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Abstract

An estimation algorithm for a query is a probabilistic algorithm that computes an approximation for the
size (number of tuples) of the query. One class of estimation algorithms uses a form of statistical sampling
known as adaptive sampling. Several versions of adaptive sampling have been developed by other
researchers. The original version has been surpassed in some ways by a newer version and a more
specialized Monte-Carlo algorithm. An analysis of the cost of the original version is presented, and the
different algorithms are compared. The analysis is used to derive an upper bound on the number of samples
required by the original algorithm. Also, contrary to what seems to be a commonly held opinion, none of
the algorithms is generally better than the other two. Which algorithm is superior depends on the query
being estimated and the criteria that are being applied. Another question that is studied is which classes of
logically definable queries have fast estimation algorithms. Evidence from descriptive complexity theory is
provided that indicates not all such queries have fast estimation algorithms. However, it is shown that on
classes of structures of bounded degree, all first-order queries have fast estimation algorithms.
© 2003 Published by Elsevier Science (USA).
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1. Introduction

Estimating the size of a query can be described as the following problem. Given a database 2,
let R be the query evaluated on 2. |R| is the size of R, i.e., the number of tuples in it. Let 4 be a
probabilistic algorithm such that when given 21, it returns an estimate X for |R|. Suppose that
there is £ > 0 and a probability p<1 such that

pr(|X —[R[[<E)>p.
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Then we say that 4 estimates |R| with error E and confidence p. We are interested in finding fast
algorithms that can estimate |R| to any desired degree of accuracy and confidence. ““Fast’ can be
interpreted in two ways. Either, in a relative sense, the estimation algorithm runs in time o(#(n)),
where ¢(n) is the best-known time required to compute |R| exactly, or, in an absolute sense, its
running time has low complexity, say linear or even constant.

There are several reasons why database researchers are interested in fast algorithms for
estimating the sizes of queries. Some queries, in particular those defined recursively, can be quite
expensive to compute. If the only important question is their size, then a fast estimation algorithm
has significant practical value. Even if an exact computation of the query is needed, a
fast estimation of its size can help to decide whether it is feasible to actually perform the
computation. Also, the speed of computing the composition of simpler queries can depend on the
order of their execution. Estimations of their size can help determine the optimal order of
execution.

An obvious question is whether such algorithms exist for all queries. The following argument
based on descriptive complexity theory [7] indicates that this is unlikely. For any natural number
n, any se€ {0, 1}" can be associated with a finite structure 2; whose universe is {1, ...,n}. For any
PSPACE language L< {0, 1}, there is a formula ¢(x) in partial fixed point logic such that for all
s, it defines a unary query R = {ie{l, ...,n}:%; &= ¢(i)} such that |R| =0 or |R| = n,and se L if
and only if |R| =n. Taking E = |R|/3, if there were a fast estimation algorithm for ¢ for
every probability p<1, then there would be a fast probabilistic decision algorithm A such
that for all s {0, 1}*, with probability at least p, 4 accepts s if and only if se L. In particular, if
the algorithm A4 can always be shown to run in polynomial time, then PSPACE would collapse
to PP.

This does not preclude the possibility that there are large classes of databases and queries that
do have fast estimation algorithms, or whose average runtime is fast. In particular, do there exist
fast estimation algorithms for all first-order queries on all databases? We do not know the answer
to this question, but we will show that there are fast average time algorithms for estimating all
first-order queries on databases of bounded degree. We will define this notion precisely later; it is
just the graph theoretic notion of bounded degree generalized in the natural way to arbitrary
relational structures. A number of researchers, for example Abiteboul et al. [1] have suggested that
structures of bounded degree occur frequently in practice, and thus algorithms that are more
efficient on these structures than general purpose algorithms would be useful. Abiteboul,
Compton, and Vianu were not studying estimation algorithms; rather, they considered
probabilistic methods for speeding up the average time for exact evaluation of higher-order
queries.

There are actually two notions of average time complexity for database algorithms. The first
regards the database as fixed, and the algorithm makes random choices in computing its estimate.
The second assumes the database itself is random. (The algorithm may or may not be
probabilistic.) In this article, we concentrate on the first notion. Specifically, we investigate a
statistical sampling method for estimating the sizes of queries in databases.

A variety of methods for sampling queries in databases have been proposed. One approach is a
form of sequential sampling. It relies on a partitioning of the query into sets that agree on the
value of some attribute. More abstractly, let n be a natural number and R<{1, ...,n}" be an r-ary
relation, i.e., relational query. For i =1, ...,n, let R; = {(i, 2, ..., i,)€ R}. Then [R| =" | |Ri|.
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The sampling algorithm repeatedly makes random choices of ie{l, ...,n}, calculates |R;|, and
adds it to a cumulative sum until a predetermined stopping condition is satisfied. Then it produces
an estimate of |R|.

