coefficients exhibits poor convergence.
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In this paper we introduce a preconditioner with special scaling of coefficients
and step parameters. The theoretical analysis and experimental results show that the
proposed preconditioner exhibits excellent properties for general cases considered here:
its convergence is almost optimal with respect to the parameters of triangulations (it
depends on a logarithmical factor only) and independent of the jumps of coefficients.
Extensive numerical experiments on many subregions are reported.

The paper is organized as follows. In section 2, the differential and discrete
problems are formulated. In section 3, a matrix form of the discrete problem is given.
The preconditioner is described and analyzed in section 4. The implementation of the
method and numerical experiments are presented in section 5.

2. Differential and discrete problem. We consider the following differential
problems.
Find u* € H}(Q2) such that

(1) a(u*,v) = f(v), ve H&(Q),
where

a(u,v) = (p(z)Vu, Vu)r2(), fv)=(f,v)r20)-
We assume that Q is a polygonal region and Q = UN.,Q;, ; are disjoint polygonal
subregions of diameter H;, p(x) = p; is a positive constant on Q;, and f € L?(Q2). We
solve (1) by the FEM on nonmatching triangulation across 0€2;. To describe a discrete
problem the mortar technique is used; see [1] and [8] and the literature therein.

We impose on (); a triangulation with triangular elements and parameter h;.
The resulting triangulation of  is nonmatching across 0€2;. We assume that the
triangulation on each ; is quasi-uniform. Let X;(€2;) be a finite element space of
piecewise linear continuous functions defined on the introduced triangulation. We
assume that functions of X;(€;) vanish on 99; N 9. Let

XMQ) = X1(Q1) x -+ x Xn ().

Note that X"(Q) c L3(Q) but X*(Q) ¢ HE(Q). To formulate a discrete problem
for (1) we use the mortar technique for the geometrically conforming case. For that
the following notation is used. Let I';; be a common edge of two substructures €2; and
Q;, Iy =00;,n09Q;. Let T' = (U;09;)\ 0. We now select open edges v,, C I, called
mortar, such that I' = U¥,, and v, N7y, = 0 for m # n. Let T;; as an edge of ; be
denoted by 7y, (;) and called mortar (master), and let I';; as an edge of Q; be denoted
by 6m(;) and called nonmortar (slave). The criterion for choosing v, ;) as the mortar
side is that p; > p;, the coefficients on {2; and 2;, respectively.

Let M(6m(j)) be a subspace of W;(dp(;)), the restriction of X;(£2;) to 0p(j),
Om(jy C 0. Functions of M (6,,(;)) are constants on elements of the triangulation
on 6,,(;y which touch 96,,.;). We say that u; € X;(€%;) and u; € X;(Q;) on 6, =
Om(j) = Ym(i) = Lij, an edge common to €2; and €2, satisfy the mortar condition if

(2) /(S (ui —uj)vds =0, € M(bn).

Note that for the given u; on v,,;y and u; on 9d,,(;), denoted by Tr u;, we can
compute u; at the interior nodal points of 6,,(;). Denoting the u; computed in this
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way by 7, (u;; Tr u;) we have

/Wm(ui;Truj)wds:/ uipds, € M(by),
6

m Sm

Tm (U3 Tr wj) = Tr u; on Oby,.

Note that 7, (u;; Tr u;) is an element of X; restricted to 0y, ().

We are now in a position to introduce V", the space for discretization of (1). Let
V() be a subspace of X"(2) of functions which satisfy the mortar condition (2) for
each 6, C I and which are continuous at common vertices of the substructures. The
discrete problem for (1) in V" is defined as follows.

Find u} € V" such that

(3) ag(uy,vp) = f(vn), wvn€ v,

where ap(u,v) = Zf\il a;i(u,v), a;(u,v) = pi(Vu, Vo) 2(q,).
The problem has a unique solution and the error bound is known; see [1]. Using
the basis functions of V", V" = span {®;}, the problem (3) is rewritten as

Aup, = f.

The form of ®;. can be found for example, in [4]. The matrix A is symmetric positive

definite and cond(A) < h2, where C here depends on the p;.

3. FETI-DP equation. To derive a FETI-DP method we first rewrite the prob-
lem (3) as a saddle-point problem using Lagrange multipliers; see, for example, [8]
and the literature therein. For u = {u;}}¥, € X*(Q) and ¢ = {wp} L €EMT) =
IL,, M(6,), the mortar condition (2) can be rewritten as

b(u,v) = Z Z / u; — u; )P ds =0,

=1 6m(L)C852 7”(7)

where 8,,() = Ym(j) = Lijs e € M (8pms))- Let X"(Q) denote a subspace of X"(Q) of
functions which are common to the vertices of substructures.
The problem now consists of finding (u}, A;) € X"(2) x M(I') such that

(4) a(ul,vn) +b(vp, L) = flon), vn € XM(Q),

(5) b(u;fuwh) =0, wh € M(F)

