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Abstract

This paper presents six fourth-order multigrid algorithms for solving the Poisson
problem: two V-Cycle algorithms, three Full Multigrid (FMG) algorithms, and tau ex-
trapolation. The algorithms are described and compared, using numerical experiments
to investigate the truncation errors, residuals, solution errors, and computational work.
All demonstrated fourth-order convergence, but the algorithms based on the compact
fourth-order (Mehrstellen Verfahren) discretization produced smaller errors than tau
extrapolation.

Two of the algorithms were implemented in the adaptive multigrid hurricane model
MUDBAR to solve the Poisson equation relating vorticity and streamfunction (previ-
ously solved by a second-order FMG algorithm). Although fourth-order accuracy was
achieved for that equation, there was little change in the overall accuracy of the model,
due apparently to the continued use of a second-order discretization of the other equa-
tion (advection of vorticity).
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1 Introduction

Many numerical methods have been developed to solve elliptic boundary value problems.
Typically, such problems are solved by first discretizing (e.g., finite differences) and then
solving the resulting system of linear equations, either directly (by Gaussian elimination)
or iteratively (using a relaxation scheme such as Gauss-Seidel or SOR). Unfortunately, the
amount of work required to solve for the unknowns using these methods is not proportional
to the number of unknowns; it is larger. For this reason, faster solvers have been sought.
One such technique is multigrid methods.

Multigrid methods are fast iterative solvers based on restricting and interpolating solu-
tions between a sequence of nested grids. Multigrid methods can be simplified into three
steps:

1. Given a grid one would like to solve the problem on, perform a few relaxation sweeps
in order to smooth out the error.

2. Restrict the residual problem to a subset of the grid points, the so-called “coarse grid,”
and solve the resulting coarse-grid problem.

3. Interpolate the coarse-grid solution back to the original grid, and perform a few more
relaxation sweeps.

Using the same technique to solve the coarse-grid equation extends this two-grid method
recursively to form a multigrid method. Thus, the coarser grids are correction grids, which
accelerate the convergence of the relaxation scheme on the finest grid by efficiently reducing
the smooth error components.

Multigrid methods are flexible because they can treat arbitrary regions and boundary
conditions, and they do not rely on separability of equations or other special properties
of the equation. Also, multigrid methods are flexible because they can be applied to a
given problem in conjunction with any of the known discretization techniques, such as finite
differences, finite elements, or spectral methods. Moreover, multigrid is an optimal method
because it exhibits a convergence rate that is independent of the number of unknowns in the
discretized system. Furthermore, the Full Multigrid (FMG) algorithm (multigrid combined
with nested iteration) can solve problems to the accuracy of the truncation error in a number
of operations that is proportional to the number of unknowns.

Schaffer[5] studied numerous higher-order multigrid methods. The three basic techniques
Schaffer considered were (i) multigrid processing involving smoothing via higher-order dif-
ference approximations, (ii) iterated defect corrections with multigrid used as an inner loop
equation solver, and (iii) tau extrapolation. He tested several choices of high-order differ-
encing, relaxation orderings, restriction operators, and prolongation operators. After solving
numerous problems with his various algorithms, Schaffer[5] concluded:



The convergence rates observed in the experiments generally stayed within the
optimal rates predicted by local mode analysis ... The Mehrstellen Verfahren
discretizations were the most accurate of the discretizations considered here. The
algorithms using the Mehrstellen Verfahren discretization were consistently more
efficient than the corresponding algorithms using other alternatives (pp. 113-
114).

This report attempts to fill in some of the details of these methods. Section 2 describes
the notation and basic concepts of multigrid methods. Section 3 introduces the six fourth-
order methods to be considered: two V-Cycle algorithms using the compact fourth-order
Mehrstellen Verfahren (MV) discretization, three FMG algorithms using the MV discretiza-
tion, and an FMG algorithm using tau extrapolation. Numerical results are summarized
in section 4. The intended application of these methods is to solve the Poisson-type equa-
tion relating the streamfunction and vorticity in the adaptive multigrid hurricane model
MUDBAR [2]; section 5 presents results from implementing several of these methods in that
model. Conclusions are given in section 6, and the Appendix details the derivation of the
truncation error of the MV discretization.



