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The degree sequence of an n-vertex graph is do, ..., d,_1, where each d; is the number of vertices
of degree i in the graph. A random graph with degree sequence dy, ..., d,_1 is a randomly selected
member of the set of graphs on {1,...,n} with that degree sequence, all choices being equally
likely. Let Ao, A1, ... be a sequence of nonnegative reals summing to 1. A class of finite graphs has
degree sequences approximated by Ag, A1, ... if, for every i and n, the members of the class of size
n have A;n + o(n) vertices of degree i. Our main result is a convergence law for random graphs
with degree sequences approximated by some sequence XAg, A1, .... With certain conditions on the
sequence Ag, A1, . . ., the probability of any first-order sentence on random graphs of size n converges
to a limit as n grows.

Categories and Subject Descriptors: F.4.1 [Mathematical Logic and Formal Languages]: Math-
ematical Logic—Model theory; G.2.1 [Discrete Mathematics]: Combinatorics—Counting prob-
lems; generating functions; G.2.2 [Discrete Mathematics]: Graph Theory

General Terms: Theory
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1. INTRODUCTION

Random graphs have been used as models of networks in diverse areas
of science, engineering, and sociology. These include ecological food webs
[Cohen et al. 1990; Williams and Martinez 2000], epidemiology [Anderson
and May 1995; Ball et al. 1997; Keeling 1999; Kretschmar and Morris 1996;
Sattenspiel and Simon 1988], metabolic pathways [Bhalla and Iyengar 1999;
Bower and Bolouri 2001; Derrida and Pomeau 1986; Kauffman 1984, 1993;
Lynch 2002], electric power grids [Kosterev et al. 1999], telephone call net-
works [Abello et al. 1998], networks of social contacts and scientific collabora-
tion [Glance and Huberman 1993; Granovetter 1978; Newman 2001; Valente
1996], and, of particular interest to computer science, the internet [Adamic and
Huberman 1999; Barabasi et al. 1999; Broder et al. 2000; Cohen et al. 2000;
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Faloutsos et al. 1999; Kumar et al. 2000]. Many additional citations to these
topics may be found in Newman et al. [2001] and the review article [Strogatz
2001].

A common feature of all these examples is that they evolve through unpre-
dictable processes of creation and deletion of nodes and their connections. In
some cases, such as the Internet or the spread of infectious diseases, the time
scale of these changes is rather rapid. In others, such as the growth of a power
grid, it is measured in years rather than days, and it can even be many orders
of magnitude slower, as in the case of metabolic pathways that evolved over
millions of years.

The theory of random graphs, initiated by Erdos and Rényi [1959, 1960] and
Gilbert [1961], is now a well-developed branch of combinatorics. Many of its
results pertain to the statistical behavior of properties such as path lengths,
cycle sizes, and component sizes, that are of interest to practitioners in the fields
mentioned above. Most of these theoretical results are based on the independent
edge model. Here, the number of vertices n of the graph and an edge probability
p are specified. Then, independently for each pair of vertices, there is an edge
between them with probability p. In the other widely studied random graph
model, the number of vertices and number of edges M of the graph are specified,
and all such graphs are equally likely. This was actually the type studied in
the original papers of Erdés and Rényi [1959, 1960]. These two models are
essentially the same when M is close to pn(n — 1)/2, the expected number
of edges in the first type of random graph, and since the first type is generally
more tractable, researchers have focused on it. (See Bollobas [1985] for a precise
statement relating these two types of random graphs.)

There is, however, a growing awareness of fundamental drawbacks to the
independent edge model. For example, three groups of researchers [Barabasi
et al. 1999; Broder et al. 2000; Faloutsos et al. 1999] have independently con-
cluded, based on empirical studies, that the internet does not behave like this
type of random graph. The degree distribution in an independent edge proba-
bility random graph is Poisson: the probability that a vertex has degree d is
asymptotic to

(pn)? exp(—pn)

d! '
But the degree distribution of nodes in the internet appears to follow a power
law: the probability that a vertex has degree d is proportional to d ~¢ for some
¢ > 0. (Of course, this is only an asymptotic approximation. Also, the constant of
proportionality and the exponent ¢ may depend on n.) Newman et al. [2001] and
Strogatz [2001] give other examples of networks whose degree distributions
seem to obey power laws. The distinction between the two types of random
graphs is not trivial. Poisson distributions decay much more rapidly than power
laws when p is small, and this leads to very different structural properties. For
historical reasons, networks satisfying power law degree distributions are often

called scale-free networks.

Realistic models of evolving networks are important for developing better
simulations and more relevant theories. These considerations have stimulated
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research into new classes of random graphs. Aiello et al. [2001] showed how the
size of the largest component in a power law graph depends on the exponent
¢ of the power law distribution d ~¢. In Aiello et al. [2002], the same authors
proved that several classes of randomly evolving graphs satisfy power laws.

A natural generalization of power law distributions is to take an arbitrary
sequence dy, ...,d,_1 of natural numbers whose sum is n, and consider the
probability space of all graphs with d; vertices of degree i, fori =0,...,n — 1,
where all such graphs are equally likely. fuczak [1992] and Molloy and Reed
[1995, 1998] proved results relating the size of the largest component to the
degree distribution in such graphs.

To our knowledge, the logic of random graphs with specified degree distribu-
tions has not been investigated. In this article, we study them from the view-
point of first-order logic. With suitable uniformity conditions imposed on the
degree sequences as n gets large, we show that every first-order sentence about
graphs has probability converging to a limit. We cannot claim any immediate
applications, but one possibility might be to randomly evolving databases that
satisfy a power law. Our methods could help to characterize the probability of
queries on such databases, and lead to fast average time algorithms for query
evaluation, as developed for other classes of random graphs [Abiteboul et al.
1992; Lifschitz and Vianu 1998]. Formal analysis of models of complex systems
such as food webs, biochemical networks, and the internet is also a potential
application.

2. DEFINITIONS

By graph, we mean a structure (V, E) where E is a symmetric, irreflexive binary
relation on V. A graph on n € w is a graph where V = {1, 2, ..., n}. The first-
order logic of graphs is defined in the usual way, where we use E to represent
both a binary relation symbol and its interpretation in graphs. The depth of a
formula is its maximum nesting of quantifiers. That is, atomic formulas have
depth 0; if formulas « and 8 have depths k7 and k5 respectively, then the depths
of —a, o vV B, and Ixa are k1, max(ky, k2), and k1 + 1 respectively. For any & € w,
two graphs G and H are k-equivalent, written G =, H, if they agree on every
sentence of depth &.