It can be proved that u}, the solution of (4)—(5), is the solution of (3) and vice
versa. Therefore the problem (4)—(5) has a unique solution. This can be proved
straightforwardly using the inf-sup condition, including the error bound; see [8] and
the literature therein.
To derive a matrix form of (4)—(5) we first need a matrix formulation of (5).
O]

k
o € Wilbm(i)), £ ) € Wi(hm(s), and wé’;fm €

Using the nodal basis functions ¢
M (Om(s)) (Om(iy = Ym() = Lij), (5 ) can be rewritten on &,,(;) as

(6) Bs,, ) Wit iy — Bryon(sy Yirmeyy = 05
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where u;s,, ,, and u;,, ., are vectors which represent u;
Wj (7m(j))7 and (n5<i) =16, and Nygy = n’Ym(j)):

Sty € Wildm(iy) and ujl,, () €

(p) (k)

Bém(f) {( 6m()790§ )L (ﬁm(i))}u p= 17"'7“6(1)1 kZOw”v”é(i) +1,

m(i)

B’Ym(]) {( él;)(),@'(y,)nu)) ’Ym(j))}’ p: 1,...,n§(i), 1207...,71»7(].) "l_l

Here ns(;), ns@) + 2, and n () + 2 are the dimensions of M, (0 (iy), Wi(6m(iy), and
W (Ym(j)), respectively. Note that Bs and B are rectangular matrices. We

m(i) Ym ()
split the vectors and u; into vectors u(" w9 and ull ul®
P ©61m (i) IVm(5) 18m(i)? Ujs m(4) J%n(g)’ JYm ()’
respectively, where uE 5) o and uﬁ o represent values of functions u; and u; at the
m (i

(r) ()
18, (i) and Uy &)

the interior nodal points of 6,,(;y and 7,,(;). Using this notation one can rewrite (6)
as

end points of Oy, (;y and 7y, (), and u _ represent values of u; and u; at

B, (e () B 0 (¢) (e _
(7) (B S (i) Libm (i) +B5m(7¢>ui5mm) (B Yo () Y5 ¥m ) +B"Ym<j)uj“/m<j)) =0

Note that
B(;)( N = {(wgp)( ),Sﬁgm)( ))L (6m(i))}5 D, k= 1, e ,77,6(1')

is a square tridiagonal matrix ngsg;) X ns;y, symmetric and positive definite and
cond(BéT)(’_)) ~ 1, while the remaining matrices Béc)”, Bn(ﬁr)b(j), BSYQ( , are rectan-
gular with dimensions ns(;) X 2, ns@) X 2, ngey X n

~(j)» respectively.

Let K® be the stiffness matrix of a;(- ,-). It is represented as

K(l) K(l) Ki(i)
® k0= [ &b kD g |,
KO kO KO
where the rows correspond to the interior unknowns ul(i) of Qy, ugl) to its vertices and

( ) to its edges.
Using the above notation and the assumption of continuity of uj at the vertices
of 9, (4)—(5) can be rewritten as

Kii Kic Ky 0 ul® F

K Ke K. BT ul®) F©
(9) C’L} cc cr % (T) — (/,,_)

K,; K,. K, B, u f

0 B. B, 0 A* 0

Here \* = {B(m( . Bt )} 6m(iy C I, uj, is the solution of (4)—(5) and is represented by
the vectors u(®, u(9) and u("), which are the values of uj, at the interior nodal points
of Qy, the vertices of €, and the remaining nodal points of 9;\01?, respectively; ma-
trices K;; and K,.. are diagonal block-matrices of Kff) and Kr(lr), respectively, while

matrix I?CC is built from diagonal block matrices Ké? taking into account that ul®)
are the same at the common vertices of substructures. The remaining K-matrices
represent coupling between the corresponding unknowns. The mortar condition is
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represented by B = (B., B,.), where these global matrices are represented by the local

(1 y—1p) (1 y—1p) (r) () y—1p)
ones ((Bémm) By, f(Bém(i)) By ), and (Iém(i),f(Bém(i)) By, ), respec-
tively, and I(g?")(’_) is an identity matrix of ns(;) X ms;). The form of these matrices

(r) )—1.

follows from (7) after multiplying it by (Bénl(i)

In the system (9) we eliminate the unknowns u(* and u(®) to obtain

(G D)6E-(F)

where

- K. K.\ ! ‘

S =K, — (K, Km)( K. 1?) 1( ?gj )

- K. K. \_ (1)

= 10— e s f%;) (7o)
w o SEemeem (Gl g ) (5r),

1
Se—om (g ) (5).
K. K ! (4)
im0 (0 k) (fa )

Note that S is invertible since uy, is continuous at the vertices of {); and vanishes
on 0f). _
We next eliminate the unknown u(") to get for \* € M(T')

(12) FX* =d,
where
(13) FoBS BT -5, and d=BS'J -

This is the FETI-DP equation for the Lagrange multipliers. Since F' is positive
definite the problem has a unique solution. This problem can be solved by conjugate
gradient iterations with a preconditioner discussed in the next section.

