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Abstract

An estimation algorithm for a query is a probabilistic algorithm that computes an approximation for the
size (number of tuples) of the query. One class of estimation algorithms uses a form of statistical sampling
known as adaptive sampling. Several versions of adaptive sampling have been developed by other
researchers. The original version has been surpassed in some ways by a newer version and a more
specialized Monte-Carlo algorithm. An analysis of the cost of the original version is presented, and the
different algorithms are compared. The analysis is used to derive an upper bound on the number of samples
required by the original algorithm. Also, contrary to what seems to be a commonly held opinion, none of
the algorithms is generally better than the other two. Which algorithm is superior depends on the query
being estimated and the criteria that are being applied. Another question that is studied is which classes of
logically definable queries have fast estimation algorithms. Evidence from descriptive complexity theory is
provided that indicates not all such queries have fast estimation algorithms. However, it is shown that on
classes of structures of bounded degree, all first-order queries have fast estimation algorithms.
r 2003 Published by Elsevier Science (USA).
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1. Introduction

Estimating the size of a query can be described as the following problem. Given a database A;
let R be the query evaluated on A: jRj is the size of R; i.e., the number of tuples in it. Let A be a
probabilistic algorithm such that when given A; it returns an estimate X for jRj: Suppose that
there is E > 0 and a probability po1 such that

prðjX� jRj jpEÞXp:
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Then we say that A estimates jRj with error E and confidence p:We are interested in finding fast
algorithms that can estimate jRj to any desired degree of accuracy and confidence. ‘‘Fast’’ can be
interpreted in two ways. Either, in a relative sense, the estimation algorithm runs in time oðtðnÞÞ;
where tðnÞ is the best-known time required to compute jRj exactly, or, in an absolute sense, its
running time has low complexity, say linear or even constant.
There are several reasons why database researchers are interested in fast algorithms for

estimating the sizes of queries. Some queries, in particular those defined recursively, can be quite
expensive to compute. If the only important question is their size, then a fast estimation algorithm
has significant practical value. Even if an exact computation of the query is needed, a
fast estimation of its size can help to decide whether it is feasible to actually perform the
computation. Also, the speed of computing the composition of simpler queries can depend on the
order of their execution. Estimations of their size can help determine the optimal order of
execution.
An obvious question is whether such algorithms exist for all queries. The following argument

based on descriptive complexity theory [7] indicates that this is unlikely. For any natural number
n; any sAf0; 1gn can be associated with a finite structure As whose universe is f1;y; ng: For any
PSPACE language LDf0; 1gn; there is a formula fðxÞ in partial fixed point logic such that for all
s; it defines a unary query R ¼ fiAf1;y; ng:As F fðiÞg such that jRj ¼ 0 or jRj ¼ n; and sAL if
and only if jRj ¼ n: Taking E ¼ jRj=3; if there were a fast estimation algorithm for f for
every probability po1; then there would be a fast probabilistic decision algorithm A such
that for all sAf0; 1gn; with probability at least p; A accepts s if and only if sAL: In particular, if
the algorithm A can always be shown to run in polynomial time, then PSPACE would collapse
to PP.
This does not preclude the possibility that there are large classes of databases and queries that

do have fast estimation algorithms, or whose average runtime is fast. In particular, do there exist
fast estimation algorithms for all first-order queries on all databases? We do not know the answer
to this question, but we will show that there are fast average time algorithms for estimating all
first-order queries on databases of bounded degree. We will define this notion precisely later; it is
just the graph theoretic notion of bounded degree generalized in the natural way to arbitrary
relational structures. A number of researchers, for example Abiteboul et al. [1] have suggested that
structures of bounded degree occur frequently in practice, and thus algorithms that are more
efficient on these structures than general purpose algorithms would be useful. Abiteboul,
Compton, and Vianu were not studying estimation algorithms; rather, they considered
probabilistic methods for speeding up the average time for exact evaluation of higher-order
queries.
There are actually two notions of average time complexity for database algorithms. The first

regards the database as fixed, and the algorithm makes random choices in computing its estimate.
The second assumes the database itself is random. (The algorithm may or may not be
probabilistic.) In this article, we concentrate on the first notion. Specifically, we investigate a
statistical sampling method for estimating the sizes of queries in databases.
A variety of methods for sampling queries in databases have been proposed. One approach is a

form of sequential sampling. It relies on a partitioning of the query into sets that agree on the

value of some attribute. More abstractly, let n be a natural number and RDf1;y; ngr be an r-ary

relation, i.e., relational query. For i ¼ 1;y; n; let Ri ¼ fði; i2;y; irÞARg: Then jRj ¼
Pn

i¼1 jRij:
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The sampling algorithm repeatedly makes random choices of iAf1;y; ng; calculates jRij; and
adds it to a cumulative sum until a predetermined stopping condition is satisfied. Then it produces
an estimate of jRj:
Statistical inference based on the sum of a sequence of random variables was used by