The degree sequence of a graph (V, E) is the sequence dy, d1, ... where |{v €
V :deglv) =i} =d; fori =0,1,.... Of course, for a finite graph on n,d; = 0
for i > n, and we can truncate the sequence to its first n terms. The sequence
do, ...,d,_1 is feasible if there exists a graph on n with that degree sequence.
Given a feasible degree sequence of length n, a random graph with that specified
degree sequence is a uniformly random member of the collection of graphs on
n with that degree sequence.

Since we are interested in arbitrarily large finite graphs with a given degree
sequence, we will use a sequence of degree sequences D = (do(n),d1(n),--- :
n € w) where do(n), ...,d,_1(n)is feasible for each n € w. Note that this implies
d;(n) =0fori > n and 2?2—01 d;(n) = n. D is said to be an asymptotic degree
sequence. A random graph with specified asymptotic degree sequence D is a
random graph on n with degree sequence do(n),...,d,_1(n) for some n € w. If
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P is a property of graphs, pr(P, n, D) is the probability that a random graph

on n with degree sequence do(n),...,d,_1(n) has P. When D is understood,
we just write pr(P,n). If P is definable by a first-order sentence o, we put
pr(o, n).

Since we will be analyzing the asymptotic probabilities of large random
graphs with specified degree sequences, we need some uniformity conditions
on asymptotic degree sequences. We will also need some additional restrictions
required by the combinatorial methods we will use. The following conditions
are sufficient for our purposes.

(1) For each i € w, there exists A; € [0, 1] such that
(a) lim, ., d;j(n)/n = A; uniformly in i. That is, the proportion of vertices
of degree i is approximately A;.
(b) When A; =0, d;(n) = 0 for all n.
2) (a) Y2Zor=1.
(b) Y72, iA = A is finite.
(3) lim, o Y] idi(n)/n = A.
(4) There exists a constant @ < 1/4 such that for all n and i > n®, d;(n) = 0.

These or similar conditions appear to be common assumptions for this subject.
For example, Molloy and Reed [1995, 1998] refer to asymptotic degree sequences
satisfying condition (1)(a) as smooth, those satisfying (2)(b) as sparse, and those
satisfying a uniformity condition similar to (3), as well-behaved. Condition (1)(b)
prevents cases such as di(n) = 2 for even n and di(n) = 0 for odd n, which
clearly violate any convergence law. Weaker variations of this condition would
suffice, but they would require more complicated versions of Condition (1)(a).
The fourth is a technical condition known as a cutoff. It will allow us to apply
a theorem of McKay [1985] (described below). Other papers on random graphs
with specified degree distributions such as Aiello et al. [2001], Molloy and Reed
[1995, 1998], and Newman et al. [2001] also use cutoffs of the form n%. In fact,
it is claimed in Newman et al. [2001] that many real-world networks exhibit
such cutoffs.

Conditions (1)—(4) are satisfied by degree sequences of regular graphs, graphs
of bounded degree, the graphs in Molloy and Reed [1995, 1998] in the critical
region where the giant component appears, and graphs having degree distribu-
tions approximated by power laws with exponent greater than 2. In particular,
the empirical studies of the internet indicate that its degree distribution obeys
a power law with exponent between 2 and 3. From a theoretical and possibly
practical standpoint, it would be interesting to analyze the logical properties of
random graphs when the degree sequence is not sparse.

Our convergence law also extends the convergence law for classical random
graphs with edge probability c/n, ¢ constant [Lynch 1992] or with specified
number of edges cn/2. Without going into details, this is because the degree
sequences of these random graphs are approximated with sufficient accuracy
by the sequence Ag, A1, ... where A; = c’e~/i!. Not surprisingly, there are sim-
ilarities between the proofs of the main theorems of this paper and [Lynch
1992].
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A final condition on our degree sequences is
(5) o =0.

This will simplify our proofs, but is not a loss of generality, as shown by the
following lemma.

Lemma 2.1.  For any asymptotic degree sequence D and any sentence o, there
exist an asymptotic degree sequence D' and a sentence o’ such that dy(n) = 0,
and for sufficiently large n, pr(c,n, D) = pr(c’,n —do(n), D).

Proor. For everyn € w,let n’ =n — do(n) and define

dy(n’)=0 and
d/(n')=di(n) for i>0.

Let I = {n’ : n € w}. We can assume [ is infinite, because if not, then by
condition 1. (b), do(n) = n for sufficiently large n, and our convergence law
(Theorem 3.1 below) is trivial. We define the asymptotic degree sequence D’ =
(dy(n),dj(n),---:nel)onl.

Let £ be the depth of o. For any n and graph G = (V,E) where V =
{1,2,...,n},let G' = (V,E | V') where V' = {i € V : deg(i) # 0}. By an
easy application of Gaifman’s characterization of first-order definable proper-
ties [Gaifman 1982] or the Ehrenfeucht game [Ehrenfeucht 1961], there is a
sentence ¢’ (of depth &) such that for all sufficiently large n, G | o if and only
if G’ = o'. Therefore, pr(o, n, D) = pr(c’,n’, D). O

If D satisfies all the conditions (1)—(4) above, then so does D’ on I. Our con-
vergence law is stated for asymptotic degree sequences defined on all n € w, but
it extends immediately to any degree sequence defined on infinite subsequences
of w. That is,

lim pr(o’, n, D)
n—oo
nel

exists. Therefore, so does lim,,_, ., pr(o, n, D).

3. MAIN THEOREM

From this point on, D is some fixed asymptotic degree sequence satisfying
conditions (1)—(5) above.

TueoreM 3.1. For any first-order sentence o about graphs, lim,_, ., pr(o, n)
exists.

3.1 Configurations

Although there is ample evidence for the existence of scale-free networks, they
are not easy to generate directly. However, another closely related type of struc-
ture, known as a configuration, can be randomly generated by a very simple
procedure, and we can translate results about random configurations to results
about random graphs with specified degree sequence.