4. FETI-DP preconditioner. In this section we define a preconditioner for
the problem (12). For that let S® denote the Schur complement of K, see (8),
with respect to unknowns at the nodal points of 0€2;. This matrix is represented as

SORE0
(l)_ rr rc
(4 . ( s 5w )

where the second row corresponds to unknowns at the vertices of 9€2; while the first
one corresponds to the remaining unknowns of 0€2;. Note that B, is a matrix obtained
from B defined on functions with zero values at the vertices of €; and let

S = diag {SW}N,, Sy = diag {Sﬁfﬂ)}ﬁu

(15) O] (1) (V)
See = diag {Sed 1Y, Ser = (Ser’y ..oy, Ser ).
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The standard preconditioner developed for continuous problems in [4] is defined
as

(16) M~'=B.S.B",

where §M = diag {gﬁfa) fil, §£Q = Sﬁf) for p; = 1.
We employ a special scaling to generalize M to problems with discontinuous

coefficients. The preconditioner M for (12) is defined as

(17) M~'=B,S5,.BT,

where N

5 1/2 Sm(i) pi 1/2 e . )

BT|§m(i) = (pz/ I§m(i>7_ﬁ,%pi/ Bé,_j(i)B’Ym(j)) for 6771(1) C 8Qi7 t = la"'aNa
m(j

hs,,., and h., . are the step parameters on O,y and Ym(), Om@) = Ym(j), Tre-

spectively.

An ordering of substructures §2; is called mortar-nonmortar (M-N) ordering if all
sides of a fixed €); are mortar while all sides of the neighboring substructures of
are nonmortar.

THEOREM 4.1. Let the mortar side be chosen where the coefficient p; is larger.
Then for X € M(T') the following holds:

le' 2

(18) Co (1 + log IZ) (MM X) < (FX\ M) < <1 + log ]Z) (MM, N),
where a = 0 for M-N ordering of substructures and o = —2 in the general case; cgy
and c1 are positive constants independent of h;, H;, and the jumps of p;; and h =
min; h;, H = max; H;.

Proof. To prove Theorem 4.1 we need some additional facts. We first reformulate
the process of reaching (12) from (9). For that we eliminate u(? from the system (9).
Using the notation (14) and (15) we get

(19) S + S oul) + BTTX* =g,
(20) Sou'™ 4+ Sl + ng* =g,
(21) B,u™ + Bu'® = 0.

Here S, and S, (S, = SL) are defined in (15) while S... is defined by Sélc) (see (14)),

taking into account that ul(c) are the same at the common vertices of substructures.
We now eliminate u(™) and u(® in (19)—(21). This leads to (12) with F and d of
the form

(22) F=Fopt FroF L Fopy, d=dp + F FL
Here

(23) F., = B,.S,,'BF

and

Frc = Bc - Brs;rls'r‘ca Fcc = Scc -5 Silsrcv

cr™~rr

dc =0c — SCTST_Tlgra dr = BrSr_rlgr-
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In the proof of Theorem 4.1 we will also need two lemmas.
LEMMA 4.2. For w € X1(094) x -+ x XN(0Qn) with the same values at the
vertices of §;, the following holds:

. o\?
(24) BIB,s <c(14i0s% ) ol

provided that p; on the mortar side is larger than on the nonmortar side, where z =
w — Igw and Igw is a linear interpolant of w on edges of 0L; with values w at the
end points of the edges.

Proof. A proof of this estimate is a modification of the proof of Lemma 1 from
[4]. We have

|ETTB,,Z|% = <§TT§,TBT27 E?Brz>.

Hence

N
(25) |B?Brz|%rr => |BT B, 2%

i=1

Note that EfBTz = 0 at the vertices. Using that, we get

(26) |BTBz|S(>§C > |B7TBTZ|%5 + > \BTBz|2 ,
5m(i)caﬂq‘, m(o) 'ym(i)C{)Q —Ym( )

where §5m(i) and SnY (» are matrix representations of the H&f—norm on Oy iy and
Ym(i), respectively. From the structure of B, follows

BT 2 < 2zl A | Biizi|%
(27) | B, BTZ|S&m(i) <2 Pl|22|55 +pZ|B”ZJ|Sam(i) )

m(i)

where here and below z = {z;}Y, € X*(T), the restriction of X"(Q2) to T,

(r) (r) _ .
Bz] = (Bé n (i )) 1B’Ym(j)’ and 6m(i) = Tm(j)» Ym(j) - anv
91875 <2 (o () 1BEa (%) 8RB ).
'\’m(z) Pi 'Ynz(z) Pi 'YnL(L)
where By, = (B )7'BY) | B = aniBi = m ) and
ki = S Ym(iys ki kiDPki, (ki h"fm(i) y Ym(i) m(k)»

Omky C 0. We now estimate each term of (27) and (28).
We estimate the first term of (27) as in [4]:

pz‘zz@\ < Cpi(1+1log %)z‘wiﬁql/z(agi)

(29) o) HA\2(, |2
< Cp;i(1+log h) |w;|A <C(1+1log ) |wi|s(i).