Bartky [2] for other applications, and the general theory of sequential sampling was formulated
by Wald [21,22]. These authors considered the more general case when the sum could
have negative terms. Lipton and Naughton [17] developed a version of sequential sampling
which estimated the sizes of queries as outlined above. Their algorithm stopped sampling
when the sum exceeded a predetermined value. They called it adaptive sampling because the
number of samples taken was not predetermined; it depended on how quickly the sum reached the
upper bound. Actually, similar stopping conditions had been used by Bartky and Wald. In their
case, the sampling stopped when the sum either exceed an upper bound or fell below a lower
bound.
The upper bound used by Lipton and Naughton was of the form cbðnÞ; where bðnÞ is an a priori

upper bound on the size of the partitions. (Thus, with no additional knowledge, bðnÞ ¼ nr�1:)
Their error term was of the form ejRj; for some constant e > 0: They claimed that, by making c
large enough, any desired degree of accuracy can be obtained with arbitrarily high probability.
That is, for any e > 0 and pA½0; 1Þ; the probability that the estimate is within ejRj of jRj can be
made as large as p: This is true, but their proof is incorrect. Our proof will be a consequence of a
more general analysis of the cost of running the algorithm.
A later version of adaptive sampling is due to Haas and Swami [12]. It does not make any a

priori assumptions about the data except that not all the jRij are equal. Haas and Swami prove
that, for fixed R; as e-0; the probability that their method produces an estimate that is within
ejRj of jRj approaches p: Further, their algorithm is asymptotically efficient in the sense that as
e-0; the number of samples taken is close to the minimum number needed to get an estimate that
is within ejRj of jRj with probability p: Thus, their algorithm will perform better than the Lipton–
Naughton algorithm on fixed samples as the error factor e goes to 0. Although Haas and Swami
clearly state in their paper that their estimate may not be accurate if e does not get small, it
appears to be the belief of some database researchers that the Haas–Swami algorithm is generally
better than the Lipton–Naughton algorithm (personal communications; see also [20]). But
the two algorithms are actually incomparable. We will show that, for fixed e and highly skewed
data, the Lipton–Naughton algorithm can give a better estimate than the Haas–Swami
algorithm.

2. Adaptive sampling

Adaptive sampling is a general method that applies to estimating the sum of a finite
sequence of nonnegative integers. For a natural number n; let a1;y; an be a sequence of
nonnegative integers such that aipbðnÞ for i ¼ 1;y; n; where b is a function of n: The usual

interpretation in databases is that ai ¼ jRij; bðnÞ ¼ nr�1; and
Pn

i¼1 ai ¼ jRj: In [17], Lipton and
Naughton introduced the following algorithm for estimating A ¼

Pn
i¼1 ai: The c is a fixed

constant independent of n:
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Algorithm 1.

S’0
m’0
repeat

do j’Randomð1; nÞ
S’S þ aj

m’m þ 1
until SXcbðnÞ
return nS=m

In a later article [18], the same authors claimed that any degree of accuracy and confidence
could be obtained from this algorithm by taking c large enough. Specifically,

Claim. Assume ai > 0 for i ¼ 1;y; n: For 0ppo1 and d > 0; if c ¼ dðd þ 1Þ=ð1� ffiffiffi
p

p Þ; then

prðjnS=m � AjpA=dÞXp:

Lipton and Naughton used an urn model to show that, by taking a sufficiently large constant a;
the probability that the algorithm stops before abðnÞ steps can be made arbitrarily small, and for
any given mXabðnÞ; prðjnS=m � Aj > A=dÞ can also be made arbitrarily small. However, this
does not imply their claim because they still need to show either

1. the sum over all mXabðnÞ of prðjnS=m � Aj > A=dÞ is arbitrarily small, or
2. for any mXabðnÞ; the conditional probability that jnS=m � Aj > A=d; given that the algorithm
stops at m repetitions, is arbitrarily small.

Method 1 would require a very tight bound on the probabilities being summed. Obvious
approaches are suggested by the Central Limit Theorem, but as we will show, the error term in the
Central Limit Theorem is so large that such a tight bound cannot be obtained. Similar problems
arise in attempting to use Chernoff [5,13] or Hoeffding [16] bounds. (But see Section 3 for an
estimation method using Hoeffding bounds that can outperform adaptive sampling under certain
circumstances.) Regarding method 2, P. Haas (personal communication) suggested that a
‘‘random index’’ version of one of these theorems might be useful. That is, the number of terms m
in the sum S is a random variable that depends on the terms being summed, and thus what is
needed is an inequality involving a random number of random terms.
The approach taken here is to derive formulas for the expectation and variance of the stopping

time, i.e., the final value of m: From these formulas, it will follow that for sufficiently large c; m
will be close to cnbðnÞ=A with high probability. Since the final value of S is between cbðnÞ and
ðc þ 1ÞbðnÞ; the estimate nS=m will be close to A: Our upper bound on c does not seem to give a
direct comparison with c in the claim. For some sequences a1;y; an; our bound is lower. For
small e; our bound is generally slightly larger. However, the condition that ai > 0 for all
i ¼ 1;y; n can be relaxed. We need to assume only that aiX0 for all such i; and ai > 0 for at least
one i:
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A complementary approach is used by Watanabe [23]. (It is described only for Boolean-valued
sequences a1;y; an; but it generalizes immediately to sequences of natural numbers.) Using
elementary formulas for the expectation and variance of S after m steps, he shows that S is
unlikely to be between cbðnÞ and ðc þ 1ÞbðnÞ unless m is close to cnbðnÞ=A: The upper bound for c