2 Notation and Basic Concepts

This section discusses the basics of multigrid methods and the various discretizations to be
considered. Further details of multigrid methods can be found in the literature, e.g., [1], [4]-

2.1 The model problem

As a model problem we consider the Poisson problem
Lu=V*u=f (1)
on the unit square = (0,1) x (0,1), with Dirichlet boundary conditions

u=g (2)

on the boundary 0. Here L = V2 is the Lapacian, f is a continuous function defined in €2,
g is a continuous function defined on 02, and w is the continuous solution.

We discretize the problem on a uniform grid Q" covering 2 with mesh spacing h = 1/n,
ie.,
Q" = {(w4,y;) = (ih, jh):4,7 =0,1,...,n} (3)
We denote by f* and ¢”" the pointwise restrictions of the continuous functions f and ¢ onto
Q" and 0Q". Thus, f"(x;,y;) = fij = f(@, ;) and ¢"(xi,y;) = gi; = 9(xs, ;). The discrete
approximation to the continuous true solution v is denoted by u"(z;,y;) = wi; = u(i, y;)-
Then the discrete Poisson problem takes the form

LMyt = Fh (4)

on Q" and
u" = g" (5)

on 00" where L" is a finite difference operator and F" is a grid function related to f".
Given an approximate solution @" ~ u”, the corresponding residual and error are

"= F" — Lo (6)

and

el =uh — ah, (7)

respectively; due to the linearity of L" these satisfy

Lteh =, (8)



2.2 The V-Cycle algorithm

Brandt[1] wrote that the basic concept of multigrid methods can be demonstrated by the
following simple two level multigrid cycle, which uses a fine grid Q" and a coarse grid Q%"

1. Input an initial guess for @ on the fine grid Q"

2. Perform relaxation on L"*%" = F* to improve 4",
3. Transfer the residual r* to the coarse grid Q%" using a fine-to-coarse grid transfer
(restriction) operator I2",

4. Solve the coarse grid correction equation L?hv?" = [2hyh,

5. Transfer the correction v?* back to the fine grid Q" using a coarse-to-fine grid transfer
(interpolation) operator I%, and update @" by @ + I% v?",

6. Perform relaxation on L"i" = F to further improve @".

This cycle has two main parts: a smoothing part (steps 2 and 6) to reduce the high-frequency
error components of 4" by relaxation, and a coarse-grid correction part (steps 3-5) to reduce
the smooth error components of %”. The coarse-grid variable v?* is an approximation on the
coarse grid to the fine-grid error e?. This cycle can be repeated, resulting in an iterative
method in which @” converges to u”. As mentioned above, this two-grid method can be
extended recursively to a multigrid method by using the same method to solve the coarse-
grid equation in step 4, thus producing a multigrid V-Cycle.

2.3 The Full Multigrid algorithm (FMG)

Using multigrid V-Cycles as an iterative solver requires an initial approximation on the finest
grid Q". The Full Multigrid (FMG) algorithm provides this by first performing one or more
V-Cycles on the next coarser grid 2", and then interpolating that solution to the fine grid
Q" to serve as the initial approximation there. This process is extended recursively back
through still coarser grids, resulting in a method which starts on the coarsest grid. After
solving there (e.g., by many relaxation sweeps or directly), the algorithm proceeds to each
finer grid in turn, first interpolating the previous solution and then performing one or more
V-Cycles. If k£ cycles are used for each level the method is known as the k-FMG algorithm,
e.g., 1-FMG uses one cycle per level, 2-FMG uses two, etc. Note that this algorithm is
not iterative: a fixed number of operations are used. However, the FMG algorithm may be
followed by one or more additional V-Cycles if needed for additional convergence.