S

To estimate the second term of (27) we use the stability of the mortar projection. Let
8,000 (24, 0) correspond to Bi; (Zjlwmm) for z; restricted to 7,,(;). Using that, we have

Pz‘\Bz‘ij%E < Cpillms, ., (25, 0)|2 HY2 (8
(30) m()
< Cpillz|? v

m (i) )
< Cpi(1+1log F)2|w;% | < C(1+1log F)%|w; 5

(m7) S()
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We now estimate the terms of (28). It has been shown in [4, proof of Lemma 1
and (28)] that the following holds:

Bzl <Clal: < C(L+log 7)%|wl?

ak)?
T, (i) S (k) S
under the assumption that hs, ,  ~ hs, . This assumption can be removed by
. . . hs,, . . . . .
introducing the scaling ay; = hi”ﬁ in By;. Thus, this estimate is valid for ay; By;

Ym (i)
without assuming that hs,, ., ~ h,, . ; for details see the proof of Lemma 1 in [4].

Thus, the first term of (28) can be estimated as

oo (2 B anls.

m (i)

Spk|2k\2s\ < C(1+log%)2\wk|§(k).
Sm (k)

< O‘iiﬂHBg;zk%

Ym (i)

(31)

It remains to estimate the second term of (28). It has been shown in [4, proof of

Lemma 1] that the following holds under the assumption that hs,, ., ~ h,

H 2
‘BIZ;BkiZi%\ <C <1 + log h) |wi|2§<1;)-

Ym (i)
Thus, using the scaling ag; in §M we get

aiiPk(%)Q|B;@BmZi|§
(32) m (i)
< Cpi(1+log 3% |wil%, < C(1+1log 7)?|wil3c),

2 T 2
< akipk|Bkinizi|§

Ym(4)

without the assumption that ks, ~ hy, -
Substituting these four estimates (29)—(32) into (27)—(28) and the resulting esti-

mates into (26) gives
~ H\?
BB, <0 (14ion g ) (fuilbo + st |
J

where the sum is taken over 0€2;, which intersects 0€2; by an edge. Using this in (25)
provides (24). This completes the proof of Lemma 4.2. 0
LEMMA 4.3. For F,,. defined in (23) and A € M(T),

(33) C (1 +log I}j) ’ (MM ) < (Froh, N,

where o = 0 for a M-N ordering of substructures €} and o = —2 in the general case,
and C is independent of h, H, and the jumps of p;.

Proof. A proof of this estimate is a modification of the proof of Theorems 2 and
3 from [4]. We first prove it for the M-N ordering of substructures. In this case B,
can be represented as (see (17))

~

(34) B, = (In,—Bu),

where 1 ~N and EM are block diagonal matrices with blocks pi/ 2[5 and

hs .
pi 120t -1 (1) LI O)
@ij 'y Pi ( 5m<i)) Tm@yr X T R

m(i)

—=k, corresponding to the N (nonmortar) and
m(5)
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M (mortar) substructures €;, respectively. Matrix B, is decomposed in the same
way. For this ordering we can reorder matrices (15) as

SN0 ~ [ SN 0

where the first row corresponds to the nonmortar subregions and
SN = diag;c N{Sﬁfa)}, while the second one corresponds to mortar subregions and
SM — diagieM{Sﬁ)}. Then using (34) we can write preconditioner M (see (17)) in
the form

(36) M~'=B,8,,BT = SN + By SMBT,.
Note, since both terms are positive definite, that
(SNAN) < (MM,
and as a consequence
(MAX) < ((ST)TIAN).
Using this and
(S BN BEX) = ((ST)TIAN) + ((S5) T B, BiA),

we obtain (see (23))

S-1BT A, BT A)
Amin M71/2FTTM71/2 — mi < rr Pr N Py
( Jmmn SNy 2 b

which completes the proof for the M-N ordering.
In the case of a general ordering (non—M-N) of substructures, we have

ET = (ﬂrn)’ _§7(_m))’

where 1™ and B are block diagonal matrices with blocks pg/ I and

m(i)
; 1/2 _ . .
fo %pi/ (Bé:?(i)) 1Bn(f)(j) corresponding to the nonmortar and mortar sides, respec-

m

tively. In this general case matrix (15) is not block diagonal and is of the form
_( Sv St

where the first row corresponds to the nonmortar sides and the second to the mortar
sides. We introduce an auxiliary matrix