Statistical inference based on the sum of a sequence of random variables was used by
Bartky [2] for other applications, and the general theory of sequential sampling was formulated
by Wald [21,22]. These authors considered the more general case when the sum could
have negative terms. Lipton and Naughton [17] developed a version of sequential sampling
which estimated the sizes of queries as outlined above. Their algorithm stopped sampling
when the sum exceeded a predetermined value. They called it adaptive sampling because the
number of samples taken was not predetermined; it depended on how quickly the sum reached the
upper bound. Actually, similar stopping conditions had been used by Bartky and Wald. In their
case, the sampling stopped when the sum either exceed an upper bound or fell below a lower
bound.

The upper bound used by Lipton and Naughton was of the form ¢b(n), where b(n) is an a priori
upper bound on the size of the partitions. (Thus, with no additional knowledge, b(n) = n'""!.)
Their error term was of the form ¢|R|, for some constant ¢ > 0. They claimed that, by making ¢
large enough, any desired degree of accuracy can be obtained with arbitrarily high probability.
That is, for any ¢ > 0 and pe|0, 1), the probability that the estimate is within ¢|R| of |R| can be
made as large as p. This is true, but their proof is incorrect. Our proof will be a consequence of a
more general analysis of the cost of running the algorithm.

A later version of adaptive sampling is due to Haas and Swami [12]. It does not make any a
priori assumptions about the data except that not all the |R;| are equal. Haas and Swami prove
that, for fixed R, as ¢—0, the probability that their method produces an estimate that is within
¢|R| of |R| approaches p. Further, their algorithm is asymptotically efficient in the sense that as
&¢— 0, the number of samples taken is close to the minimum number needed to get an estimate that
is within ¢|R| of |R| with probability p. Thus, their algorithm will perform better than the Lipton—
Naughton algorithm on fixed samples as the error factor ¢ goes to 0. Although Haas and Swami
clearly state in their paper that their estimate may not be accurate if ¢ does not get small, it
appears to be the belief of some database researchers that the Haas—Swami algorithm is generally
better than the Lipton—Naughton algorithm (personal communications; see also [20]). But
the two algorithms are actually incomparable. We will show that, for fixed ¢ and highly skewed
data, the Lipton—Naughton algorithm can give a better estimate than the Haas—Swami
algorithm.

2. Adaptive sampling

Adaptive sampling is a general method that applies to estimating the sum of a finite
sequence of nonnegative integers. For a natural number n, let a,...,a, be a sequence of
nonnegative integers such that a;<bh(n) for i = 1,...,n, where b is a function of n. The usual
interpretation in databases is that @; = |R;|, b(n) =n""', and Y., @; = |R|. In [17], Lipton and
Naughton introduced the following algorithm for estimating 4 =Y. | a;. The ¢ is a fixed
constant independent of .
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Algorithm 1.

S0

m«0

repeat

do j —RanpoM(1,n)

S<«S + a;
mem+1

until S>ch(n)

return nS/m

In a later article [18], the same authors claimed that any degree of accuracy and confidence
could be obtained from this algorithm by taking ¢ large enough. Specifically,

Claim. Assume a; >0 fori=1,...,n. For 0Sp<landd >0, if c=d(d+1)/(1 — \/p), then
pr(|nS/m — A|<A/d)>=p.

Lipton and Naughton used an urn model to show that, by taking a sufficiently large constant o,
the probability that the algorithm stops before ab(n) steps can be made arbitrarily small, and for
any given m=ab(n), pr(|nS/m — A| > A/d) can also be made arbitrarily small. However, this
does not imply their claim because they still need to show either

1. the sum over all m=oab(n) of pr(|nS/m— A| > A/d) is arbitrarily small, or
2. for any m>ob(n), the conditional probability that |nS/m — A| > A/d, given that the algorithm
stops at m repetitions, is arbitrarily small.

Method 1 would require a very tight bound on the probabilities being summed. Obvious
approaches are suggested by the Central Limit Theorem, but as we will show, the error term in the
Central Limit Theorem is so large that such a tight bound cannot be obtained. Similar problems
arise in attempting to use Chernoff [5,13] or Hoeffding [16] bounds. (But see Section 3 for an
estimation method using Hoeffding bounds that can outperform adaptive sampling under certain
circumstances.) Regarding method 2, P. Haas (personal communication) suggested that a
“random index” version of one of these theorems might be useful. That is, the number of terms m
in the sum S is a random variable that depends on the terms being summed, and thus what is
needed is an inequality involving a random number of random terms.