2.4 Restriction operators

Restriction operators are used to transfer the residual r” to the next coarser grid. We
consider two restriction operators: injection fgh and full weighting I?*. Injection means
simply copying the fine-grid values to the coarse grid at points common to both grids.
Full weighting is a weighted average; the operator can be expressed explicitly as an O(h?)
perturbation of the injection operator as

TERE (oY 21
I,’f’l:E 2 4 2 zf,f’wrE 23| 2 —12 2 h? (9)
121 1 21

where the bracketed term is a difference approximation to the Laplacian operator [5].

2.5 Interpolation

Interpolation is used to transfer the correction from the coarse grid to the fine grid (and for
the initial transfer of the solution in the FMG algorithm). We use both bilinear and bicubic
interpolation in the algorithms to be tested.

2.6 Discretization and relaxation schemes

In a multigrid method, relaxation on a grid smoothes the error on the scale of that grid.
While red-black ordering (also known as checkerboard ordering) is often used in multigrid
methods and has some advantages, we will use lexicographic ordering for simplicity. Two
different finite-difference discretizations are used as detailed below.

2.6.1 The 5-point stencil

The usual five-point discretization of the Laplacian operator is given by the difference stencil

1 1
Lt = |1 41 (10)
1
The corresponding discrete problem is
1 1
LY h=ﬁ 1 —411 1 |u"=F", (11)



with F* = f" here. This discretization is second-order accurate. Solving for u; ; gives

1
g = 7l + iy + vigi + vig) — B2 fig) (12)
Gauss-Seidel (GS) relaxation for (11) consists of using (12) to update the solution point by
point, with the current values used on the right-hand side. The corresponding residual is
given by
(@i-1,j + Uivr,j + Ui + Dijr1 — 48i)
h? ’

(13)

rij = fij —
where " is the current approximate solution.

2.6.2 The Mehrstellen Verfahren (MV) difference stencil

In order to obtain fourth-order accuracy the compact fourth-order Mehrstellen Verfahren
(MV) difference stencil

1|1 4 1
Lhyi=— |4 —20 4 (14)
2
6h 41
is used together with the weighting
1 1
I"=—1]1281 (15)
12
1
to obtain the discrete problem in the form
1|1 4 1 1 1
Lhul=— |4 —20 4 |vh=—1]1 8 1| f"=F" (16)
6h? 1 41 12 1

This discretization is fourth-order accurate (see the Appendix). At each interior grid point,
(14) implies

—20ui; 4+ (Wic1g-1 T ic1ge1 T Uir1—1 + Uit1541)

Ao+ Uiry + U1 + Uij-1)

h2
= 5 Bfig+ firry + firg + fig1 + fig) (17)
Solving for u; ; gives
1 [h?
Uij = Tag 7(8fz',j + fiv1,j+ fic1j + fij—1 + fij+1)

(Wiz1,j—1 + Wiz1j41 + Uit1,j—1 + Uit1,j4+1)

— 4(uz~_1,j + Uit1,j + Uit + Ui,j—l) (18)



Gauss-Seidel relaxation for this discretization consists of using (16) to update values point-
by-point, using the current values on the right-hand side of (16). The corresponding residual
is given by

_ (fimrg + fisrg + fig—1 + fige1 + 8fiy)

ry
g = 12
i1 + i1+ Gaprg + Bimyon — 2085 + A(Tior,y + Bigry + Gaj—1 + i)
6h?

(19)

2.6.3 Tau extrapolation

Tau extrapolation is based on the fact that for A small enough the truncation error 7" of the
second-order discretization (11) can be expressed locally by

™ =Ll u— f" = AR* + O(h"), (20)

where the function A depends on the points (z,y) in €2, but is independent of h. Thus, the
truncation errors 7" and 72" can be extrapolated to yield the fourth-order approximation

4
T = g( — MMy =+ O(nY). (21)

The method of tau extrapolation uses an approximation to the extrapolation as follows[5].
Let %" be a second-order approximation to v on grid A and define

W=$”—ﬁ, (22)
L2hI2h ~h f2h, (23)

and 4
i21h — g( 12h h)’ (24)

where the solution transfer /2" is injection. Then combining (21) through (24) it follows that
4
Bt = IR - R ) = O(h) (25)

where the O(h?*) term depends on fourth differences of the error u — @". Equations (21) and
(25) imply that the solution u?" of the extrapolated equation

L2h 2h f2h+,r’2lh (26)

will be a fourth-order approximation to u on grid 2h. Note that the notation of Brandt[1]
for this extrapolation is slightly different.