ACM Transactions on Computational Logic, Vol. 6, No. 4, October 2005.



732 . James F. Lynch

Definition 3.2

(1) A configuration is a structure (U, =, M) where = is an equivalence relation
on U, and (U, M) is a matching, that is, a graph with node set U and
edge set M where each node has degree one. We refer to the elements of
a configuration as nodes and elements of a graph as vertices, and we use
infix notation, for example, xMy, to indicate the presence of an edge between
nodes x and y.

(2) The quotient of (U, =, M) is the multigraph (U/ =, M/ =). Thatis, U/ =is
the set of equivalence classes of =, and, letting [x] denote the equivalence
class of x € U, for any x, y € U, there are distinct edges between [x] and
[y]for every pair x' = x and y’ = y such that x'My'.

(3) A property of graphs is said to hold for a configuration if the quotient of the
configuration has that property.

Just as we fixed the universes of our random graphs to be some n € w, we
need to fix the universes of our random configurations. A configuration on n
will have n = classes labeled 1,2,...,n and m = Z:‘;ll id;(n) nodes labeled
1,2, ..., m. A random configuration on n is a uniformly random member of the
set of configurations on n that have d;(n) classes of size i fori = 1,...,n — 1.
A random configuration on n is generated by randomly choosing a partitioning
of {1,..., m} as just described, and then randomly assigning a matching on the
nodes. If P is a property of configurations, we put cpr(P, n) for the probability
that a random configuration on n satisfies P.

Our method of constructing a random graph on n is to first construct a ran-
dom configuration on n and then take its quotient. Note that the resulting
structure need not be a graph. It may contain self-loops and multiple edges,
that is, it is a multigraph. However, any two graphs with the same degree se-
quence are quotients of the same number of configurations. Thus, probabilities
about random graphs can be defined in terms of probabilities about random
configurations. Specifically, let P be any property of graphs and let O be the
property that holds for configurations whose quotient is a graph. Then

cpr(P A Q,n)
r(P,n)= ————
P opr(Q, )
(The graph property P holds for a configuration if it holds for the quotient of
the configuration.) Further, Q is first-order definable, and as shown by McKay
[1985], cpr(Q, n) is asymptotic to a positive constant as n — oco. This will enable

us to derive convergence laws for graphs from convergence laws for configura-
tions. Thus, our main theorem is a corollary of the following:

TureorREM 3.3. For any first-order sentence o about configurations,

lim,,_, , cpr(o, n) exists.

3.2 Neighborhoods

Our proof that cpr(c, n) converges for all o actually establishes a stronger re-
sult: for every k € w, we define an equivalence relation ~;, that refines =; and
show that the probability that a random configuration belongs to a given ~;,
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class converges. The relation ~; is determined by local properties of the con-
figuration, and our proof is essentially a logical and combinatorial analysis of
these properties. By a local property we mean a property of a neighborhood of
a given size around a given element of the model.

As shown by Gaifman [1982], local properties determine the first-order prop-
erties of a model. Specifically, the type and number of disjoint bounded neighbor-
hoods around elements of the model determine whether a given sentence is true.
Another well-known method for analyzing the expressive power of first-order
logic is the Ehrenfeucht game [Ehrenfeucht 1961]. Our approach is a hybrid of
these two methods. Given & € w, we first define ~; on neighborhoods that have
at most one cycle. Thus, they can be characterized as acyclic or unicyclic. We use
the Ehrenfeucht game to show that any two such neighborhoods in the same ~,
class are in the same =; class. We then extend ~; to configurations that have
only acyclic or unicyclic small neighborhoods. Two such configurations are ~;,
if they have the same number (up to %) of such neighborhoods in each ~;, class.
We show that any two such configurations in the same ~;, class are in the same
=, class.

The rest of the proof'is combinatorial. We show that almost all configurations
have no small neighborhoods with more than one cycle. Further, almost all con-
figurations have more than % (in fact an unbounded number of) neighborhoods
in each acyclic ~; class, and for each unicyclic ~; class of neighborhoods and
natural number j, the probability that a configuration has exactly j neighbor-
hoods in that class approaches a limit.

Gaifman’s methods are based on a combinatorial metric, which in the case
of graphs is the usual distance function on pairs of vertices. We will use § to
denote Gaifman’s metric on the nodes of a configuration.

Definition 3.4. Let (U,=, M) be a configuration and x, y € U.

(1) A walk of length d from x to y is a sequence xg, x1, ..., Xy Where x = xg,
y =xq,and x; = x; .1 or x; M x; 1 for 0 <i < d. The walk is closed if x = y.

(2) (U, =, M) is connected if there is a walk between every pair of nodes in U.

(3) 8(x, y) is the length of the shortest walk from x to y. For two subsets X
andY of U,8(X,Y) =min(8(x, y):x € X,y € Y),and §(X, x) = §(X, {x}).

(4) The subconfiguration of (U,=, M) induced by W C U is (W,=] W, M |
W). We will sometimes abbreviate it as (W, =, M). Note that it may be a
partial configuration, that is, it may have nodes that are not matched with
any node.

(5) A path is a walk such that all xy, ..., x4 are distinct, and in the subconfig-
uration induced by {xo, ..., x4}, [x;]] <2for 0 <i <d.

(6) A cycle is a closed walk where all xg,...,x4_1 are distinct and, in the
subconfiguration induced by {xo,...,xq_1}, |[[x;]| = 2 for 0 <i < d. Also,
when d = 2, xoMxl.

(7) A (partial) configuration is a tree if it is connected and has no cycles.

(8) A (partial) configuration is unicyclic if it has exactly one cycle.

(9) For any R € U and r > 0, the shell of radius r around R, S(R;r), is
{yeU:8(R,y)=r}
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(10) The neighborhood of radius r around R, N(R;r), is
Ui S(R;2).

The Ehrenfeucht game is a two-player game of perfect information played
for some number % of rounds on two structures of the same type, in our case
two (partial) configurations ¢/ = (U?,=!, M) for i = 1,2. In each round j, a
new constant, a?, is added to each U/!. We assume that a! and a? interpret the
same constant symbol a;. Player I begins each round j by choosing i and a'.
Player II responds by choosing a?_‘. A popular way of describing the game is
to imagine that there are two sets of pebbles {aj, ..., a;}, i = 1,2, and at each
round j Player I places the pebble a’; on some node in U’, and then Player II
responds in kind on the other configuration.