The approach taken here is to derive formulas for the expectation and variance of the stopping
time, i.e., the final value of m. From these formulas, it will follow that for sufficiently large ¢, m
will be close to cnb(n)/A with high probability. Since the final value of S is between ¢h(n) and
(¢ + 1)b(n), the estimate nS/m will be close to 4. Our upper bound on ¢ does not seem to give a
direct comparison with ¢ in the claim. For some sequences ay, ...,a,, our bound is lower. For
small ¢ our bound is generally slightly larger. However, the condition that a; > 0 for all
i=1,...,ncan be relaxed. We need to assume only that ¢;>0 for all such i, and @; > 0 for at least
one i.
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A complementary approach is used by Watanabe [23]. (It is described only for Boolean-valued
sequences ai, ...,d,, but it generalizes immediately to sequences of natural numbers.) Using
elementary formulas for the expectation and variance of S after m steps, he shows that S is
unlikely to be between ¢h(n) and (¢ + 1)b(n) unless m is close to cnb(n)/A. The upper bound for ¢
is not explicitly shown, but it is also slightly larger than the claim.

The stopping time may be regarded as the cost of running Algorithm 1 when each iteration
costs one unit. We will consider more general cost functions. For each i = 1, ..., n, let g; be the
cost of computing a;, given i. This is essentially the cost of one iteration of Algorithm 1 when j = i.
Thus, if j, is the choice of the variable j made during iteration ¢ of the algorithm, and it runs for m
iterations, then the total cost of the algorithm is >°)", g;. When the g;’s are the sizes of the
partitions R;, the cost could be the time required to compute R;. For example, Lipton and
Naughton [17] used adaptive sampling to estimate the size of the transitive closure of a graph. In
their application, R; was the size of the reachability set from vertex i, which can be computed in
time proportional to the number of edges in the component containing i. Haas and Swami [12]
considered the problem of estimating the size of an equijoin, and used the cost function g; =
¢1 + cxa; where ¢ and ¢, are constants. Specializing our results to the case when all g; = 1 will
enable us to derive an upper bound on c.

We will model Algorithm 1 as a one-dimensional random walk, where at each step, the particle
makes a jump to the right, the distance being randomly chosen from {ay, ..., a,}. The cost of the
jump a; is g;. Here, the particle’s initial position is 0, and the final m is the time at which the
particle passes through an absorbing barrier located at ¢h(n). At any given time m, its location is
some integer k. It will continue its walk if k£ <c¢b(n), in which case its position at time m + 1 will be
k + a;, for some randomly chosen ie{l,...,n}, where all choices are equally likely. Thus its
location at each time m is the value of S in the algorithm after m iterations of the repeat...until
loop, and the time until absorption is the final value of m. For each k>0, let T be the random
variable that is the total cost incurred by the particle, when initially located at k. We will derive
recurrences for E[Ty] and Var[T,]. For k,7>0, let p;, be the probability that Ty = ¢, and let
Pi(z) = 30,20 Praz' be the generating function of {pi,: t=>0). Then,

pr(Tr<o0) = pi(1),
E[T] = p (1)
and

Var[Ti] = p/(1) + pi(1) = pi(1)*.
It can be seen that the p; , satisfy the following recurrence:

pro =1 for k=cb(n),
pri =0 for k=ch(n) and t > 0,

P =0 for k<cbh(n) and <0,

Dkt = Z Dictai—g:/n  for k<cb(n) and ¢ > 0.
=1

1



J.F. Lynch | Journal of Computer and System Sciences 66 (2003) 2—19 7

Therefore, for k<cb(n),

n

pk(z) = Z Zgikaraf(Z)/n’ (1)
i=1
Pe(2) =Y 1927 piera(2) + 2Pl o (2)] (2)
i=1
and
Pi(z) = Z [9i(gi = 1D)z" " Prcra,(2) + 29i2" " Pl 0, (2) + 2P} 10 (2)] /1. (3)

i=1

In the following, H = {i:a; > 0}, h = |H|, M = max(aj, ...,a,) — 1, and G =>_"_, g.

Lemma 2.1. For all integers k,
pk(l) =1.

