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Abstract

We study the approximation of the Reissner-Mindlin plate using the p/hp version of the finite eement
method (FEM). Our goal is to identify a method that: (i) is free of shear locking, (ii) approximates the
boundary layer independently of the thickness of the plate and (iii) converges exponentially with respect
to the number of degrees of freedom. We will consider both standard and reduced constraint/mixed
formulations, in the context of the p/hp version of the FEM, and we will give guideines for the

congruction of appropriate mesh-degree combinations that accomplish the above three gods, using
straight as well as curved sided elements.
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1 Introduction

The Rassner-Mindlin (R-M) plate mode is a widely used system of partial differential equations, which
describes the deformation of a thin plate subject to transverse loading. This two-dimensional mode often
replaces the full three-dimensional easticity problem, when the thickness of the plate is small. To fix
ideas, consider the bending of a homogeneous isotropic plate of thickness t > 0, occupying the region
R=Qx(-t/2,t/2), where Q c R? represents the midplane of the plate, under normal load density per
unit area given by gt®. The equations of equilibrium for the rotation q§= (¢,9,), and transverse
displacement w, are
—%((1—v)A¢3+(1+v)vv-¢3)—Kut*(Vw—&) =0
€
Kt ?V-(Vw-¢)=g

where v isthe Poisson ratio, xisthe shear correction factor, E isthe Young's modulus and
E E
D= U= .
12(1-v?) # 2(1+v)

Multiplying the top equation in (1) by t, we seethat the system is singularly perturbed. Hence,
boundary layers will be present in the rotation (but not in the transverse displacement), as the thickness
t tends to zero. Boundary layers, however, are not the only computational difficulty that one encounters

when approximating the solution to the R-M plate modd. Ast — 0, the solution u:=(¢3,w) tendsto the

limiting solution u, := (q?o,wo) , which satisfies Kirchhoff' s constraint

¢y —Vw, =0. 2
Practically, this means that the vertical fibers remain normal to the deformed midplane. The finite
element solution must also satisfy a similar constraint and if the finite eement space does have enough
functions satisfying (2), the approximate solution will be quite poor. This phenomenon is referred to as
shear locking and conventional versions of the FEM can fail to overcome it. There are numerous
papers aiming at designing “locking freg” finite dements, (cf. [2] — [12] and the references therein), but
only a handful address the use of high order p and hp versions of the FEM.

Our goal in this study is to address the question of how one can design a high order p/hp FEM that
possesses three very important properties: (i) it is free of shear locking, (ii) it approximates the
boundary layer independently of the thickness of the plate and (iii) it converges exponentialy with
respect to the number of degrees of freedom. In Section 2 we consider the above problem using the
standard, as well as a mixed and a reduced constraint method, and in Section 3 we present the results of
numerical computations for two benchmark problems. Our conclusions are summarized in Section 4.
Throughout the paper, we will use the usual Sobolev space notationH*(Q), denoting the space of
functions on Q with 0, 1, ..., k generalized derivatives beonging to the space of square integrable
functions, L(Q2) . The norm and seminorm on H*(2) will be denoted by |-|,, and |-| .

respectively. Finally, the letter C will denote a generic positive constant independent of the thickness t
and any discretization parameters.



WCCM V, July 7-12, 2002, Vienna, Austria

2 Thefinite element methods

2.1 Standard formulation

The standard formulation of (1) reads: Find u, := (4, w )eV ([cI) ><W) c[HY(Q ] (Q) such
that for all v:=(6,{)eV
A(UV)=a(6,6)+rkut? (Vw —4,V¢ -6)=(g,), )
where (-,-) denotes the usual L*(€) inner product and a,(-,-) is given by
a,(0.6) =_H1 V)V, VO,+Ve, VO,]+(1+v)(V-6)(V-6)}dxdx, . ()

The space V above can be made more specific once boundary conditions are specified. For example, in
the case of a clamped plate (i.e. zero Dirichlet conditions on the boundary 9Q), ® =W =H;(Q),

where H(Q) ={ue H':uf,=0}, sothat V =[ H3(Q)] xH3().
The standard Galerkin finite eement approximation of (3) proceeds by choosing a finite dimensional
subspace VN = ([@"*xW" )V, of dimension N, and sesking u" := (¢, W' }e V" such that