After k rounds, Player II wins if and only if the two subconfigurations induced
by {ai, .. ,a,i} with constants ai, .. ,afe, i = 1,2, are isomorphic. That is, for
any h, j € {1,...,k},

ay=aj ifandonlyif a =a’ (1)
ay ='aj ifandonlyif af =*a’ (2)
ayM'a} ifand onlyif ajM*a’ (3)

The Ehrenfeucht game provides a very useful method for showing that two
structures are =;,. We say that Player II has a winning strategy for the 2-round
game if, no matter how Player I moves, Player II can always respond with a
move that can lead to a win.

THEOREM 3.5 [EHRENFEUCHT 1961]. Player II has a winning strategy for the
k-round game on U and U? if and only if U* =;, U2

In describing our winning strategy, it will be helpful to extend our models
with an additional unary relation R. That is, we consider models (U, =, M, R)
where (U, =, M) is a configuration and R C U. We refer to this as a rooted
configuration and the elements in R as the roots. We put NV (R;r) for the sub-
configuration induced by N(R;r) with roots R. (U, =, M, R) is a rooted tree if
(U,=, M) is a tree and |R| = 1. A rooted forest is the disjoint union of a collec-
tion of rooted trees. The depth of a node in a rooted forest is the length of the
shortest path from the node to R. The depth of a rooted forest is the maximum
depth of any of its nodes. If F is a rooted forest and r > 0, we put F [ r for the
subconfiguration of F induced by the set of nodes of depth at most . Note that
F | ris also a rooted forest.

Definition 3.6. Fixing k, we define the equivalence relation ~; on rooted
forests by induction on their depth. At each stage r of the induction, we first
define ~;, on rooted trees of depth r in terms of ~; on rooted forests of depth
at most r — 1. We then define ~; on rooted forests of depth r in terms of ~; on
rooted trees of depth at most r.

For convenience, we define a rooted forest of depth —1 to be the null forest,
that is, the forest with no trees. There is only one of these, so trivially all rooted
forests of depth —1 are ~;.
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Assume ~}, has been defined on rooted forests of depth at mostr—1,r > 0. For
i=1,21lettd! = (U, =", M?, {x;}) be arooted tree of depth 7. For y € S(x;;1), let
Vi be the subtree of U induced by the set of nodes in U’ that are descendants
of y, with root v, and let F* be the forest of such trees where —x; My . If there
exists y € U’ such that x; M"y (it must be unique), let 7* = V! ; otherwise let
T be the null tree. Then U; ~, Us if

'Tl ~L 7—2 and .7:1 ~L .7‘-2.

Now let U/}, i = 1, 2, be a rooted forest of depth r. For each ~, class t of rooted
trees of depth at most r, let ¢;; be the number of rooted trees of type t in U/’.
Then U ~;, U? if and only if for all

tl,l’ = t2,1: or tl,r; t2,‘[ > k.

LemMa 3.7. IfU' and U? are rooted forests such that U ~;, U? then U and
U? have the same depth, and for any sand j <k, U' [ s ~; U% s

Proor. This follows by induction on the maximum depth of /! and &/2. O

We next extend ~; to a larger class of rooted partial configurations that
includes all the bounded neighborhoods found in almost all random configura-
tions. A centered configuration is a partial configuration with roots R where
every node has exactly one path to |J,.z[x]. This is a path beginning at the
node and ending at some node in | J, _z[x], and no other node in the path is in
U,erlx]. A consequence is that all cycles are contained in | J,_p[x]. A centered
configuration can be decomposed as follows.

Definition 3.8. LetU = (U,=, M, R) be a centered configuration and C =
U | R. For every x € R let V, be the tree induced by the set V, of nodes whose
path to R ends in [x], with root x, and all edges in M | [x] deleted. Then
V,NR =[x]NRand V, NV, =@ forallx # y.(C,V, : x € R)is the canonical
decomposition of /. The depth of I/ is the maximum depth of any V.

Definition 3.9. Fori = 1,2, 'letAUi be a cpnnected centered configuration
with canonical decomposition (C', Vi : x € R'). Then U! ~; U? if there is an
isomorphism f from C! to C? such that for all x € R1,

1 2

If 4! and U? are components in two configurations on which the Ehrenfeucht
game is being played, then we also require that f preserve the pebbled nodes.
That is, a}. is in U if and only if a? is in 42, and ifa} is in U* then f(a}) = a?.

Extending ~;, to arbitrary centered configurations U/, i = 1, 2, for each ~;,
class t of connected centered configurations, let ¢; . be the number of components

of type 7 in . Then U ~;, U? if and only if for all such t
tl,r = t2,1: or tl,‘[’ t2,‘[ = k.

Finally we extend ~; to a class of configurations that includes almost all
configurations. We say that a configuration & = (U, =, M) is k-rich if, for every
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r < 31 every rooted tree 7 that occurs as an r-neighborhood in some config-
uration, and every set S C U of £ — 1 nodes, there is some x € U such that
8(S,x) > 2-3*1 8(C,x) > 2-3*1 for every cycle C C U of size at most 2 - 31,
and N (x;r) ~, 7. We say that U{ is k-simple if it does not have two cycles of size
at most 3* within 2 - 3! of each other.

Definition 3.10. Fori = 1,2 let U/ be a k-rich and k-simple configuration.
For each class t of unicyclic centered configurations of cycle size at most 2 -
31 and depth at most 3*~1, let #; ; be the number of cycles C in I/ such that
N(C;3%1) e t. Then U; ~p, Uy if and only if for all such t

tl,r =ty, OT tl,ta t2,r = k.

We next show that ~; refines =;. The proof is an application of Ehrenfeucht’s
theorem (3.5). Just as we defined ~; on rooted forests and then generalized it
to centered configurations and finally to £-rich and k-simple configurations, we
follow the same pattern in describing a winning strategy for Player II.