Proof. This follows from more general theorems about unlimited Bernoulli trials or random
walks (see, e.g., Feller [8]), but we give an elementary proof. The lemma is obvious for k> ch(n).
We will prove it for the remaining values by decreasing induction on k. Thus, assume k <cb(n)
and the lemma holds for all ¥ > k. Recalling our assumption that z > 0, by (1) and the induction
assumption,

pi(l) =—+ <

n

n—nh
n

),

and the lemma follows. O

Lemma 2.2. For k<cb(n)+ M,
(¢h(n) — k)G (cb(n)+ M — k)G
A A )

<pr(h)<

Proof. The special case when all g; = 1 is a well-known result in renewal theory (see, e.g., Gut [11,
Proof of Theorem I1.4.1]). The proof in [11] extends without difficulty to our more general cost
functions, but we give an elementary proof to keep this article self-contained.

We will prove the upper bound; the proof of the lower bound is similar. We use decreasing
induction on k = ¢bh(n) + M down to 0. For cb(n)<k<cb(n)+ M, pi(z) = 1, and the result is
obvious.

Now assume k <ch(n) and the result holds for all &’ such that k <k’ <ch(n) + M. By (2) and
Lemma 2.1,

Pe1) =" [gi+ Pieyg (D]

i=1
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and

hpi(1) =G+ Py, (1)

ieH

M _ —
<G+ Z (cb(n) + k= a)G by the induction assumption
ieH A
_ h(chb(n) + M — k)G 0
= y .

From Lemmas 2.1 and 2.2, taking k = 0,

Theorem 2.1.
pr(To<oo) =1
and
cb(n)G (cb(n) + M)G
<E[T)]<
Y [To] y
For Boolean valued ay, ..., a,,
ch(n)G
ETy| =———.
[To] Y

In particular, the average stopping time of the random walk, or equivalently, the number of
iterations of Algorithm 1, is between ch(n)n/A and (cb(n) + M)n/A. We will now derive an upper
bound on the variance of the stopping time, which will be used to obtain an upper bound on ¢ in
Algorithm 1. In the remainder of this section, we take g; =1 for i =1, ...,n, so Ty will be the
stopping time of the random walk when started at k.

Lemma 2.3. For k<cb(n)+ M,

Sy <) + /11\24 — k)’ (cb(n) + M _Af)@?l an 2(cb(njl —kn

Proof. We again use decreasing induction on k, and the result is obvious for ch(n)<k<

cb(n)+ M.
Now assume k <ch(n) and the inequality holds for all k¥’ such that k <k’ <cb(n) + M. Then

n

PR =D 2D (1) + Pl (D]/n by (3),

i=1

=2p;(1) —2+Zpg+ai(l)/n by (2) and Lemma 2.1.
p
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Therefore,
, 2
B (1) <2(6b+ 1\1;[ kn= o
s (chb(n) + M . k — a;)*n? | (eb(n) + M — k - a) (X, @)
ieH 4 4
_ 2(cb(n) ;k _ a,-)n] by Lemma 2.2 and the induction hypothesis
_ 2(cb(n) + M — k)n? Cony h(ch(n) + M — k)*n?
- A " A2
(i a)n® 2(ch(n) + M — k)3T, apn®
+ A2 A2
, Pleb(m) + M—k)(CL, g’ (T a) (X @)’
A3 A3
_ 2(cb(n) —k)n N 20070, ann
A A
h(ch(n) + M — k)*n®  h(chb(n) + M — k) (X1, a?)n?
- A2 A3
B 2h(cb(1114) —k)n 0

From Lemmas 2.2 and 2.3, taking m = T,.

Theorem 2.2.
(2¢b(n) + M)Mn*>  (cb(n) + M)(X1, a?)n? N (M — cb(n))n

<
Var[m] < VE + VE Y

A weaker upper bound on Var[m] is given in Theorem III1.9.1(ii) of [11].

Theorem 2.3. For 0<p<1 and ¢ > 0, there exists c such that for all n and ay, ..., ay,
pr(|nS/m — A|<ed)=p.

Proof. By Chebyshev’s inequality, for any y > 0,

pr(m B ="

Varm|4> _(2cb(n) + M)M  (chb(n) + M) Y7, > (M — cb(n))4
<yzczb(n)znz s 12¢2b(n)? " y2¢2b(n)* A4 - P2¢2b(n)’n

)
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by Theorem 2.2. Since M <b(n), Y7 | a?<bh(n)A4, and we can assume ¢ > I,

yeb(mn 2c+1 c+1 3c+2
pr(|m — E[m]|> y ) < oy =y =i (4)
That is,
yeb(n)n yeb(n)n 3c+2
pr(E[m] - <m<E[m] +T >1- e
By Theorem 2.1
ch(n)n chb(n)n(l +1/c)
<Em|< .
4 SEm A
Therefore,