is not explicitly shown, but it is also slightly larger than the claim.
The stopping time may be regarded as the cost of running Algorithm 1 when each iteration

costs one unit. We will consider more general cost functions. For each i ¼ 1;y; n; let gi be the
cost of computing ai; given i: This is essentially the cost of one iteration of Algorithm 1 when j ¼ i:
Thus, if jt is the choice of the variable j made during iteration t of the algorithm, and it runs for m

iterations, then the total cost of the algorithm is
Pm

t¼1 gjt : When the ai’s are the sizes of the

partitions Ri; the cost could be the time required to compute Ri: For example, Lipton and
Naughton [17] used adaptive sampling to estimate the size of the transitive closure of a graph. In
their application, Ri was the size of the reachability set from vertex i; which can be computed in
time proportional to the number of edges in the component containing i: Haas and Swami [12]
considered the problem of estimating the size of an equijoin, and used the cost function gi ¼
c1 þ c2ai where c1 and c2 are constants. Specializing our results to the case when all gi ¼ 1 will
enable us to derive an upper bound on c:
We will model Algorithm 1 as a one-dimensional random walk, where at each step, the particle

makes a jump to the right, the distance being randomly chosen from fa1;y; ang: The cost of the
jump ai is gi: Here, the particle’s initial position is 0, and the final m is the time at which the
particle passes through an absorbing barrier located at cbðnÞ: At any given time m; its location is
some integer k: It will continue its walk if kocbðnÞ; in which case its position at time m þ 1 will be
k þ ai; for some randomly chosen iAf1;y; ng; where all choices are equally likely. Thus its
location at each time m is the value of S in the algorithm after m iterations of the repeatyuntil

loop, and the time until absorption is the final value of m: For each kX0; let Tk be the random
variable that is the total cost incurred by the particle, when initially located at k: We will derive
recurrences for E½Tk� and Var½Tk�: For k; tX0; let pk;t be the probability that Tk ¼ t; and let

pkðzÞ ¼
P

N

t¼0 pk;tz
t be the generating function of /pk;t: tX0S: Then,

prðTkoNÞ ¼ pkð1Þ;
E½Tk� ¼ p0kð1Þ
and

Var½Tk� ¼ p00kð1Þ þ p0kð1Þ � p0kð1Þ
2:

It can be seen that the pk;t satisfy the following recurrence:

pk;0 ¼ 1 for kXcbðnÞ;

pk;t ¼ 0 for kXcbðnÞ and t > 0;

pk;t ¼ 0 for kocbðnÞ and tp0;

pk;t ¼
Xn

i¼1
pkþai;t�gi

=n for kocbðnÞ and t > 0:

J.F. Lynch / Journal of Computer and System Sciences 66 (2003) 2–196



Therefore, for kocbðnÞ;

pkðzÞ ¼
Xn

i¼1
zgi pkþai

ðzÞ=n; ð1Þ

p0
kðzÞ ¼

Xn

i¼1
½giz

gi�1pkþai
ðzÞ þ zgi p0

kþai
ðzÞ�=n ð2Þ

and

p00
kðzÞ ¼

Xn

i¼1
½giðgi � 1Þzgi�2pkþai

ðzÞ þ 2giz
gi�1p0

kþai
ðzÞ þ zgi p00

kþai
ðzÞ�=n: ð3Þ

In the following, H ¼ fi:ai > 0g; h ¼ jHj; M ¼ maxða1;y; anÞ � 1; and G ¼
Pn

i¼1 gi:

Lemma 2.1. For all integers k;

pkð1Þ ¼ 1:

Proof. This follows from more general theorems about unlimited Bernoulli trials or random
walks (see, e.g., Feller [8]), but we give an elementary proof. The lemma is obvious for kXcbðnÞ:
We will prove it for the remaining values by decreasing induction on k: Thus, assume kocbðnÞ
and the lemma holds for all k0 > k: Recalling our assumption that h > 0; by (1) and the induction
assumption,

pkð1Þ ¼
h

n
þ n � h

n

� �
pkð1Þ;

and the lemma follows. &

Lemma 2.2. For kpcbðnÞ þ M;

ðcbðnÞ � kÞG
A

pp0
kð1Þp

ðcbðnÞ þ M � kÞG
A

:

Proof. The special case when all gi ¼ 1 is a well-known result in renewal theory (see, e.g., Gut [11,
Proof of Theorem II.4.1]). The proof in [11] extends without difficulty to our more general cost
functions, but we give an elementary proof to keep this article self-contained.
We will prove the upper bound; the proof of the lower bound is similar. We use decreasing

induction on k ¼ cbðnÞ þ M down to 0. For cbðnÞpkpcbðnÞ þ M; pkðzÞ ¼ 1; and the result is
obvious.
Now assume kocbðnÞ and the result holds for all k0 such that kok0pcbðnÞ þ M: By (2) and