. (S0
) aine(5.} = (5 g )
Using the fact that S, = SL. > 0 we get
0o sy Spr 0
(g 0 )<(F s )

from which follows that for w with zero values at the vertices of 2; we have

(39) (Srrw, w) < 2(diag{ Sy fw, w).
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Additionally, the following holds (see Lemma 2 in [4]):

(40) (diag{ Sy, w, w) < C (1 +log I;) (S0, ),

The proof of Lemma 4.3 reduces to showing that

(SpBIABIN c

Amin (M ~Y2F, M~1?) = min —=rL T )
( )= ((B,S,»BT)~1A,\) — (1+1log )2

(This fact has been proved in Lemma 1 of [4] for p; = 1; the generalization for p; # 1
is straightforward.) We have

—1pT T
(41) Amin(M71/2Fr7‘M71/2) — min <Fr'r>\7 A> — min <(5:TT2\ ?7‘ )\7 B'r- A> .
AN(MNX) X (B, S, BI)7IAN)

Using (40) we obtain the following estimate:

(SEPAN) = (SEPTIN I X) < (SEPTEINIDA) + (S (BT, (BI™)TA)
PO H\? ~ .
~ (@ig(8, ) BIABIN < (14105 ) (5, BIABIY,

where I\™) = pi/QLg on 6,,,(;) C 0€2;. Hence,

m(i)
“2) (B3 B AN < (1loglh ) (50 A,

On the other hand, by (39)

((SE TN S SEDTIAX) + (S 7IAN)

(43) = (diag{S,," }A\, A) < 2(S;,'A ).

Using (42) and (43) in (41) we get

I
Aesin (M2, M=Y2) > min —(Grr)_TB A By A)

A O(L+1log 4)2((SE) 1A, )
(Sm AN X

> min =

TN C(1+1log )2((Smm)IN, Ny C(1+log A2

This completes the proof of Lemma 4.3. O

Proof of Theorem 4.1. To prove the right-hand side (RHS) of Theorem 4.1 we
proceed as follows. For —\ € M(I") we compute w = (w(™, w(®) by solving (19)
and (20) with g, = 0 and g. = 0. Note that this problem has a unique solution under
the assumption that u(®) is continuous at the cross points. Using this we get

(44) <F>‘a )‘> - <(Frr + Frchlecr)Aa )\>

= ((B.S;'BT + (B. — BrS;1 S, ) FL )\ N = (Byw'™ 4+ Baw(@, ) = (Bw, \).
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Let Igw be a linear interpolant of w on edges with values w at the end points of each
edge. Note that

Bw = B(w — Igw) = B2,
since z, = w — Iyw = 0 at the end points of the edges. Using that in (44), we get
(45) (FA A = (Bw, A) = (Brzp, A).
On the other hand, using that Sw = BT\ (see (19) and (20)), we have

(Bw,\)?  (Brz,\)?
B = =
(B2 = By = (5w, w)
<M1/2)\,M_1/2BTZT>2 - |M1/2)\|2|M_1/2BTZT|2

S/ 2w]? B |wl§

(46)

Note that by Lemma 4.2 we get
P . H\?
|M~?B,.2,|?> = (B.S,+ BT Bz, Byz,) = |BTTBTZT|% <C (1 + log h) lw|%.
Substituting this into (46) we have
72
(Bw,\) < C (1 + log h) |MY2A12,

Using this in (45) we get the RHS estimate of (18).
To prove the left-hand side (LHS) of Theorem 4.1 we first note that

(47) (FAA) > (Fo A A), A€ M(T)

since F;! > 0. By Lemma 4.3

H o
For ) 2 (11002 ) 003,

where a = 0 for M-N ordering of substructures and a = —2 in the general case. Using
this in (47) we get the LHS of (18). a

5. Implementation and numerical results. The test example for all our
experiments is the weak formulation, see (1), of

(48) —div(p(z)Vu) = f(x) in Q,

with the homogenous Dirichlet boundary conditions on 92, where Q = (0,1) x (0,1)
is a union of disjoint square subregions ;, i = 1,..., N, and p(x) = p; is a positive
constant in each ;. The diffusion function p(x) is chosen larger on the mortar sides
of the interfaces; see Theorem 4.1.

The region €2 is cut into IV regular subregions. Below we indicate the distribution
of 4 coefficients p; and 4 grids h; in Q;, ¢ = 1,...,4 with a maximum mesh ratio
8 : 1 used in our tests (for larger number of subregions, this pattern of coefficients is
repeated).
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For the M-N subregion ordering test case we have
le6 1 h/8
(49) ( 1le2 1led >’ < h/2 h/4 )
For the arbitrary (other than M-N) ordering of subregions test case we have
le6  led h/8 h/4
(50) (1e2 1 ) (h/z h )

Additionally, we test a 4 x 4 subregions case (denoted by * in the tables) that
employs coefficients of the following form without a repetitive pattern:

16 1 1 1le3 h/8 h h /4
(51) led 1e2 1e6 1 h/4 hJ2 h/S
le2 leb led 1le2 | h/2 h/8 h/4 h/2
10 1e3 10 1e6 h o h/4 h/2 h/8

5.1. Implementation. The discrete solution uj, of (48) is obtained as follows.
Random solution at the nodal points is expressed as (u(i), ul®), u(r)). Mortar condition
on each side of the interface 6,,(;y = Ym(;) is represented by (7). This gives on 6,
)—1(B(r) W0 4y B Ll gl (© ).