A(Wv)=(g.¢) vv=(6.{)eV". (5)

Wethen have

U _V”E,Q’ (6)

where ||u]., =(/—\(u,u))1/2 denotes the energy norm. It may be shown that there exist constants

Ju—u], = i

vevN

oy, o, >0 such that

“1”“”1,9 = "u”E,Q < a2t71||u"1,9
hence, for fixed t > 0, the two norms are equivalent.

We mentioned above that as t — 0, the solution u, tends tou,, which setisfies the constraint (2). The
same constraint must be satisfied by u, in the limit, and if the space V" does not have enough

functions satisfying (2) the approximation will be quite poor. The finite dimensional subspaces V"
usualy consist of piecewise polynomials on some subdivision (mesh) of the domain €2. The dimension
N can be increased to improve accuracy by refining the mesh (h version), increasing the polynomial
degree (p version) or both (hp version). In this study we will only consider the p and hp versions, which
were shown to be asymptotically free of locking, at least when quasiuniform meshes consisting of
straight-sided dlements are used [12].

Due to the complicated nature of the interaction between the boundary layer and the locking effects, it is
not completely clear how to precisdly state a theorem that will describe the remedy and give bounds on
the error. Instead, we will restrict oursdves to giving guidelines for the construction of the mesh-degree
combination that will yield satisfactory (numerical) results. To accomplish this task, we use the results
of [1] that describe the exact nature of the boundary layer, hence allowing us to construct appropriate
mesh-degree combinations a priori. In particular, it was shown in [1] that under sufficient smoothness
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on the loading function g and the boundary 0 , the solution u, = (gz;lwl) of (3) satisfies

U = U, +tu’ +tu +ul 7
where u, =(¢30,w0) is the limiting solution satisfying (2), If:((ﬁks,wks) is the smooth part of the
solution, u’* is the boundary layer part of the solution, and u] = (q?kR,WkR) is the smooth remainder.

All derivatives of ¢°,w®, ¢R andw? are uniformly bounded in t, and the boundary layer is given by
— M .
U = (26,0) = 12t (7 (o 10)e 2" 0) ®
i=1

where y is a smooth cut-off function, (o, 6) are boundary fitted coordinates and 7, (p,0) are

polynomialsin p with smooth in @ coefficients (see[1] for more details). A key observation is that (8)
shows that the boundary layer effect is essentially one-dimensional, namely in the direction normal to

the boundary. (This can be seen from the presence of theterm g zwont .) Using the above results, it
was shown in [13] that if U = ((BIN,WN) is the solution to (5), then

t

Ju —u], , = C{Sa(we, N+ 34 (U8 N)+ 3, (™, N) + 35 (zuf N} (©)
where C > 0 is a constant independent of t and N, 3, (wp, N) = inf, U = Vo], <C inf [, — 7,,

3,(ug.N) = inf, lug —v||E’Q , 3,(u N) = inf, {";(ukBL —1//”59} and S,(uf,N) = inf Juf - z||E’Q :

Since 3, represents the usual approximation rate of the space V" and 3, is usually bounded by 3,
for k large enough, the challengeliesin establishing3, < S, and S, <3, . If thefirst inequality holds
then the method is locking-free. 1f the second inequality holds then the method approxi mates boundary
layersuniformly int. In order to construct a method that incorporates all the observations made thus
far, we use the mesh-design principles from [14], in the context of the p/hp version of the FEM, in order
to construct a finite d ement scheme with robust approximation properties. These guidelines suggest that
one dement of width O(pt), where p is the polynomial degree of the approximating shape functions,
along the boundary of the domain is sufficient to fully capture the boundary layer effects. The use of
the p/hp version of the FEM, allows us to (at least) expect the method to be asymptotically free of
locking [12] (even though our meshes will not be quasiuniform and/or our e ements will have curved
sides). Werefer to[15] for a detailed study of what happens in the presence of curved ementsin the
pre-asymptotic range of p. The mesh-degree guideines mentioned here will be made specific in Section
3 ahead when we consider the numerical solution of two benchmark problems.