N

o <cb(n)n/§1 -7) mgcb(n)n(l ;ll— 1/c+ y)) S 3;2—;2‘
Also, with probability 1,

ch(n)<S<(c+ 1)b(n).
Therefore,

or A <§<A(1+1/0) 21_364-2’
l+1/c+y m 11—y p2c?
and the theorem will follow if we can find y and ¢ such that
1
ST
STy l/e+vy
1+1/c

-y

1 —

<l +e¢

and

The first inequality can be satisfied by taking any y<¢/2 and ¢>2/¢. Then, having fixed y at
¢/2, and assuming without loss of generality that e< 1, we then choose ¢ large enough to satisfy
the second and third inequalities. [

More specific bounds on ¢ can be obtained, but they are cumbersome. However, there is a

simple approximation for small ¢&. As e—0, y~¢, and the right-hand side of Eq. (4) is asymptotic
to 3/(y*c). Therefore, it suffices to take

1.€.,
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When p is close to 1, 1 — pis approximately 2(1 — ,/p), and our bound is larger than the bound
in the claim by a factor of about 1.5. If, in addition, the a;’s are Boolean, then the right-hand side
of (4) is asymptotic to 1/(y*c), and it suffices to take ¢ > 1/((1 — p)&?).

3. Comparison to other sampling algorithms

Haas and Swami [12] proposed a variation on Algorithm 1. They pointed out that the stopping
condition S>> ch(n) can be overly conservative if b(n) is actually much larger than max(ay, ..., ay).
Their stopping condition is based on the Central Limit Theorem. Let S,, be the value of S after m
iterations of the repeat...until loop in Algorithm 1. Then, as m gets large,

Sm — My

{5 ) - ()

g
where = A/n is the expectation of a randomly chosen a;, 6> = 37| [a; — u]*/n is its variance, and

t
1 >
D(t :/ — e dx
(2) .-
1s the standard normal distribution function.
Let

L= ((1+p)/2)

and

2
(o’
m = .
212

Then, as ¢ approaches 0, m gets arbitrarily large and the error term in (5) will go to 0. Therefore
for sufficiently small ¢, the estimate nS,,/m will be within ¢4 of A with probability p.

Of course, 1 and ¢ are not known a priori. The algorithm of Haas and Swami makes successive
estimates of p and o as it samples {ay, ..., a,}. It can be shown that with high probability, the mth
estimates p,, and ¢, approach their true values, and when ¢,, > 0 and m > C;crfn (e212), the
probability that the estimate nS,,/m has the desired accuracy is at least p. Further, their method is
asymptotically efficient, meaning that as ¢ gets small, their algorithm takes just enough samples to
guarantee the desired accuracy and confidence.

Note that Theorem 2.3 does not make any assumptions about the asymptotics of the
parameters, while Haas and Swami assume that ¢—0. As they point out, if ¢ is fixed, then it is
possible that the error term in (5) is quite large, and the probability that the estimate is within the
desired accuracy range could be less than p. Specifically, Berry [3], and Blum and Rosenblat [4]
have shown that the error term is bounded by

3
4300 lai — ul
v/ma? ’
which can be quite large if we know only that ay, ..., a,<n. This is the case when the size of a
binary relation on {1, ..., n} is being estimated. The following example illustrates this possibility.
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Fori=1,...,nlet
0 if i<n and i even,
a;=< 1 1if i<n and i odd,

n ifi=n.

Then, with probability greater than (1 — 1/n)" ~1/e, a, is not chosen in the first z iterations of the
repeat...until loop. If this happens, then the estimates of both p and ¢ will rapidly approach 1/2,
which almost surely will result in a stopping time less than w(n), for any function w that increases
monotonically to co. More specifically, if {, is sufficiently large, i.e., p is sufficiently close to 1 or &
is sufficiently small, then with probability close to 1/e, the algorithm will return an estimate close
to n/2, i.e., the probability that it is within ¢4 of 4 will not be p.

The following algorithm, which was suggested by an anonymous referee, is faster than adaptive
sampling in certain cases, even though it is non-adaptive (the number of samples is pre-
determined). By Hoeffding’s inequality [16], if Y, is the average of m independent identically
distributed random variables with mean u, lower bound a, and upper bound b, then

pr(| Yo — | > 1) <2672/ 0=
In our context,
pr(|nS/m - A| <8A) > 1 _ Ze_ZMSZHZ/b(n)z’

where u = A/n as before. If we set the right side equal to p and solve for m,

2 2
m=Inl —— bln) .

1 —p)2e2u?
Since u>1/n, we can estimate 4 by executing the body of the repeat...until loop in Algorithm 1
[ 7] times, where

2 \n?b(n)?
T =1n (ﬂ) 282 .