TYm(5) I Vm(4) VYm(G) IVm(5) Sm(i)  0m (i)

(52) “Egjnm = (Bé;?(i)

The solution u; is obtained from (u(i), u(®), u(”)) by replacing u(") on each nonmortar
side by values computed by (52) and taking into account the continuity at the cross

points: uggzn(i) = uﬁm(j). For the given u} the discrete RHS (f@, f@ £ is then
computed.

Since K;. = 0 = K,; in the case of triangular elements and a piecewise linear
continuous finite element space, in the numerical experiments we implement somewhat
simplified formulas (11):

S =Kp — KiK' Kip — Koo K Koy fr= O — KK fO — K KO,
B=B,—B.,K_'K.,, S.=-B.K_,'BY, and f.=-BK.'f..

Computing the RHS of the Schur complement system d = §§*1f; — fc (see (13)) is
equivalent to solving N coupled Neumann problems (those with Neumann boundary
conditions at the interfaces and, if a subregion is adjacent to the boundary of 2, with
zero Dirichlet conditions at 92) connected through the cross points and with the only
nonzero values at the interfaces:

(53) 0 K K. ve |=( 0
Kri Krc Krr (% fr

Note that this step is implemented using the capacitance matrix approach employing
solvers on the subregions only. Note also that computing f, requires solving N un-
coupled Dirichlet problems Kj;;w; = f). The final result is then multiplied by B and
corrected by — f..

The preconditioned conjugate gradient (PCG) iterations to solve (12) are termi-
nated when the norm of the residual has decreased 10° times in the norm generated
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by the inverse of the preconditioner M ~!. In each PCG iteration, there are two main
operations:

1. multiplication by F = BS~1BT — S, (see (13)) and

2. multiplication by M~! = ETS’\W@? (see (17)).

Their implementation is as follows.

1. Given the search directions p¥ € R™ at all nonmortar sides of the interfaces, we
compute r§ = Fp’g = (§§*1§T—§Cc)p’g as follows: we first compute p* = ETp}g; then
solve for (v;,ve,v,)T the N coupled Neumann problems connected through the cross
points as in (53) but with the RHS (0,0, p*)7; and finally compute r¥ = Bu, — §ccp§.

2. Given the residual rif € R™ at all nonmortar sides of the interfaces we compute
z§ = M‘lr’g = B\TS’\MB\TTT(’;, where §M = diag {S’\T(Z)}, :S’\T(f) = Sf-z») for p; =1, S}-{-) =
K9 - Kf,g)(Ki(g))’lKi(f) as follows: we compute z = B\fr’g; v; = (Ki(ij))*lKgf)zj,
zj = z|aq,, which is equivalent to solving N uncoupled Dirichlet problems K Z(Z" )vj =
Ki(f)zj for v;; and finally 2§ = B,, where ¥ = {v;}, v; = K92 — Kﬁg)vj.

After solving (12) for A* the final solution is obtained by solving the N coupled
Neumann problems connected through the cross points (see (9))

Ky 0 K N0\ T
0 Kee Ker uw® | = f© - B\
Kri Krc K’!"I‘ U(T) f(r) - B?X*

All the experiments were performed with the complete scaling of the precon-
ditioner as in (17), including the scaling involving step parameters. In the tables,
max hﬂ is the largest number of mesh steps on each subregion interface, “dim” is the
dimension of the reduced (Schur) matrix, “# it” is the number of the PCG iterations,
“k(Q)” is the condition number estimate of the iteration matrix, and “error” is the
normalized Lo error. In all the examples the max grid ratio is 8 : 1. The criterion for
choosing 7y,(;) as the mortar side is that p; > p;, the coefficients on €2; and €2;, and,
if equal, where the grid is finer, i, < hs, . unless indicated otherwise.

5.2. Continuous problems. These examples serve as a comparison with the
discontinuous problems investigated in further detail.

Table 1 shows that the preconditioner M of (17) employed for the continuous
problem and grids (49) (with the M-N ordering of substructures) is well scalable
and gives convergence logarithmically dependent on the step sizes. The exhibited
dependence k(Q) = (14+1og(H/hmin))? with about p = 1 is better than the theoretical
value of p = 2.

Table 2 shows the results for the arbitrary ordering on grids (50). Performance
results for M-N ordering (Table 1) and for arbitrary ordering (Table 2) are very
similar. In the latter case the computed value in the logarithmic dependence also is
about p = 1, which is superior to the theoretical estimate of p = 4.