2.2 Mixed methods

One alternative way to avoid locking (even when using the h version of the FEM) is to use a modified
formulation, such a mixed or a reduced constraint method. In fact, these two approaches are, in some
sense, equivalent. For a mixed method, the shear force

d:=[q(x y).q,(x )] = xut?(Yw-¢) (10)
is introduced as an independent unknown and the following problem is solved: Find u, = (¢, w)eV

and G e [L*(Q)] suchthat
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a(4,.0)+(6,VE-6)=(9,8) Vv=(6,)eV

t2(G.F)~(Yw-4.F)=0 Vre[L}(Q)].
The discrete version arises by solving the above problem in finite dimensional subspaces VM <V and
YN c *(Q), as usual. The “trade-off” is that now in order for the best approximation result (6) to

hold, we must establish the so-called Babuka-Brezzi (inf-sup) condition for each pair of subspaces V"

and Y" chosen (see eg. [6]). This was done for a large class of such pairs corresponding to the h
version of the FEM, and for certain pairs of subspaces corresponding to the hp version of the FEM (in
the case of quasiuniform meshes with straight sided eements [11]). Recently, some work has been done
towards the use of these methods with non-uniform mesh strategies [16], [17], but to our knowledge,
there is no (theoretical) result that combines the necessary mesh design with mixed methods and gives
error bounds showing the robustness (and possible exponential rates of convergence) expected with this
approach.

(11)

2.3 Reduced constrained methods

An equivalent approach to mixed methods is, instead of introducing additional unknowns, to weaken
Kirchhoff's constraint. Thisis doneviaareduction operator R, : L*(Q) — S, where S is a space of

polynomials, that satisfies
R, (VE)=VE VEeW".
We then solve the following problem (instead of (5)): Find u," :=(¢3t“,wt“')eVN such that

Ay=a(d.6)+ Kur2<RN (Vw,—4).R, (V§—§)>=(g,g) vv=(6,0)ev". (12)
Note that by taking R =1, we obtain the standard formulation (with A  (u,v)=A(u,v)), and if
R, #1 we get a modified formulation. Various choices for R, have been proposed in the literature
(see [10] for an overview), varying from simple L? projections to more sophisticated choices involving

mixed interpolation [4]. For the analysis, one has to bound a consistency error, in addition to the usual
approximation error:

Ju - o < C{‘Q& i s [An _(g":)|} - (13
’ v =y LVt " Z”E,Q
For the calculation of the shear force, we then use
" = mut R, (VW' -4 ), (14)
which corresponds to a (trivial) post-processing schemefor G. See[10] for more details, including an

alternative post-processing scheme for the shear. The mathematical analysis of p/hp reduced constraint
methods is, to our knowledge, an open question.

3 Numerical results

In this section we present the results of numerical computations for two benchmark problems: a clamped
rectangular plate and a soft simply supported circular plate. The domains and mesh design for these
problems can be seen in Figure 1 below. Note the presence of thin eements of width pt along the
boundary of each domain, where p is the degree of the approximating polynomial shape functions and t



Christos Xenophontos, Jason Kurtz, Scott R. Fulton

is the thickness of the plate. These “needi€’ elements are needed for the effective resolution of the
boundary layer that is present in the solution [14]. Strictly speaking, in the case of the rectangular plate,
we should also include geometric refinement near each corner, to accurately approximate the corner
singularities that will arise (see e.g. [20]). In this problem, however, the singularities are not as severe
asthosethat arisein, e.g. L-shaped domains [19], hence the boundary layer refinement will suffice. For
both problems the polynomial degree was increased fromp =1 to p = 7, uniformly over all dementsin
each mesh. Note that the location, and not the number of eements changes with p, hence this is not the
“trueg’ hp verson, but rather the p version on a properly designed (moving) mesh. For all our
computations, we will be interested in the (percentage) rdative error in the energy norm

Error =1OO><||utN —ut||E’Q/||ul||E’Q, (15)
aswell as pointwise errors in the shear force (10), near 0Q .

pt
—>

a1

|

pt
0,0) (0,0) (1,0)

I
pt

@) (b)
Figure 1: (a) Mesh for the rectangular plate (b) Meshfor the circular plate.