2.7 Convergence factors and smoothing factors

Local mode analysis [1] gives one way to predict the performance of a multigrid method. This
technique uses Fourier analysis to examine the effects of the relaxation scheme on the high
frequency components of the error. The assumption of periodicity simplifies the analysis by
eliminating effects due to boundary conditions; the resulting estimated convergence rates are
reasonable approximations, since relaxation is a local process. On the grid Q" the discrete
Fourier modes Ey(z;, yx) = exp[i(j0; + kb2)] are visible for discrete wavenumbers 6 = (6;, 62)
with components #; and 6, between —7 and 7. Suppose the error before the sweep consists
of a single Fourier mode, i.e.,

€h = Uh - ﬂ,h = AgEg. (27)

Then the error after the sweep will consist of the same mode but with a new amplitude, i.e.,
eh,new — Uh o ﬂh,new — AgewEe' (28)

The convergence factor (per sweep) for the mode FEy is u(6) = |Ap¢”/Aq|, and the multigrid
smoothing factor j is defined as the maximum convergence factor 1(#) for the high wavenum-
bers, i.e., those for which 7/2 < max(|6,],|61]) < m. Thus, the smoothing factor measures
the rate at which the high wavenumber components of error are reduced by relaxation. The
smoothing factor for the Gauss-Seidel relaxation (with lexicographic ordering) is iz = 0.5 for
the second-order discretization (11) [1] and z = 0.464 for the fourth-order MV discretization
(16) [6].

2.8 Measuring convergence and computational work

In a convergent iterative method the residual r" tends to zero as the solution converges, since
the numerical solution %" tends to the exact solution u” of the discrete problem. However,
the solution error e” does not tend to zero, since it measures the difference between the
solutions of the discrete and continuous problems. Comparing the definitions of the residual
(6) and truncation error (20) we see that an appropriate measure of the convergence is the
size of the residual relative to that of the truncation error. We say the problem is solved to
the level of truncation error when ||r*|| < ||7%|| in an appropriate norm. When this occurs,
the solution error e = u — @" is typically close to its final value, i.e., ||e?|| ~ ||[u — u*||. We
will use the [, norm throughout, e.g.,

h|| h _ h
") = lle"loe = mas el (29)

Measuring computational work is more problematic, since the execution time of a code
depends heavily on the hardware and software used (and on the skill and approach of the
programmer). Here we choose a simple approximate measure of work, counting floating
point operations (flops) as estimated by the MATLAB function flops. Since this gives only
a rough estimate of the true number of operations (and may not correlate directly with
actual execution time), caution should be used in interpreting these results.



3 Description of the Multigrid Algorithms

Formulating a multigrid algorithm requires many choices: discretization scheme, relaxation
method and ordering, grid transfer operators, and control algorithm (e.g., V-Cycles or FMG).
Each choice may affect the accuracy or efficiency of the resulting algorithm. Schaffer[5]
considered many such algorithms; here we investigate a more limited set, but in more detail.

We consider three types of V-Cycles:

e MGV2 uses the second-order discretization L? on all levels, with residuals transferred
by injection or full weighting,

e MGV4 uses the fourth-order discretization L%, on all levels, with residuals transferred
by full weighting,

e MGVA4F uses the fourth-order discretization L%, on the finest level and the second-
order discretization L% on all other levels, with residuals transferred by full weighting.

Each V-Cycle uses two relaxation sweeps on the downward (fine-to-coarse) branch and one
sweep on the upward (coarse-to-fine) branch; all relaxation is Gauss-Seidel with lexicographic
ordering. Since we will be using bicubic interpolation for the FMG initial interpolation
(where the additional accuracy is needed, even with the second-order discretization), we will
also use bicubic interpolation for the coarse-to-fine transfer of corrections. These V-Cycles
are used as building blocks in the FMG algorithms below; the latter two—which use the
fourth-order discretization—are also used as iterative solution algorithms (given an initial
approximation on the finest grid, perform V-Cycles repeatedly until converged).