From Theorem 2.1 and our estimate of ¢ following Theorem 2.3,
cb(n)  3b(n)

o (1=petu
for small e. Thus, for fixed n, T <E[T)] for small ¢ and p sufficiently close to 1. Under these
conditions, the Hoeffding algorithm will achieve the accuracy and confidence of adaptive
sampling much quicker. The essential reason for this is the use of an exponential inequality
instead of the polynomial Chebyshev inequality in Theorem 2.3.

A very different method for estimating the sizes of relations is a Monte-Carlo algorithm due to

Cohen [6]. It repeats the following process some predetermined number of times, say ¢. In each
iteration s = 1, ..., ¢, it performs the following two steps:

1. It randomly assigns a ranking rs(i)€[0, c0) to each ie{l, ...,n}.
2. Then, for each ie{1, ...,n}, it computes p (i) = min(ry(j) : je R;).
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After the final iteration, it estimates each |R;|. There are several ways of doing this. Let S; be the
estimate for |R;|. Using the average of the ¢ samples:

A t
Si==——
PR NG
or, letting §(i) be the | #(1 — 1/e) |-smallest value in {p,(i): 1<s<1},
A 1
Si=—~+
p(i)

The idea behind this approach is that there is a strong correlation between p (i) and |R;|. The

smaller the p,(i) is, the larger the |R;| is likely to be. As ¢ increases, the probability that S; is within
a desired accuracy also increases. Specifically,

pr(|S; — |Ri| | <e|R|) = e

foreachi=1,...,n, and

n
pr( > 8 —|R| <gyRy> = e 2,
i=1

The efficiency of this algorithm depends on the speed of computing all the p,(7). At present, no
efficient method applicable to all queries is known. An important case where there is a fast
algorithm is the transitive closure of a binary relation. Letting G = ({1, ...,n}, E) be a graph on
n vertices with m = |E| edges and R; be the set of vertices reachable from i by a path in G,
R =J_, R;is the transitive closure of E. Cohen shows how to estimate each |R;| and |R| in time
O(n + m). Using adaptive sampling, Lipton and Naughton [18] show how to estimate |R| in time
O(ny/m), and therefore Cohen’s method is more efficient on general graphs.

However, if it is known that the sizes of the reachability sets are small, then adaptive sampling
can estimate the transitive closure faster than the Monte-Carlo method. For example, suppose it is
known that the sizes ai, ...,a, of the reachability sets are bounded by k. The Monte-Carlo
algorithm will run in time Q(n), but if the adaptive sampling algorithm uses b(n) = k, then it will
take only O(k?) time to reach the same level of accuracy and confidence. To see this, let a;,, ..., a;,
be the choices made by Algorithm 1. Then the total cost is

= O(k(c+ 1)b(n))
=0(k?).

Thus, if k2 = o(n), adaptive sampling will be faster.

4. Estimating queries

A natural application of adaptive sampling is the estimation of queries, i.e., relations, on a finite
structure. That is, we partition the relation R into disjoint sets and estimate |R| by computing the
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sizes of randomly chosen partitions. Although the partitioning is often determined by the value of
the first coordinate of the tuples in the relation (as outlined in the Introduction), there is no reason
to expect that this is the optimal partitioning in all cases. For example, in estimating the size of a
join [12], it is more efficient to use the join key. Those relations in the join operation that do not
have an index on the key are sampled, but the tuples contributed by those relations that do have
an index on the key are counted by using the indices.

Let us consider possible ways of partitioning an r-ary relation R. For any je{l,...,r}, and
I<={l,....r} of size j, R can be partitioned into #/ sets indexed by elements in {1, ...,n}. Each
partition R;, . ;, where (i1, ..., i) e{l, . n}j is the subset of R consisting of the r-tuples in R that
agree with (iy, ..., ;) on the coordlnates in 7. (Note that when j =r, R; .. ;, =0 or {(i1, ...,i)}.)
Then |R| can be estlmated by sampling |R;, ... ;| for random (i, ..., 7).

Replacing n in Theorem 2.1 by #/ and b(n) by n,

Theorem 4.1. Let the cost of computing |R;, .. ;| on structures of size n be gr(n). Then for any
pel0,1) and ¢ > 0, the average time required by adaptive sampling to produce an estimate nS/m
such that

pr(|nS/m — [R|| <& R[) =p
is O(n"gr(n)/|R]).