Lemma 2.1,

p0
kð1Þ ¼

Xn

i¼1
½gi þ p0

kþai
ð1Þ�=n
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and

hp0kð1Þ ¼G þ
X
iAH

p0
kþai

ð1Þ

pG þ
X
iAH

ðcbðnÞ þ M � k � aiÞG
A

by the induction assumption

¼ hðcbðnÞ þ M � kÞG
A

: &

From Lemmas 2.1 and 2.2, taking k ¼ 0;

Theorem 2.1.

prðT0oNÞ ¼ 1

and

cbðnÞG
A

pE½T0�p
ðcbðnÞ þ MÞG

A
:

For Boolean valued a1;y; an;

E½T0� ¼
cbðnÞG

A
:

In particular, the average stopping time of the random walk, or equivalently, the number of
iterations of Algorithm 1, is between cbðnÞn=A and ðcbðnÞ þ MÞn=A:We will now derive an upper
bound on the variance of the stopping time, which will be used to obtain an upper bound on c in
Algorithm 1. In the remainder of this section, we take gi ¼ 1 for i ¼ 1;y; n; so Tk will be the
stopping time of the random walk when started at k:

Lemma 2.3. For kpcbðnÞ þ M;

p00
kð1Þp

ðcbðnÞ þ M � kÞ2n2
A2

þ ðcbðnÞ þ M � kÞð
Pn

i¼1 a2i Þn2
A3

� 2ðcbðnÞ � kÞn
A

:

Proof. We again use decreasing induction on k; and the result is obvious for cbðnÞpkp
cbðnÞ þ M:
Now assume kocbðnÞ and the inequality holds for all k0 such that kok0pcbðnÞ þ M: Then

p00
kð1Þ ¼

Xn

i¼1
½2p0

kþai
ð1Þ þ p00kþai

ð1Þ�=n by ð3Þ;

¼ 2p0kð1Þ � 2þ
Xn

i¼1
p00

kþai
ð1Þ=n by ð2Þ and Lemma 2:1:
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Therefore,

hp00kð1Þp
2ðcb þ M � kÞn2

A
� 2n

þ
X
iAH

ðcbðnÞ þ M � k � aiÞ2n2
A2

þ ðcbðnÞ þ M � k � aiÞð
Pn

i¼1 a2i Þn2
A3

"

� 2ðcbðnÞ � k � aiÞn
A

�
by Lemma 2:2 and the induction hypothesis

¼ 2ðcbðnÞ þ M � kÞn2
A

� 2n þ hðcbðnÞ þ M � kÞ2n2
A2

þ ð
Pn

i¼1 a2i Þn2
A2

� 2ðcbðnÞ þ M � kÞð
Pn

i¼1 aiÞn2
A2

þ hðcbðnÞ þ M � kÞð
Pn

i¼1 a2i Þn2
A3

� ð
Pn

i¼1 aiÞð
Pn

i¼1 a2i Þn2
A3

� 2ðcbðnÞ � kÞn
A

þ 2ð
Pn

i¼1 aiÞn
A

¼ hðcbðnÞ þ M � kÞ2n2
A2

þ hðcbðnÞ þ M � kÞð
Pn

i¼1 a2i Þn2
A3

� 2hðcbðnÞ � kÞn
A

: &

From Lemmas 2.2 and 2.3, taking m ¼ T0:

Theorem 2.2.

Var½m�pð2cbðnÞ þ MÞMn2

A2
þ ðcbðnÞ þ MÞð

Pn
i¼1 a2i Þn2

A3
þ ðM � cbðnÞÞn

A
:

A weaker upper bound on Var½m� is given in Theorem III.9.1(ii) of [11].

Theorem 2.3. For 0ppo1 and e > 0; there exists c such that for all n and a1;y; an;

prðjnS=m � AjpeAÞXp:

Proof. By Chebyshev’s inequality, for any g > 0;

pr jm � E½m�jXgcbðnÞn
A

� �

p
Var½m�A2

g2c2bðnÞ2n2
p
ð2cbðnÞ þ MÞM

g2c2bðnÞ2
þ ðcbðnÞ þ MÞ

Pn
i¼1 a2i

g2c2bðnÞ2A
þ ðM � cbðnÞÞA

g2c2bðnÞ2n
;
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by Theorem 2.2. Since MobðnÞ;
Pn

i¼1 a2i pbðnÞA; and we can assume c > 1;

pr jm � E½m�jXgcbðnÞn
A

� �
p
2c þ 1

g2c2
þ c þ 1

g2c2
¼ 3c þ 2

g2c2
: ð4Þ

That is,

pr E½m� � gcbðnÞn
A

pmpE½m� þ gcbðnÞn
A

� �
X1� 3c þ 2

g2c2
:

By Theorem 2.1

cbðnÞn
A

pE½m�pcbðnÞnð1þ 1=cÞ
A

:

Therefore,

pr
cbðnÞnð1� gÞ

A
pmp

cbðnÞnð1þ 1=c þ gÞ
A

� �
X1� 3c þ 2

g2c2
:

Also, with probability 1,

cbðnÞpSoðc þ 1ÞbðnÞ:
Therefore,

pr
A

1þ 1=c þ g
p

nS

m
p

Að1þ 1=cÞ
1� g

� �
X1� 3c þ 2

g2c2
;

and the theorem will follow if we can find g and c such that

1� ep
1

1þ 1=c þ g
;

1þ 1=c

1� g
p1þ e

and

3c þ 2

g2c2
p1� p:

The first inequality can be satisfied by taking any gpe=2 and cX2=e: Then, having fixed g at
e=2; and assuming without loss of generality that eo1; we then choose c large enough to satisfy
the second and third inequalities. &

More specific bounds on c can be obtained, but they are cumbersome. However, there is a
simple approximation for small e: As e-0; gBe; and the right-hand side of Eq. (4) is asymptotic
to 3=ðg2cÞ: Therefore, it suffices to take

3

e2c
o1� p;

i.e.,

c >
3

ð1� pÞe2:
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When p is close to 1, 1� p is approximately 2ð1� ffiffiffi
p

p Þ; and our bound is larger than the bound
in the claim by a factor of about 1.5. If, in addition, the ai’s are Boolean, then the right-hand side

of (4) is asymptotic to 1=ðg2cÞ; and it suffices to take c > 1=ðð1� pÞe2Þ:

3. Comparison to other sampling algorithms

Haas and Swami [12] proposed a variation on Algorithm 1. They pointed out that the stopping
condition SXcbðnÞ can be overly conservative if bðnÞ is actually much larger than maxða1;y; anÞ:
Their stopping condition is based on the Central Limit Theorem. Let Sm be the value of S after m
iterations of the repeatyuntil loop in Algorithm 1. Then, as m gets large,

pr
nSm

m
� A

����
����peA

� �
¼ pr

Sm � mmffiffiffiffi
m

p
s

����
����p

ffiffiffiffi
m

p
em

s

� �
E2F

ffiffiffiffi
m

p
em

s

� �
� 1; ð5Þ

where m ¼ A=n is the expectation of a randomly chosen ai; s2 ¼
Pn

i¼1 ½ai � m�2=n is its variance, and

FðtÞ ¼
Z t

�N

1ffiffiffiffiffiffi
2p

p e�x2=2 dx

is the standard normal distribution function.
Let

zp ¼ F�1ðð1þ pÞ=2Þ
and

m ¼
z2ps

2

e2m2
:

Then, as e approaches 0, m gets arbitrarily large and the error term in (5) will go to 0. Therefore
for sufficiently small e; the estimate nSm=m will be within eA of A with probability p:
Of course, m and s are not known a priori. The algorithm of Haas and Swami makes successive

estimates of m and s as it samples fa1;y; ang: It can be shown that with high probability, the mth

estimates mm and sm approach their true values, and when sm > 0 and m > z2ps
2
m=ðe2m2mÞ; the

probability that the estimate nSm=m has the desired accuracy is at least p: Further, their method is
asymptotically efficient, meaning that as e gets small, their algorithm takes just enough samples to
guarantee the desired accuracy and confidence.
Note that Theorem 2.3 does not make any assumptions about the asymptotics of the

parameters, while Haas and Swami assume that e-0: As they point out, if e is fixed, then it is
possible that the error term in (5) is quite large, and the probability that the estimate is within the
desired accuracy range could be less than p: Specifically, Berry [3], and Blum and Rosenblat [4]
have shown that the error term is bounded by

4
Pn

i¼1 jai � mj3ffiffiffiffi
m

p
s3

;

which can be quite large if we know only that a1;y; anpn: This is the case when the size of a
binary relation on f1;y; ng is being estimated. The following example illustrates this possibility.
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For i ¼ 1;y; n let

ai ¼
0 if ion and i even;

1 if ion and i odd;

n if i ¼ n:

8><
>:

Then, with probability greater than ð1� 1=nÞnE1=e; an is not chosen in the first n iterations of the
repeatyuntil loop. If this happens, then the estimates of both m and s will rapidly approach 1=2;
which almost surely will result in a stopping time less than oðnÞ; for any function o that increases
monotonically toN:More specifically, if zp is sufficiently large, i.e., p is sufficiently close to 1 or e
is sufficiently small, then with probability close to 1=e; the algorithm will return an estimate close
to n=2; i.e., the probability that it is within eA of A will not be p:
The following algorithm, which was suggested by an anonymous referee, is faster than adaptive

sampling in certain cases, even though it is non-adaptive (the number of samples is pre-
determined). By Hoeffding’s inequality [16], if Ym is the average of m independent identically
distributed random variables with mean m; lower bound a; and upper bound b; then

prðjYm � mjXtÞp2e�2mt2=ðb2�a2Þ:

In our context,

prðjnS=m � AjpeAÞX1� 2e�2me2m2=bðnÞ2 ;

where m ¼ A=n as before. If we set the right side equal to p and solve for m;

m ¼ ln
2

1� p

� �
bðnÞ2

2e2m2
:

Since mX1=n; we can estimate A by executing the body of the repeatyuntil loop in Algorithm 1
JTn times, where

T ¼ ln
2

1� p

� �
n2bðnÞ2

2e2
:

From Theorem 2.1 and our estimate of c following Theorem 2.3,

E½T0�X
cbðnÞ
m

E
3bðnÞ

ð1� pÞe2m
for small e: Thus, for fixed n; T5E½T0� for small e and p sufficiently close to 1. Under these
conditions, the Hoeffding algorithm will achieve the accuracy and confidence of adaptive
sampling much quicker. The essential reason for this is the use of an exponential inequality
instead of the polynomial Chebyshev inequality in Theorem 2.3.
A very different method for estimating the sizes of relations is a Monte-Carlo algorithm due to

Cohen [6]. It repeats the following process some predetermined number of times, say t: In each
iteration s ¼ 1;y; t; it performs the following two steps:

1. It randomly assigns a ranking rsðiÞA½0;NÞ to each iAf1;y; ng:
2. Then, for each iAf1;y; ng; it computes rsðiÞ ¼ minðrsðjÞ : jARiÞ:
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After the final iteration, it estimates each jRij: There are several ways of doing this. Let #Si be the
estimate for jRij: Using the average of the t samples:

#Si ¼
tPt

s¼1 rsðiÞ
;

or, letting *rðiÞ be the Itð1� 1=eÞm-smallest value in frsðiÞ : 1psptg;
#Si ¼

1

*rðiÞ:

The idea behind this approach is that there is a strong correlation between rsðiÞ and jRij: The
smaller the rsðiÞ is, the larger the jRij is likely to be. As t increases, the probability that #Si is within
a desired accuracy also increases. Specifically,

prðj #Si � jRij jpejRijÞ ¼ e�OðetÞ

for each i ¼ 1;y; n; and

pr
Xn

i¼1

#Si � jRj
�����

�����pejRj
 !

¼ e�OðetÞ:

The efficiency of this algorithm depends on the speed of computing all the rsðiÞ: At present, no
efficient method applicable to all queries is known. An important case where there is a fast
algorithm is the transitive closure of a binary relation. Letting G ¼ /f1;y; ng;ES be a graph on
n vertices with m ¼ jEj edges and Ri be the set of vertices reachable from i by a path in G;
R ¼

Sn
i¼1 Ri is the transitive closure of E: Cohen shows how to estimate each jRij and jRj in time

Yðn þ mÞ: Using adaptive sampling, Lipton and Naughton [18] show how to estimate jRj in time
Oðn

ffiffiffiffi
m

p
Þ; and therefore Cohen’s method is more efficient on general graphs.

However, if it is known that the sizes of the reachability sets are small, then adaptive sampling
can estimate the transitive closure faster than the Monte-Carlo method. For example, suppose it is
known that the sizes a1;y; an of the reachability sets are bounded by k: The Monte-Carlo
algorithm will run in time OðnÞ; but if the adaptive sampling algorithm uses bðnÞ ¼ k; then it will

take only Oðk2Þ time to reach the same level of accuracy and confidence. To see this, let aj1 ;y; ajm

be the choices made by Algorithm 1. Then the total cost is

O
Xm

t¼1
a2jt

 !
¼O k

Xm

t¼1
ajt

 !

¼Oðkðc þ 1ÞbðnÞÞ
¼Oðk2Þ:

Thus, if k2 ¼ oðnÞ; adaptive sampling will be faster.

4. Estimating queries

A natural application of adaptive sampling is the estimation of queries, i.e., relations, on a finite
structure. That is, we partition the relation R into disjoint sets and estimate jRj by computing the
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sizes of randomly chosen partitions. Although the partitioning is often determined by the value of
the first coordinate of the tuples in the relation (as outlined in the Introduction), there is no reason
to expect that this is the optimal partitioning in all cases. For example, in estimating the size of a
join [12], it is more efficient to use the join key. Those relations in the join operation that do not
have an index on the key are sampled, but the tuples contributed by those relations that do have
an index on the key are counted by using the indices.
Let us consider possible ways of partitioning an r-ary relation R: For any jAf1;y; r}, and

IDf1;y; rg of size j; R can be partitioned into nj sets indexed by elements in f1;y; ngj: Each

partition Ri1;y;ij ; where ði1;y; ijÞAf1;y; ngj; is the subset of R consisting of the r-tuples in R that

agree with ði1;y; ijÞ on the coordinates in I : (Note that when j ¼ r; Ri1;y;ir ¼ | or fði1;y; irÞg:)
Then jRj can be estimated by sampling jRi1;y;ij j for random ði1;y; ijÞ:
Replacing n in Theorem 2.1 by nj and bðnÞ by nr�j;