Let Y = (U!,=', M, R?), i = 1,2, be centered configurations. For j =
0,...,klet

i i_i oppiopi i i
u,=(U',=',M',R",ai,...,a;) where

R§ =R'U {x € U;|x is on the path from some a}, to U [x]} .

xeR!
Then ¢! and U2 are centered configurations. Player II’s strategy is to maintain
Uf ~p_j U7 (4)

after each round j. U! ~, U? is equivalent to (4) for j = 0 and (4) for j = &
implies Player II has won. Therefore we will be done if we can show that if (4)
holds for j then Player II can move so that (4) holds for j + 1.

LemmA 3.11. Let U' ~;, U? be rooted forests and 0 < j < k. If (4) holds after
round j of the Ehrenfeucht game, then Player II can move so that (4) holds after
round j + 1.

Proor. Following the same outline as in Definition 3.6, we use induction on
r, the depth of /! and /2. The lemma holds trivially for rooted forests of depth
-1

Now assume the lemma holds for pairs of rooted forests of depth less than
r,r > 0, and let &' and U2 be rooted trees of depth . We use the notation of
Definition 3.6. There are two cases, depending on Player I's choice for a;.

+1

(1) a§+1 is in 7°. By Definition 3.6, 7' ~, 72, and by (4), 7} ~,_; T7. Since
7! and 72 have depth less than r, by induction, Player II can choose a?;’l
in 7°7 sothat 7} | ~;,;-1 77,,. By Lemma 3.7, this implies that (4) holds
after round j + 1.

(2) @}, is in F'. The same strategy works here, with 7* replaced by .
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Now let U/, i = 1,2, be a rooted forest of depth r. A tree in U/ is active if it
contains a pebbled node. There are two cases:

1) o i isin 7" for some inactive tree 7¢ of type . Since ti: =ta0rt1r,ta >R,
there must be an inactive 73~ of type 7 in U3~ Thus 7' ~;, 72, 2 and
using the strategy for rooted trees, Player II can move so that T ~p1 7, 2.
Therefore by Lemma 3.7, (4) holds after round j + 1.

(2) aj. .1 i8in 7* for some active tree 7*. Let 72~ be the corresponding active
rooted tree in /3. Then since (4) holds, le ~h—j ’TJ?, and using the strategy
for rooted trees, Player II can move so that le+1 ~k—j—1 T? ,, and again (4)

Jj+r
holds after round j + 1. O

Lemma 3.12. Fori =1,2, let U’ be a centered configuration with canonical
decomposition (C', Vi : x € R). If U ~, U? and (4) holds after round j of the
Ehrenfeucht game, then Player II can move so that (4) holds after round j + 1.

ProOF. Assuming first that &/! and /2 are connected, let f: R! — R? be
the isomorphism of Definition 3.9. If Player I chooses a node in Vi, then Player
IT responds with a node in V?&i), using the strategy of Lemma 3.11.

For arbitrary centered configurations, the strategy is similar to that for
rooted forests. A component of /! is active if it contains a pebbled node, and
the two cases depend on whether or not Player I chooses a node in an active
component. O

Lastly, we describe the winning strategy on k-rich and k-simple configura-
tions U! and U2. Fori = 1,2 let

= U{C cU':Cisacycleand|C| <2 31},
for j =0,...,k let
U:=N(a,...,a’} UA;3*),
R = {x € Uj|x is on a path between some a}, and aj, or a;, and some y € A},
Z/{‘ (U},_’,Ml R’ ;A5 @Y).
Since L{} is k-simple, it is a centered configuration. Player II's strategy is to

maintain condition (4), but now in the context of the redefined Z/{;

Lemma 3.13. Let U' ~; U? be k-rich and k-simple configurations and 0 <
J < k. If (4) holds after round j of the Ehrenfeucht game, then Player II can
move so that (4) holds after round j + 1.

Proor. Again, there are several cases, depending on Player I's move:

(1) N(@i,,;8"7"1) £ U'. Then N(@i, ;8" /") N((ai, .., al ) UA'; 849 1) =
¢ and N(a’ ;8- 1) is acychc Let v be the ~; type of N} ;8 7D,
Since 1431 is k -rich, there exists a3 i€ U3 ? such that MV(a® +1,3k 71y is of
type r and N(a® +1,3k J= 1)ﬂN({OL3 l,..., a; TIVUA3; 8k 1)—V).Therefore
by Lemma 3.7, (4) holds after round j + 1.
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(2) N(aj+1,3k 7=1y c N(C%;3*7) where C' is a cycle in an inactive com-
ponent of ¢:. Then N({a},...,a’};3*/~1) N N(C’;8*771) = ¢. Since
Ul ~, U? are k- simple and U} ~,_; U?, there exists a cycle C3~* in Y>™
such that NV(CY;85F~/~1) ~, N(C?; g “1) and N({a3™,...,a} "84 "Hn
N(C3%;3¥=7-1) = ¢. By Lemma 3.12, there exists a3 e N(C'3 i, gk—j-1)
such that (N(C';3¢~/~1), =1, M*, R) ~;_4 <N(02 3k-i-1) =2 M2 R?)
where R = C'U P! and P' is the path from a’, "1 t0 Uyeeilx]. By Lemma 3.7
(4) holds after round j + 1.

(3) N(a’ +1,3k 7=1y ¢ W' for some active component W’ of U/!. Let W3 be
the correspondlng active component of U3 Fori = 1,2 let b be the sub-
sequence ¢ ofaj,... ,aJ cons1st1ng of those ah e Wi, and let W' = (W¢, =,
M R‘ bi). By (4), W1 ; W2, Therefore by Lemma 3.12, Player II can
choosea3 Le W3 iso that (W1 =1 M, R'UP! bl,a aly) ~r-jo1 (W2, =2,
M2, RZUPZ, b2, a J+1> where P is the path from OLJ+ to U, cgilx]. Therefore
by Lemma 3.7, (4) holds after round j + 1. O

3.3 Tree Processes

To summarize the results of the previous subsection, the ~;, type of a 2-rich and
k-simple configuration is determined by the numbers of neighborhoods in each
small unicyclic ~;, type. The rest of the proof of Theorem 3.3 is an analysis of the
probability that a random configuration has specified numbers of small acyclic
and unicyclic neighborhoods. We start by analyzing the probability that the
neighborhood of a given set of nodes in a random configuration is isomorphic to
a given centered configuration. This will be facilitated by applying basic results
about branching processes. We will summarize the results that we need. For
more information on branching processes, see Harris [1989].