We also consider three types of 2-FMG algorithms:

e FMGA4F uses two MGV?2 cycles (using injection) on each level below the finest, and
then three MGV 4F cycles on the finest level (thus using the fourth-order discretization
L%, on the finest level only),

o FMG4C uses two MGVA4F cycles on each level, in each of which “finest” is taken
as “current finest”, i.e., the finest level yet reached (thus using the fourth-order dis-
cretization L%, on the current finest level only),

e FMG4 uses two MGV4 cycles on each level (thus using the fourth-order discretization
L%, on every level).

Each of these FMG algorithms starts on an 8 x 8 grid and uses bicubic FMG initial inter-
polation (i.e., the first solution transfer to the next finer grid).



Finally, we also consider a fourth-order tau extapolation algorithm TAU4, defined as
follows:

1. Do 2-FMG using two MGV2 cycles (using full weighting) on each level below the
finest level and interpolate u to the finest level,

2. Do two relaxation sweeps on the finest level perform tau extrapolation to get the
extrapolated coarse-grid equation (26),

3. Solve (26) using two MGV2 cycles (using full weighting),

4. Correct the fine-grid solution via

it — al + Ih (@ - IPhah, (30)

5. Repeat steps 2-4.

Note that no fine-grid relaxation is performed after the final interpolation.
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4 Numerical Results and Comparisons

This section presents the numerical results and comparisons for the six fourth-order algo-
rithms described above. The test problem has the exact solution

u(z,y) = sin(mzx) cos(3my). (31)
Thus, the data for the tests consists of the forcing
f(z,y) = Lu = ugy + uy, = —107°u(z, y), (32)

together with boundary values computed from (31). We measure the performance of each

algorithm for this problem for values of the finest mesh size from h = é to h = 61—4 (ie,n=38
to n = 64 grid intervals in each direction), using the discrete [, norm (29) to measure the

solution error e”, residual r* and/or the truncation error 7.

4.1 Comparison of the V-Cycle algorithms

The results of running the fourth-order V-Cycle algorithms MGV4 and MGV4F are sum-
marized in Table 1 and 2, respectively. In each case, V-Cycles were repeated until the
problem was solved to the level of truncation error (||r"|| < [|7*||); the number of cycles
required and the norms of the resulting error and residual are shown in the tables, along
with the corresponding number of flops (as counted by MATLAB). Also shown is the av-
erage convergence factor p,,, defined as (||7fnall|/ |7inigiar]) /4", where 7igigia and 7gua are
the dynamic residuals associated with the first and last fine-grid sweeps, respectively, and s
is the total number of sweeps executed on the finest grid. Note that the observed values of
Hayg compare favorably with the predicted multigrid smoothing factor fi = 0.464 for the MV
discretization.

The tables show that the two V-Cycle algorithms achieve about the same final error (as
they should, since they use the same discretization on the finest grid). As shown in the third
column of each table, the ratio of errors ||e*"||/||e"|| in each case is about 16 (as it should be
for a fourth-order discretization). This same conclusion—that these methods exhibit fourth-
order convergence—is shown graphically in Figure 1, where the slope of the curve ||e?|| as a
function of h on a log-log plot is nearly 4 for both algorithms. Both algorithms were able to
solve to the level of truncation error, usually in the same number of cycles (MGV4F took
one fewer cycle than MGV4 when h = 1/16). However, with the same number of cycles,
MGVA4F produced slightly smaller residuals, as shown in Figure 2.