If one violates the above-mentioned recommendation and chooses hs,, ., < b, .
then the rate of convergence deteriorates somewhat; compare Table 3 with the upper
part of Table 2.

It should be noted that results presented in Tables 1 to 3 are significantly better
than those when the standard preconditioner (16) without the scaling involving step
parameters is employed.

m(i)
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TABLE 1
Continuous coefficients. Mortar-nonmortar ordering of subregions for grids as in (49).

4 X 4 subregions 8 x 8 subregions
max hﬂ dim ‘ # it ‘ 5(Q) dim ‘ # it ‘ x(Q)
32 120 14 5.36 560 15 5.33
64 264 14 5.62 1232 15 5.74
128 552 14 6.27 2576 16 6.50
256 1128 15 7.17 5264 17 7.55
12 x 12 subregions 16 x 16 subregions
max hﬂ dim [ #it | =(Q) dim [ #it | »(Q)
32 1320 15 5.31 2400 15 5.30
64 2904 15 5.76 5280 15 5.77
128 6072 16 6.54 11040 16 6.55
256 12408 17 7.62 22560 17 7.18

TABLE 2
Continuous coefficients. Arbitrary ordering of subregions for grids as in (50).

4 X 4 subregions 8 x 8 subregions
maxhﬂi dim ‘ # it ‘ %(Q) dim ‘ # it ‘ ~(Q)
32 168 13 4.45 784 14 4.70
64 360 13 4.76 1680 14 5.06
128 744 14 5.38 3472 15 5.70
256 1512 14 6.24 7056 16 6.65
12 x 12 subregions 16 x 16 subregions
maxhﬁi dim ‘ # it ‘ %(Q) dim ‘ # it ‘ w(Q)
32 1848 13 4.75 3360 13 4.75
64 3960 14 5.12 7200 14 5.15
128 8184 15 5.81 14880 15 5.84
256 16632 16 6.77 30240 16 6.84

TABLE 3
The effect of choosing sides: hs < h~. Continuous coefficients. Arbitrary ordering of subregions
with grids as in (50).

4 X 4 subregions 8 X 8 subregions
maxh% dim ‘ # it ‘ ~(Q) dim ‘ # it ‘ ~(Q)
32 504 15 10.50 2352 18 10.88
64 1032 15 13.97 4816 19 14.71
128 2088 16 18.03 9744 21 19.20
256 4200 17 22.74 || 19600 23 24.41

5.3. Discontinuous problems. For discontinuous problems the standard pre-
conditioner (16) which does not employ scaling of coefficients exhibits poor conver-
gence, often worse than the conjugate gradient iterations without preconditioning.
Fortunately, this preconditioner allows for a multitude of scalings to be employed.

It should be pointed out that in the simplest case of M-N ordering of 2 x 2
subregions with only two grids and two coeflicients p; : 1 = py < pas investigated in
[3], the standard preconditioner (16) displayed convergence almost independent of the
ratio H/h; (although the condition number and the number of iterations were quite
high).

Several other scalings have been tried and tested. For example, for the M-N
ordering as in (49) the preconditioner M~ = SN 4 By,SM BT gives convergence
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TABLE 4
Discontinuous coefficients. Mortar-nonmortar ordering of subregions and grids as in (49).

4 X 4 subregions 8 x 8 subregions
max 1= dim ‘ # it ‘ %(Q) dim ‘ # it ‘ w(Q)
32 120 3 1.03 560 3 1.03
64 264 3 1.04 1232 3 1.04
128 552 3 1.05 2576 3 1.05
256 1228 3 1.07 5264 3 1.07
12 x 12 subregions 16 x 16 subregions
max 1= dim ‘ # it ‘ %(Q) dim ‘ # it ‘ w(Q)
32 1320 3 1.03 2400 3 1.03
64 2904 4 1.04 5280 4 1.04
128 6072 3 1.05 11040 4 1.05
256 12408 3 1.07 22560 3 1.07

TABLE 5

Discontinuous coefficients. Arbitrary ordering of subregions and grids as in (50).

4 X 4 subregions 8 X 8 subregions
max h—h: dim ‘ # it ‘ K(Q) dim ‘ # it ‘ k(Q)
32 168 8 3.27 784 9 3.40
64 360 9 4.28 1680 11 4.46
128 744 10 5.45 3472 12 5.65
256 1512 11 6.77 7056 14 7.00
12 x 12 subregions 16 x 16 subregions
max hﬁ, dim #it | k(Q) dim #it | k(Q)
32 1848 9 3.38 3360 9 3.38
64 3960 11 4.45 7200 11 4.45
128 8184 12 5.65 14880 12 5.65
256 16632 14 7.00 30240 14 7.00

almost independent of the ratio H/h; and the iteration count is a fraction of that
obtained with preconditioner (16). However, none of these simple preconditioner
scalings is satisfactory in the case of arbitrary (other than M-N) ordering, in which
case a scaling that acts only on the nonmortar sides of the interfaces is required.