A branching process abstracts a certain type of population growth process
that we will call a tree process. The process may continue indefinitely, although
in our applications we are interested in only a finite number of generations in
such a process. The tree process generates a type of random rooted tree or forest
of rooted trees. We will refer to the elements in such a structure as individuals.
Generation r consists of all individuals of depth r. Generation 0 is fixed. The
number of children of any individual is independent of the number of children of
any other individual, but the probability of having a certain number of children
is the same for all individuals. Thus the probability space of a tree process is
determined by a probability function p: N +— [0, 1] where p(j) is the probability
that an individual has j children.

The probability measure on this space will be denoted by tpr. In describing
events in this space, P will denote a tree process. For r > 0, P | r will be the
finite tree or forest which is P restricted to its first r generations.

The branching process determined by the tree process is the sequence
Zo,Z1,... where Z, is the size of generation r. The basic result about branch-
ing processes that we will need is the following. Let u = 377, jp(j) be the
expected number of offspring of an individual. Then

E(Z,)=Zou'. %)
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The next series of definitions and lemmas will be used to describe the re-
lationship between exposure of neighborhoods and tree processes. Recall that
m = Z?;llidi(n) = n(A +0(1)). Let Y = (U, =, M) be a random configuration
onn,r>0,RCU,R=(R,=,M),and N = N(R;r). Let W= (W,=/, M, S)
be a centered configuration with canonical decomposition (S, W, : x € S). In
the cases we will be considering, WV is either a rooted forest or unicyclic with
cycle S.Iff: S R we put S = R if f is an isomorphism from S to R, and

onto
w —> N if NV is centered with canonical decomposition (R, V, : x € R) and f
can be extended to W so that f | W, is an isomorphism from W, to me for all

f
x € S. Then W = N if thereis f: S X! R suchthat S= R and W 5 V.

onto
Fixing f: S —> R, we will find an expressmn for the probability that S R.

Then we analyze the probability that W £ N, conditioned on S = L R. This will
be done by exposing the extension of f one = class at a time. Exposure of [ f (x)]
consists of two steps, which can be performed in either order: labeling [ f (x)]
with an equivalence class in {1, ..., n}, and assigning nodes to [ f(x)] so that
I[f (x)]| = |[x]|. However, the order in which the [ / (x)] are exposed is important.
We use an ordering x1, xg, ..., %, € W sothatxy,...,x; € S, all [x;] are distinct,
W = U~ 1, S € U 1[x,] and if [x;] is an ancestor of [xJ] in W/ =/, then
i < j. With such an ordering, the growth of f can be approximated by a tree
process where the individuals in the process correspond to the = classes. In the
following, for 1 <i < s let

b = llx;1N S|,
¢ =|{y elx,1NS :(3z € S)(yM'2)}|, and
CZZC‘J'/Z

j=1

That is, C is the number of edges of M’ joining nodes in S. For 1 <i <w let

a; = |[xl]| and

l
Ai = Zaj.
J=1

By conditions (1) (a) and (3), there is a function p: N — R* such that for all
i,n>0,lim, .o p(n) =0, |d;(n)/n— x| < pn), | 1 Lid; i(n)/n—A| < p(n), and
p(n) > n~12,

Lemma 3.14. If |W| < 1/y/p(n), then

epr(S £ R,m) = []‘[Z (= Dy } 1+ 0(/p(r)

(j — b)) mlSI+C—s

i=1j

Proor. We expose the equivalence classes [ f(x;)], 1 <i < s, one at a time.
Let j; = [[f(x)]l and oJ; = Y, _;jn +s —i. Then j; > b;, and by Condition
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4), J; = o(n'’*/,/p(n)). Since the number of A < i such that |[f(xp)]| = J; is
between 0 and i — 1, the probability that |[ £ (x;)]] = j; is between
dji(n).—i—i—l and djl(n) .
n—i1+1 n—1+1
Thus it is XJL(l + O(p(n) — 1/(ny/p(n))) = 1;,(1 4+ O(p(n))).
Since Zh 1Jrn+1 nodes have already been assigned to the equivalence

classes[f(x1)],...,[f(x))]land f(x;i11), ..., f(xs) will be assigned to other equiv-
alence classes, there are
m—dJ;1
Ji—1

ways of assigning the remaining nodes to [ f («x;)]. But the b; nodes in f([x;1N.S)
must be assigned to [ £ (x;)], so there are only

m—dJ;i_1—-b+1
Ji — b

ways of choosing the remaining nodes. The probability that j; — b; other nodes
have been assigned to [ f (x;)] is therefore

(") (i — 1!
m—ai) (i — b)lmb (1 — O(J;/m))p1
( Ji—1 )

_ Ui = DIA +0(1/(** o)) !
- (j; — b;)!mbi—1

Therefore the probability that f preserves = from S to R is
[T 55 U = D0+ Ot + oL/ /)P

i—1 j=b; (J —b)lmbi-1
[l_[ 3 U =Dl } [1 + 0(p<n))r' -
= U - b)! m
=[HZ j.—lmj} 1+ 0(/o(m)
1= G -0 m!Si=s
The probability that f preserves M’ from S to R is
1 1
M m—2j+1) mC(1-0(C/m)N
. 1
~ mC(L— O(1/(ny/p(m)) OV
_ 1+ O(p(n))
mC ’

and the lemma follows. O
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_ — f
The conditional probability that W I N, given that S =R, is analyzed
by exposing the equivalence classes [f(x;)] in the order described above.
Beginning with the equivalence classes in generation 0, that is, [ f(x;)] for

1 <i < s, we will show that for any j > b, —¢;, conditioned on S = R, the prob-
ability that [ f (x;)] has j children in V(,)/ = is approximately A ;. For [ f(y)]
in a later generation of Vy(,,)/ =, the probability that [ f(y)] has j children is
approximately A ;1.