3.1 Rectangular plate

We consider the case of a clamped rectangular plate with Q = [-1, 1]x[-1, 1] (as seen in Figure 1(a)),
loaded by g = 1, with Young's modulus E = 1 and Poisson ratio v =0.3. Figures 2 — 3 show the error,
as given by (15), for various values of t, using the standard as well as the reduced constraint method.
For the latter, we use the reduction operator R, corresponding to the Raviart-Thomas spaces (see e.g.

[11], [12]). As these figures show, the error appears to decrease at an exponential rate as p — o, and
both methods are robust when the error in the energy normis of interest. For relatively large values of t,
the reduced constrained method appears to perform slightly better. Figures 4 — 5 show the error in the
pointwise shear force, near the boundary, for various values of t. In particular, we plot the first
component of the shear q,(x,0), xe (1 —t, 1), as predicted by both methods using p = 7, along with a
reference shear force obtained using a high(er) number of degrees of freedom. As these plots indicate,
the standard method does not perform as well as it did in the energy norm, for small values of t, while
the reduced constraint method maintained its robustness.

3.2 Circular plate

We next consider the case of a soft-simply-supported circular plate with Q being the unit disk (see
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Figure 2: Convergence of the methods for the rectangular plate, t = 0.1, 0.01.
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Figure 3: Convergence of the methods for the rectangular plate, t = 0.001, 0.0001.

Figure 1(b)), loaded by g given in polar coordinates by g(¢) = cog(#), with Young's modulus and
Poisson ratio as in the previous problem. An exact solution for this problem is readily available from
[18]. Figures 6 — 7 show the error, as given by (15), for various values of t, asin the previous example
Both methods perform well, independently of t, and they seem to converge at an exponential rate. When
the error in the shear force is computed, as seen in Figures 8 — 9, the performance of both methods
seems to deteriorate as t — 0, even though for relatively large values of t the results are rather
satisfactory (with the reduced constrained method performing better than the standard one). This is
(partially) due to the presence of curved dements (see [15], [17]). We are currently in the process of
deve oping an alternative method (using a continuously differentiable approximation) that will hopefully
aleviate this difficulty [17].

4 Conclusions

We have studied the finite element approximation of the solution to the Reissner-Mindlin plate modd
and the computational difficulties associated with it, namely the presence of shear locking and boundary
layer effects. Our numerical results indicate that the p/hp version of the FEM performs very well, when
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combined with the proper mesh-design principles. When the error in the energy norm s of interest, both
the standard and the modified variational formulations produced satisfactory results and the error
decreased at an (observed) exponentia rate. When the error in the shear force was considered, the
modified formulation performed noticeably better, especially when straight sided elements were used. In
the presence of curved eements both methods deteriorated as t — 0, and we are in the process of

devd oping methods overcome this difficulty.

Shear force distribution, t = 0.1
T T T

9,(x.0)

T T T
& Reference soluion
—e— Standard Method
—— _Reduced Constrained Method

Shear force distribution, t=0.01

-0.582

B~ Reference soltion
—e— Standard Method
—— _Reduced Constrained Method

L L L L
099 0991 0992 0993 0.99

L L
0.995  0.99
x

L L L
0997 0.998 0999 1

Figure 4: Shear force computation near the boundary for the rectangular plate, t = 0.1, 0.01.
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Shear force distribution, t =0.001

Figure 5: Shear force computation near the boundary for the rectangular plate, t = 0.001, 0.0001.
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Figure 6: Convergence of the methods for the circular plate.
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Figure 7: Convergence of the methods for the circular plate.
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Figure 8: Shear force computation near the boundary for the circular plate, t = 0.1, 0.01.
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Figure 9: Shear force computation near the boundary for the circular plate, t = 0.001, 0.0001.
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