The preconditioner M of (17) is one of possible choices of such a scaling, and one
that is exhibiting good convergence properties both in the continuous case and the
discontinuous one, as we shall demonstrate.

Table 4 shows that in the case of M-N ordering of the subregions the precondi-
tioner M gives convergence independent of the step sizes (the ratio H/h;), the jump
of coefficients, and the number of subregions.

Table 5 shows that for arbitrary ordering of subregions convergence is only log-
arithmically dependent of the step size, independent of the jump of coefficients, and
well scalable (independent on the number of subregions). The exhibited logarithmic
dependence (Q) = (1 + log(H/hmin))? with p = 1.8 is better than the theoretical
estimate p = 4.

Viewing Tables 1-2 and 4-5 we can compare performances of our preconditioner
for continuous and discontinuous problems. For M-N ordering we observe a much
faster rate of convergence in the discontinuous case over the continuous one, while for
the arbitrary ordering the rates of convergence do not differ significantly.
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TABLE 6
Discontinuous coefficients. Performance comparison for arbitrary ordering with a repetitive
pattern of grids as in (50) versus that of nonrepetitive grids as in (51) (denoted by *).

4 x 4 subregions 4 x 4* subregions

max 2 |[ dim ‘ # it ‘ x(Q) || dim ‘ # it ‘ ~(Q)

32 168 8 3.27 160 11 4.13

64 360 9 4.28 344 12 4.44

128 744 10 5.45 712 13 4.91

256 1512 11 6.77 1448 14 5.71
TABLE 7

Discontinuous coefficients. Performance comparison for the random solution versus that of
(54) on arbitrary ordering of subregions 4 X 4* and grids as in (51).

Random solution Solution as in (54)
max }% # it ‘ k(Q) # it ‘ k(@) ‘ Error
32 11 4.13 10 4.16 8.57e-5
64 12 4.41 12 4.42 1.74e-5
128 13 4.91 13 5.33 | 4.04e-6
256 14 5.71 14 6.33 | 9.73e-7

Table 6 presents the comparison in performance for arbitrary ordering of 4 x 4
subregions between the case when the pattern of coefficients and grids is repetitive as
in (50) and when it is nonrepetitive as in (51). The differences are not pronounced,
which allows us to conclude that the results of experiments elsewhere in this paper
with larger numbers of subregions give a reasonable representation.

We have also tested problems with extreme variations of coefficients where coef-
ficients, p; in (49) were replaced by

le+6 le+2
( le—2 1le—6 )
The differences in performance were only slight.

For discontinuous problems with large jump of coefficients the question of choos-
ing sides, ie., hy, . < hs, ., versus hs < hy,.(;y» has virtually no effect on the
convergence rate, in contrast with the continuous problems.

The variational formulation of the problem with discontinuities at the interfaces
automatically imposes the continuity of the flux condition in the weak sense. The

following solution (that is nonzero at the interfaces) was designed to satisfy this con-
dition in the classical sense:

(54) u(z,y) = v(@)(1 —v(z))o(y)(1 - v(y)),

m (i) m(i)

sin(2mnz)
v(z) =z DT
where m = 2%, k=1 to 4.

Choosing (54) as the exact solution allows us to test the accuracy of our solver.
The results in Table 7 show that the accuracy is clearly O(h?). One needs to stress,
however, that the rate of convergence remains virtually the same as with the random
solution; see Table 7.
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It should be mentioned that a violation of the theoretical requirement that mortar
sides should be chosen where the coefficients are larger leads to a very slow convergence
when preconditioner M of (17) is used.

The largest tests reported here (16 x 16 subregions case in Table 5) were run
with the dimension of the reduced (Schur) matrix of 30,240 and about 5,500,000 grid
points (degrees of freedom) in the whole domain.

6. Conclusions. In this paper we introduced and analyzed a preconditioner
with special scaling involving discontinuous coefficients and step parameters, and
established convergence bounds.

Extensive computational evidence presented illustrates an excellent performance
of the preconditioner: its convergence is almost optimal for a variety of situations
(distribution of subregions, grid assignment, grid ratios, number of subregions) and
independent of the jumps of coefficients and the parameter of triangulation. This
holds for both continuous and discontinuous problems (in the latter case under the
theoretical assumption that a mortar side is associated with the higher coefficient).

The experiments using the proposed preconditioner also show that for discon-
tinuous problems the choice of mortar versus nonmortar sides has little influence on
convergence rate. The scaling involving step parameters removes the assumption

that hs,,, ~ hy,,, and, for continuous problems, significantly improves the rate of

convergence.
Recent experiments show that the method exhibits almost linear parallel scala-
bility properties; see [2].
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