Theorem 4.1. Let the cost of computing jRi1;y;ij j on structures of size n be gIðnÞ: Then for any

pA½0; 1Þ and e > 0; the average time required by adaptive sampling to produce an estimate nS=m

such that

prðjnS=m � jRjjpejRjÞXp

is OðnrgIðnÞ=jRjÞ:

Thus, the efficiency of adaptive sampling can depend on the choice of j and I : In general,

the fastest way to compute jRi1;y;ij j may be to examine each of the nr�j members of f1;y; ngr

that agree with ði1;y; ijÞ on I ; and decide whether they belong to R: Letting gðnÞ be the
cost of deciding membership in R; the average time to estimate jRj becomes Oðn2r�jgðnÞ=jRjÞ;
which is minimal for j ¼ r; i.e., OðnrgðnÞ=jRjÞ: Since jRj can be computed exactly in time
OðnrgðnÞÞ; adaptive sampling can be significantly faster if jRj is large. However, even when jRj is
not large, the knowledge that jRj is small relative to nr can be useful, and it can be obtained by

estimating j %Rj; where %R is the complement of R: A modified version of adaptive sampling

can estimate j %Rj in parallel with the estimate of jRj: For example, Algorithm 1 would be modified
as follows:

Algorithm 2.

S’0
T’0
m’0
repeat

do ði1;y; irÞ’Randomð1;y; nrÞ
S’S þ jRi1;y;ir j
T’T þ nr�j � jRi1;y;ir j
m’m þ 1

until SXcnr�j or TXcnr�j

return nrS=m; nrT=m
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Since at least one of jRj and j %Rj is OðnrÞ; we have

Theorem 4.2. Let the cost of deciding whether ði1;y; irÞAR on structures of size n be gðnÞ: Then for
any pA½0; 1Þ and e > 0; the average time required by Algorithm 2 to produce estimates nrS=m and

nrT=m such that

prðjnrS=m � jRjjpejRj or prðjnrT=m � j %Rjjpej %RjÞXp

is OðgðnÞÞ:

The error bound jnrT=m � j %Rj jpej %Rj implies jnrS=m � jRj jpenr; so Algorithm 2 guarantees
an estimate of jRj with error bounded by enr:

4.1. First-order queries

The two theorems above are quite general. Here, we examine the special case when R is defined
by a first-order formula. That is, let fðx1;y; xrÞ be a first-order formula, and for any structure A

appropriate to f; let Rf ¼ fða1;y; arÞAf1;y; ngr :A F fða1;y; arÞg: In general, the fastest
way to evaluate A F fða1;y; arÞ takes time OðnkÞ; where k is the quantifier depth of f:
Therefore, the average times in Theorems 4.1 and 4.2 are Oðnrþk=jRjÞ and OðnkÞ; respectively. But
there are faster evaluation algorithms for first-order formulas on finite structures of bounded
degree. We will show how they yield fast estimation algorithms on such structures. They rely on
characterizations of first-order properties in terms of local ‘‘neighborhoods’’ of elements, first
used by Gaifman [10] and Hanf [14] on arbitrary structures. Let A ¼ /f1;y; ng;P1;y;PkS;
where n is a natural number, and each PiDf1;y; ngpi : The Gaifman graph GðAÞ of A is
/f1;y; ng;ES; where

E ¼fða; bÞAf1;y; ng: there exists iAf1;y; kg

and ða1;y; api
ÞAPi such that fa; bgDfa1;y; api

gg:

Letting d be the usual notion of distance in the undirected graph GðAÞ; for any natural number d
and a1;y; aiAf1;y; ng; the d-neighborhood of a1;y; ai in A is

Ndða1;y; aiÞ ¼
[i

j¼1
fbAf1;y; ng : dðaj; bÞpdg:

It is easy to define the property dðx; yÞpd by a formula in the first-order language of P1;y;Pk: A
formula is said to be d-local if its quantifiers are of the form ð8xANdðy1;y; yiÞÞ or
ð(xANdðy1;y; yiÞÞ: Of course, every d-local formula is equivalent to a first-order formula.
Further,
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Theorem 4.3 (Gaifman [10]). Every first-order formula is equivalent to a Boolean combination of
d-local formulae for some d; and sentences of the form

(x1?xi

î

j¼1
aðxjÞ4

^
1phajpi

dðxh;xjÞ > 2m

 !
ð6Þ

for some m and m-local formula a:

Assuming f is in the form described by Theorem 4.3, let us call sentences of the form (6)
background sentences of f: The intention is that in order to compute or estimate jRfj; one first
determines whether the background sentences are satisfied. Let f0ðx1;y;xrÞ be the result of
replacing all the background sentences of f with their truth values in the model A: Then f0 is a
d-local formula, and Rf ¼ Rf0 on A:

A class of structures is said to be of bounded degree if there is some b such that for every
structure in the class, its Gaifman graph has degree bounded by b: In such a class, for every i and
d; there is an upper bound on the sizes of the d-neighborhoods of all i-tuples of elements in the
members of the class, and therefore each d-neighborhood is isomorphic to some finite structure.
As a consequence, on classes of structures of bounded degree, a d-local formula cðx1;y; xrÞ of
quantifier depth k is equivalent to a disjunction of formulas, each describing an isomorphism type
of the dk-neighborhood around x1;y; xr: Thus, the truth of cða1;y; arÞ for any assignment of
a1;y; ar to x1;y; xr can be determined in constant time.
The background sentences are simply Boolean queries, and not statistical queries. In any event,

they can be evaluated quickly on structures of bounded degree.