Thus, the efficiency of adaptive sampling can depend on the choice of j and /. In general,
the fastest way to compute |R;, .. ;| may be to examine each of the n "~ members of {1,...,n}"
that agree with (i}, ...,7;) on I, and decide whether they belong to R. Letting g(n) be the
cost of deciding membership in R, the average time to estimate |R| becomes O(n*~7g(n)/|R|),
which is minimal for j=r, ie., O(n'g(n)/|R|). Since |R| can be computed exactly in time
O(n"g(n)), adaptive sampling can be significantly faster if |R| is large. However, even when |R| is
not large, the knowledge that |R| is small relative to n” can be useful, and it can be obtained by
estimating |R|, where R is the complement of R. A modified version of adaptive sampling
can estimate |R| in parallel with the estimate of | R|. For example, Algorithm 1 would be modified
as follows:

Algorithm 2.

S0

T<0

m«0

repeat

do (iy, ..., i) < RanpoM(1, ..., n")

S—S+ Ryl
TT+n"7 — |Rt|,....t,|
mem+1

until S>cn’~ or T=cn'~
return n’'S/m, "' T /m
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Since at least one of |R| and |R| is Q(n"), we have

Theorem 4.2. Let the cost of deciding whether (iy, ..., i) € R on structures of size n be g(n). Then for
any pe|0,1) and ¢ > 0, the average time required by Algorithm 2 to produce estimates n'S/m and
n'T /m such that

pr(|n"S/m —|R||<e|R| or pr(|n"T /m — |R||<&|R[)=p
is O(g(n)).

The error bound |n"T/m — |R| |<¢|R| implies [n'S/m — |R||<en”, so Algorithm 2 guarantees
an estimate of |R| with error bounded by en'.

4.1. First-order queries

The two theorems above are quite general. Here, we examine the special case when R is defined
by a first-order formula. That is, let ¢(xy, ..., x,) be a first-order formula, and for any structure 2
appropriate to ¢, let Ry = {(ai, ...,a,)e{l, ...,n} : A &= ¢(ai,...,a)}. In general, the fastest
way to evaluate 2 = ¢(ai, ...,a,) takes time O(n*), where k is the quantifier depth of ¢.
Therefore, the average times in Theorems 4.1 and 4.2 are O(n"**/|R|) and O(n¥), respectively. But
there are faster evaluation algorithms for first-order formulas on finite structures of bounded
degree. We will show how they yield fast estimation algorithms on such structures. They rely on
characterizations of first-order properties in terms of local ‘“‘neighborhoods™ of elements, first
used by Gaifman [10] and Hanf [14] on arbitrary structures. Let A = ({1, ...,n}, P, ..., Pr),
where n is a natural number, and each P;={l,...,n}"". The Gaifman graph %(2) of A is
A1, ...,n},E>, where

E ={(a,b)e{l,...,n}: there exists ie{l,...,k}

and (ai, ...,a,)€P; such that {a,b} ={ai, ...,a,}}.

Letting 0 be the usual notion of distance in the undirected graph %(2l), for any natural number d
and a, ...,a;€{1, ..., n}, the d-neighborhood of ay, ...,a; in A is

Ny(ay, ...,a;) = LIJ {be{l,...,n}:5(a;,b)<d}.
=1

It is easy to define the property J(x, y) <d by a formula in the first-order language of Py, ..., P;. A
formula is said to be d-local if its quantifiers are of the form (VxeNy(yi,...,y:)) or
(IxeNg(y1, ..., y:)). Of course, every d-local formula is equivalent to a first-order formula.
Further,
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Theorem 4.3 (Gaifman [10]). Every first-order formula is equivalent to a Boolean combination of
d-local formulae for some d, and sentences of the form

xp X (/I\ a(x;) A /\ o(xn, x;j) > 2m> (6)

=1 1<h#j<i

for some m and m-local formula o.

Assuming ¢ is in the form described by Theorem 4.3, let us call sentences of the form (6)
background sentences of ¢. The intention is that in order to compute or estimate |Ry|, one first
determines whether the background sentences are satisfied. Let ¢'(xi, ..., x,) be the result of
replacing all the background sentences of ¢ with their truth values in the model 2. Then ¢’ is a
d-local formula, and Ry = Ry on 2.

A class of structures is said to be of bounded degree if there is some b such that for every
structure in the class, its Gaifman graph has degree bounded by b. In such a class, for every i and
d, there is an upper bound on the sizes of the d-neighborhoods of all i-tuples of elements in the
members of the class, and therefore each d-neighborhood is isomorphic to some finite structure.
As a consequence, on classes of structures of bounded degree, a d-local formula (x, ..., x,) of
quantifier depth k is equivalent to a disjunction of formulas, each describing an isomorphism type
of the dk-neighborhood around xj, ..., x,. Thus, the truth of Y(ay, ...,a,) for any assignment of
ai,...,a, to xq, ..., x, can be determined in constant time.