Thus our tree process P has s individuals in generation 0, which are the roots
of trees P, ..., Ps. The root of P; has branching probability

Di(j) = Aje,-
Individuals in later generations have branching probability
p(] )= Jj+1-

This is a slight generalization of the basic branching process because the proba-
bilities of generation O are different than the probabilities of later generations.
But a version of Formula (5) still holds: the expected number of individuals in
generation ¢ > 0 is

s 0o 00 t-1
> Y ipi)) (Z JipG >) : (6)
j=1

i=1 j=1

Ifw I N then the maximum depth of any node in W is r. Such a node
belongs to an =’ class of depth [r/2] or |r/2] in W/ ='. Assuming without
loss of generality that r is even, this means that the process of exposing f
is approximated by the first r/2 generations of the tree process. We will use
W — P | r/2 to denote the tree process event that W, / = is isomorphic
toP; [ r/2for 1 <i < s. We use cpr(¢|y,n) to denote the probability of ¢
conditioned on .

_ _ f _
Lemva 3.15. If W] < 1/y/p(m), then cprOb - N|S = R, n) = tpr(W — P |
r/2)(1 4+ O(/p(n))).

Proor. Beginning with generation 0,let 1 <i < s. Then [ f(x;)] must satisfy
I[f(x)]l =a; and f([x;1NS) € [f(x;)]. Using the same ideas as in the proof of
Lemma 3.14, the probability that |[ f(x;)]| = a; and all y € [f(x;)] not matched
by M to some z € R are matched to some z ¢ Uljzl[f(xj)] is Aq, (1 + O(p(n))).
Since [x;] has a; —c; children in YW/ =, the probability that f has been extended
to [x;] in a way that is consistent with W = N is p;(a; — ¢;)(1 + O(p(n))).

Continuing with later generations of W/ =/, fori > s |[f(x;)]] = a; and
all y € [f(x;)] not matched by M to some z € U’j_:ll[ f(x;)] are matched to
some z ¢ U‘jzl[ f (x;)]. Using computations similar to the above, this event has
probability A, (1 + O(p(n))), and the probability that f has been extended to
[x;]in a way that is consistent with W = N is p(a; — 1)(1 + O(p(n))).
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Eventually, when all of f has been exposed, the probability that w L N
conditioned on S = R is

[ pitai —e)(1+ 0 x ] plai — DA+ Opn))

i=1 i=s+1
=[] pit@i —c) x [] pla— 1) x A+ Op(n))”
i=1 i=s+1
=tprOWV — P [ r/2)(1 + O(/p(n))). O

CoroLLARY 3.16. There is a constant o (depending on S) such that

A -Dhy | 1
ot o= [T5

i=1j=b
x tprOV — P [ r/2).

ProoF. A permutation ¢ on S is said to be an automorphism on S if, for all
x,y €S,x = yifand onlyif ¢(x) =" ¢(y), and x M’y if and only if ¢p(x)M’'p(y).
Let 8 be the number of automorphisms on S. Any two functions f;: S s R,
i = 1,2, are said to be equivalent if f; o f;l is an automorphism. Lettinoéltgz be

the number of these equivalence classes, « = s!/8, and taking any [ : S 1—% R,
onto

f _ —  f
cprNV(R;r) =W, n) = acpr(S = R, n) x cpr(W EN N|S =R, n),
and the corollary follows by Lemmas 3.14 and 3.15. O

CoroLLARY 3.17. lim,,_, . cpr(f is k-rich,n) = 1.

Proor. Takingr = 3%, by Lemma 3.7, it suffices to show that, with probabil-
ity asymptotic to 1, for any tree 7 that occurs as the r-neighborhood of a node
in some configuration, there are at least 2 disjoint r-neighborhoods in I/ ~;, to
7. Since there are only finitely many ~;, classes of trees of depth at most r, we
can take 7 fixed, and we will actually show that, with probability asymptotic
to 1, there are at least & disjoint r-neighborhoods isomorphic to 7.

Let RC U, |R| <1/Jpn), N =N(R;r), and f be the identity function on
R. Let A be the collection of all centered configurations W = (W,=', M’, R) of
depth < r where |[W| <1//p(n),='| R and M’ | R are empty, whose canonical
decomposition is ((R, @, #), W, : x € R). Let B be the subcollection of A consist-
ing of those W such that there exist at least £ nodes x € R where W, = 7.

The probability that there are at least & disjoint neighborhoods isomorphic
to 7 is greater than or equal to

cpr((Ele,...,xk eR)(/\N(xi :r)NN(xj;r) =0 A /\ N(xgr)%T),n)

i#j 1<i<k
> cpr(AW € BYW EN N),n)
— cpr(@W € AW 5 W), n) — cpr(@W € A — BYW L W), n).
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By Lemma 3.15,

epr(@W € AW L N, n) = tpr(@W € AV — P | r/2)(1 + O(/p())
> tpr(|P [ r/2| < 1/2Vp(m))(1 + O(/p(n)))

because for every tree process P with ¢ individuals in its first r/2 generations,
there is some centered configuration W such that |W| < 2t and W — P | r/2.
By Formula (6),

o o r/2—1
E(P [r/2) < (r/2)IR|)_ jA, (Z j?»j+1>
: et

j=1
< (r/2)|R|AT?

= 0(1/v/ p(n)).

By Markov’s inequality,
tpr(|P | r/2| > 1/(2y/p(n))) < O/ p(n))

and therefore
epr(@W € AV L W), n) = 1 — O p(n)).

Using Lemma 3.15 again,

cpr(@W € A—B)OV 5 AN, n)
<tpr({x e R : 7 — P, [ r/2}| < k)1 + O/ p(n))).

Using induction on r and Condition (1)(b), it can be shown that tpr(7 — P, |
r/2) > 0. Since the events 7 — P, | r/2 are independent for x € R,

E({x e R:T — Py [ 1/2}]) = ©(1//p(n)) and
var({x e R : T — P, [ /2}]) = O(1//p(n)).
Therefore by Chebyshev’s inequality,
tpr({x € R : T — Py [ 1/2)] < k) = OW/p(n)),
cpr(3W € A —BYW 5> A, n) = 0(Jp(n)),
and the corollary follows. O
CoroLLARY 3.18. lim,_, ., cpr(Uf is k-simple) = 1.
Proor. It suffices to show that, for any fixed s and r,
I}Lnolo cpr(3R(R is a cycle of size 2s A N(R;r) is not unicyclic), n) = 0.
Let A be the collection of centered configurations W = (W, =", M’, S) of depth
< r where |W| < 1/,/p(n), and S is a fixed cycle of size 2s. Taking f: S R 4
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and letting R = f(S),S=(S,=,M"), R=(R,=,M),and N = N(R;r),

f f
cpr(S = R A N is not unicyclic, n) < cpr(S =R, n)

f _ _
—prS ERAGEW € AV L ), n).