Lemma 4.1. On a class of finite structures of bounded degree, background sentences can be evaluated

in time OðnÞ:

Proof. Referring to (6), for any element a; A F aðaÞ can be evaluated in constant time as
described above. There is a constant k such that each a can be within a distance 2m of k elements
b such that A F aðbÞ: Therefore to determine if (6) is true, it suffices to determine the set A of
those a for which A F aðaÞ: If jAjXki; then (6) is true. If not, but there are i elements in A all
separated by a distance greater than 2m; then (6) is still true. Determining A can be done in time
OðnÞ; and checking the above conditions can be done in constant time. &

Since any first-order property is computable in AC0; any sentence can be evaluated in constant

parallel time with polynomially many processors. Counting is not in AC0; so evaluation of the size
of a query defined by a formula with free variables appears to be more difficult. But since a local
formula can be evaluated in constant time on structures of bounded degree, we get

Theorem 4.4. On classes of structures of bounded degree, for any pA½0; 1Þ and e > 0 and any first-
order local formula cðx1;y;xrÞ; adaptive sampling can produce an estimate nrS=m such that

prðjnrS=m � jRcjjpejRcjÞXp

in average time Oðnr=jRcjÞ:
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Theorem 4.5. On classes of structures of bounded degree, for any pA½0; 1Þ and e > 0 and any
first-order local formula c; adaptive sampling can produce estimates nrS=m and nrT=m such that

prðjnrS=m � jRcjjpejRcj or prðjnrT=m � j %Rcjjpej %RcjÞXp

in constant average time.

Corollary 4.1. On classes of structures of bounded degree, for any pA½0; 1Þ and e > 0 and any first-
order formula f; adaptive sampling can produce estimates nrS=m and nrT=m such that

prðjnrS=m � jRfj jpejRfj or prðjnrT=m � j %Rfj jpej %RfjÞXp

in constant average parallel time.

5. Future work

The problem of whether all first-order queries on arbitrary structures have fast estimation
algorithms has already been mentioned. There is also the question of whether queries in more
powerful logics can be estimated rapidly. For many of these logics, including transitive closure
logic, the locality properties described by Gaifman and Hanf fail. Estimating query sizes, even on
structures of bounded degree appears difficult in these cases. For example, consider a structure on
f1;y; ng whose relations include successor fði; i þ 1Þ: 1piong: One application of transitive
closure on successor can define p; and once this is done, other applications of transitive closure
can define any NLOGSPACE property. Then, as was shown for NSPACE in the Introduction, if
there were fast estimation algorithms for transitive closure queries, for every NLOGSPACE
language L; there would be fast probabilistic algorithms that decide membership in L with
arbitrarily high confidence. This still leaves open the possibility that a single application of
transitive closure to a first-order formula could be estimated quickly on structures of bounded
degree. One of the Lipton–Naughton papers [17] studied fast estimation algorithms for the usual
transitive closure relation on a graph, which is a special case of this problem. It seems likely that
this algorithm, combined with Gaifman’s Theorem 4.3, would extend to the more general case.
Another potential area of investigation would be to consider broader classes of structures and

logics that still obey locality conditions similar to Gaifman’s and Hanf’s. One example comes
from a recent article by Frick and Grohe [9]. They developed fast algorithms for evaluating first-
order sentences on locally tree-decomposable graphs, which are a generalization of bounded
degree graphs.
An article by Hella et al. [15] shows that notions of locality extend to logics augmented by

counting quantifiers. Since we are concerned here with approximate counting, a natural
generalization would be to consider approximate analogues of counting quantifiers. Let
c1ðx; u1;y; ukÞ and c2ðy; v1;y; vlÞ be formulas. The analogue of the Rescher quantifier would
be QR;e; where, for any structure A on f1;y; ng and i1;y; ik; j1;y; jlAf1;y; ng;

A F QR;exyðc1ðx; i1;y; ikÞ;c2ðy; j1;y; jlÞÞ
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if and only if

jfb: A F c1ðb; i1;y; ikÞgjpð1þ eÞjfc: A F c2ðc; j1;y; jlÞgj:

The analogue of the H.artig quantifier would be QH;e; where

A F QH;exyðc1iðx; i1;y; ikÞ;c2ðy; j1;y; jlÞÞ

if and only if

jjfb: A F c1ðb; i1;y; ikÞgj � jfc: A F c2ðc; j1;y; jlÞgjjpejfb:A F c1ðb; i1;y; ikÞgj:

One question related to our results is whether the truth of formulas in this logic can be
evaluated quickly, at least to a given degree of confidence.
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