The background sentences are simply Boolean queries, and not statistical queries. In any event,
they can be evaluated quickly on structures of bounded degree.

Lemma 4.1. On a class of finite structures of bounded degree, background sentences can be evaluated
in time O(n).

Proof. Referring to (6), for any element a, A = o(a) can be evaluated in constant time as
described above. There is a constant k such that each a can be within a distance 2m of k elements
b such that A &= o(b). Therefore to determine if (6) is true, it suffices to determine the set 4 of
those a for which U = «a(a). If |A|>ki, then (6) is true. If not, but there are i elements in A all
separated by a distance greater than 2m, then (6) is still true. Determining 4 can be done in time
O(n), and checking the above conditions can be done in constant time. [

Since any first-order property is computable in AC’, any sentence can be evaluated in constant

parallel time with polynomially many processors. Counting is not in AC’, so evaluation of the size
of a query defined by a formula with free variables appears to be more difficult. But since a local
formula can be evaluated in constant time on structures of bounded degree, we get

Theorem 4.4. On classes of structures of bounded degree, for any pe|0,1) and ¢ > 0 and any first-
order local formula \y(x, ..., x,), adaptive sampling can produce an estimate n'S/m such that

pr(|n'S/m —[Ry||<ée|Ry|)=p
in average time O(n"/|Ry|).
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Theorem 4.5. On classes of structures of bounded degree, for any pel0,1) and ¢ >0 and any
first-order local formula \y, adaptive sampling can produce estimates n'S/m and n'T /m such that

pr(|n"S/m — |Ry||<e|Ry| or pr(|n"T/m — |Ry||<e|Ry[)=p
in constant average time.

Corollary 4.1. On classes of structures of bounded degree, for any pe|0,1) and ¢ > 0 and any first-
order formula ¢, adaptive sampling can produce estimates n"S/m and n"T /m such that

pr(|n"S/m — [Ry| |<e|Ry| or pr(|n'T /m — |Ry| |<e|Ry[)=p

in constant average parallel time.

5. Future work

The problem of whether all first-order queries on arbitrary structures have fast estimation
algorithms has already been mentioned. There is also the question of whether queries in more
powerful logics can be estimated rapidly. For many of these logics, including transitive closure
logic, the locality properties described by Gaifman and Hanf fail. Estimating query sizes, even on
structures of bounded degree appears difficult in these cases. For example, consider a structure on
{1, ...,n} whose relations include successor {(i,i+ 1): 1<i<n}. One application of transitive
closure on successor can define <, and once this is done, other applications of transitive closure
can define any NLOGSPACE property. Then, as was shown for NSPACE in the Introduction, if
there were fast estimation algorithms for transitive closure queries, for every NLOGSPACE
language L, there would be fast probabilistic algorithms that decide membership in L with
arbitrarily high confidence. This still leaves open the possibility that a single application of
transitive closure to a first-order formula could be estimated quickly on structures of bounded
degree. One of the Lipton—Naughton papers [17] studied fast estimation algorithms for the usual
transitive closure relation on a graph, which is a special case of this problem. It seems likely that
this algorithm, combined with Gaifman’s Theorem 4.3, would extend to the more general case.

Another potential area of investigation would be to consider broader classes of structures and
logics that still obey locality conditions similar to Gaifman’s and Hanf’s. One example comes
from a recent article by Frick and Grohe [9]. They developed fast algorithms for evaluating first-
order sentences on locally tree-decomposable graphs, which are a generalization of bounded
degree graphs.

An article by Hella et al. [15] shows that notions of locality extend to logics augmented by
counting quantifiers. Since we are concerned here with approximate counting, a natural
generalization would be to consider approximate analogues of counting quantifiers. Let
Wi (x,uy, ... ux) and Y, (p, vy, ..., v;) be formulas. The analogue of the Rescher quantifier would
be Oz, where, for any structure 2 on {1, ...,n} and iy, ..., i, j1, ...,Ji€ {1, ..., n},

A = Q;%,EXy(lpl(xv ily ---;ik)vlp2(y7j17 7]1))
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if and only if
H{b: W = Y (byir, ..., it) <1+ e)|[{c: W &= Yy(c,fiy---500) -
The analogue of the Hirtig quantifier would be Q. ., where
W = Quexy(Wi(x, ity ooy i), Wa (Vs Jis oo J1))
if and only if
[[{b: W = Yy (b,iy, ...,ii)} — {e: W = Yy(e,fiy ) HI<el{D: W &= Y (b, in, ..., ix) }H

One question related to our results is whether the truth of formulas in this logic can be
evaluated quickly, at least to a given degree of confidence.
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