Now
f _ _
cpr(S =R AGEW € AV L N, n)

f _ _ f
—cpr(S = R, n) x cpr(@W € AV 5 WIS = R, n).
By Lemma 3.14

f a3 S 140/
epr(S £ R,m) = [ZU - mj} « 120U
j=2

_ (A —1¢ + O0G(/pn))

m2s

By Lemma 3.15

_ _ f
epr(AW e AW L M)ISZ R, n)
= tpr(AW e AW — P | r/2))(1 + O/ p(n)))
—1-0(/p(n)),

using methods similar to those in the proof of Corollary 3.17. Therefore

f
cpr(S = R A N is not unicyclic, n)

_ OGp(n)

m2s ’

and since there are no more than m? ways of choosing f,

cpr(3R(R is a cycle of size 2s A N is not unicyclic), n)

= 0/ p(n)).

O

CoRrOLLARY 3.19. Letr > 0 and t be a unicyclic ~;, type of depth < r. Then

lim E({R CU :N(R;r)et)) =y

for some constant y.

Proor. Let 2s be the size of the cycles in the members of 7, A the collection
ofall W= (W,=', M’, S) of depth < r such that |W| < 1/,/p(n) and S is a fixed
cycle of size 2s, and B the collection of configurations with center S that belong

to . Then for fixed R € U such that |R| = 2s,

cprNV(R;r) € ,n) = cpr(@W e ANBYWN(R;r) = W), n)
+cpr(@W € B—AWN(R;r) = W), n).
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By Corollary 3.16

cpr(GW e ANB)W(R;r) =W),n) = (2s — DI(A — 1)° x w

x tpr(AW e ANBYW — P [ r/2)),
tpr(AW e ANBYOW — P | r/2)) = tpr(GW € BXW — P [ r/2))
—tpr(3W e B— AW — P | r/2)), and
tpr(@W € B — AW — P [ r/2)) = O(/p(n))
using methods similar to those in the proof of Corollary 3.17. Also,
epr(@W e B—-AWN(R;r) = W),n) <cpr(S=R,n)
—cpr(AW € AN(R;r) ZW), n).
Applying Corollary 3.16,

Cpr(S =R,n)=(2s — DA — 1) x %;{p—(n)) and

epr(GW € AN (R;r) W), n) = (25 — DI(A — 1) x w

x tpr(AW € AW — P | r/2)).
Again

— 0y
tpr(GW e AW - P [r/2)=1— %
by the argument used in the proof of Corollary 3.17. Therefore

cpr(V(R;r) € t,n) = (2s — DI(A — 1)° x %
x tpr(@W € BYW — P | r/2)).

There are (};) ways to choose R, so, taking y = (A — 1) tpr(GW € BYW —
P | r/2))/(2s), the corollary follows. O

We will use a generalization of the inclusion-exclusion principle and
Bonferroni’s inequalties to finish the proof of Theorem 3.3. Complete details
on this method are given in [Lynch 1985, 1992]. Let 7;, i € I, be an indexing
of all unicyclic ~;, classes where members of 7; have cycle size s; < 2-3%~1 and
depth r; < 3*~1, and let y; be the constant that Corollary 3.19 associates with
7;. Then, for any k-rich and k-simple configuration, its ~; type is described by
the vector (u; : i € I) where 0 < u; < k is the number (up to &) of neighborhoods
of type 7;. That is, if u; = & then there are at least £ neighborhoods of type t;.
In the following, ¢/ will be a configuration on n with universe U = {1, ..., m}.
Fori eI weputC;Y) ={R CcU :N(R;3* 1) er}and CU) =(C;U) :i € I).

Let S =(S;:i € I) whereeach S; € {R C U : |R| = s;}. We define

E=S)={U:C;uU)D> S, fori e I}
E=S)={U:Cu)=S).
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That is, E=(S) is the set of configurations on n where every R € S; is a cycle
in a 8¥~1-neighborhood of type 7;, and E=(S) is the set of configurations on n
where S; is precisely the set of cycles belonging to 3*!-neighborhoods of type
7;. Given a vectorw = (u; : 1 € I), let

L@,n)= Y cpr(EZ(S),n)
S:Si|=u;

and for J C I let

MJ,e,m= | J  E=S.

S:|S;|=u; foried,

|S;|>u; foriel—J
Thatis, M (J, u, n)is the set of configurations on n with exactly u; neighborhoods
of type 7; fori € J and at least u; neighborhoods of type 7; fori € I —J. Thus we
need only show that cpr(M(J, w, n), n) converges for large n. For any I-vector
U,weputv >uifv; >u; foralli e I.

Using the methods of [Lynch 1985, 1992],

lim cpr(M(J, %, n), n) =

S -DEew [ (Zz) < T (Zz B 1) x lim L(@, n)

vzu ied iel—J
and
Vi
lim L(w,n) = 1_[ i
e iel vi!
Therefore
. B - )y
lim cpr(M(J,u,n),n) = (—1pwi— i
i ’ zel_[Jz;uL uillv —u)!
—u yr
X (_l)v Ui ] '
ieHJ;m v(u; — DI — u;)!
Fori e J,
Z(_l)v—ui Vi _ )/iuie*}’i
v2U; uilv —u)! u;!
Foriel-J,

v—U; yiv _ 1\
2D v(u; — DI —uy)! 2 (=D [

V=U; v=U;

- glger Ol

v<u; Lw=<v

v—U; _1\ui—w v y_LU
-3 (1 LZ( 1) (w)}v!

v=U;

ui—w—1 v y_zv
e ()

w<u;
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o]

w<u; Lv>w
yiwefyi
=1- E —
w<u; w:

This completes the proof of Theorem 3.3.

4. CONCLUSIONS

Some open problems suggested by Theorem 3.1 are:

(1) What are the possible values of lim,,_, , pr(o, n)?
(2) What is the complexity of computing this limit?
(3) If A = o0, does the convergence law still hold?

(4) Does the convergence law hold for any logical languages more powerful
than first-order logic?

(5) Of particular interest to internet applications, physics, and biology, is there
a general characterization of random graph processes that result in power
law distributions?
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