The operations counts (flops) reported in the tables grow with decreasing h as expected,
but do not reflect the fact that MGV4 takes more operations that MGV4F, since the
former uses the more complicated MV discretization on all grids (rather than just the finest
level). Thus, we conclude that the flops count returned by MATLAB is not an accurate
measure of the computational work here. A more realistic comparison can be obtained

11



Table 1: MGV4 Results

h | e’ | ratio | cycles | ||r"|| I"l | pave | flops
s |9:944(-3) | ~ 2 4.164(-1) | 4.938(-1) | 0.479 | 13362
&= | 4.730(-4) | 21.02 4 7.826(-3) | 3.426(-2) | 0.547 | 61469
a5 | 3.163(-5) | 14.95 5 1.227(-3) | 2.197(-3) | 0.469 | 1556550
+ | 1.823(-6) | 17.35 7 3.622(-5) | 1.382(-4) | 0.439 | 9035169
Table 2: MGVA4F Results
h | lle’l | ratio | cycles | [Ir"] 17| | Havg | flops
£ | 7.893(-3) | - 2 9.762(-2) | 4.938(-1) | 0.480 | 16569
L 4.678(-4) | 16.87 | 3 | 2.541(-2) | 3.426(-2) | 0.447 | 71757
= | 2.828(-5) | 16.54 5 4.661(-4) | 2.197(-3) | 0.376 | 1608080
& | 1.758(-6) | 16.08 7 8.906(-6) | 1.382(-4) | 0.418 | 9287356

directly as follows. From the equations for relaxation and residuals in section 2.6 we find
that the second-order discretization L% requires 7 flops/point for relaxation and 8 flops/point
for computing the residual; the corresponding counts for the fourth-order discretization L%,
are 19 and 20 flops/point, respectively. Using these in the V-Cycle algorithm (with three
relaxation sweeps per level and a large number of grid levels) and ignoring the work associated
with grid transfers we obtain the following operation counts per cycle (per point on the finest
grid):

1 1 1 116 .
MGV2: (7-3+38) (1 + - 1 + 16 + o +. ) = 7ﬂ0ps/p01nt (33)
1 1 1 308
MGV4 : (19 - 3 + 20) (1 + 1 + 16 + 61 +. ) 5 flops/point (34)
1 1 1 260 .
MGVA4F : (19-3+20)+(7-3+38) (4+—6+6—4+ ) = Yﬂops/pomt (35)

Thus, the MGVA4F algorithm should take only about 85% as much work as the MGV4
algorithm; since it also produces slightly smaller residuals for the same number of cycles, it
appears to be the better of the two.

12



10

10 °F

|
IN

solution error
=
o
T

10°F ]
——  Fourth order
- —-x  MGV4
+ + MGVF
10°
107 10
Figure 1: Solution error ||e”|| for the V-Cycle algorithms
10° ,
10 -
107} .
£
2
‘_g 10_3 E E
S E
4
107 .
) ]
X
10°F . _ E
——  Truncation error
- —-x  MGV4
+ MGVF
10° ‘
10° 10" 10
h

13

Figure 2: Residual norm ||7"|| for the V-Cycle algorithms



Table 3: FMG4 Results

hi| "l | ratio | [Ir"] Il flops
119.944(-3) | - | 4.164(-1) | 4.938(-1) | 26445
2| 4.410(-4) | 22.60 | 1.407(-2) | 3.426(-2) | 153720
& | 2.609(-5) | 16.87 | 6.403(-3) | 2.197(-3) | 700863
& | 1.593(-6) | 16.38 | 1.666(-3) | 1.382(-4) | 2974844

Table 4: Solution errors for FMG4 (modified) with h = &

Method lle|
1-FMG with 1 V-Cycle on the Finest Grid | 7.584e-5
1-FMG with 2 V-Cycles on the Finest Grid | 8.548e-6
2-FMG with 1 V-Cycle on the Finest Grid | 7.535e-6
2-FMG with 2 V-Cycles on the Finest Grid | 1.593e-6

4.2 Comparison of the FMG algorithms

Table 3 summarizes the results of running the FMG algorithm FMG4 (which uses the
fourth-order discretization L%, on every grid). It should be noted that while the errors are
comparable to those obtained with the V-Cycle algorithms (indeed, they are a bit smaller)
and exhibit the ratio ||e*"||/||e"|| ~ 16 as appropriate for fourth-order convergence, the final
residual norms are not below the truncation error. Also, Table 4 shows why we chose two
V-Cycles per level in the FMG4 algorithm: with only one V-Cycle on the coarse and/or
finest level, the final solution error is noticably larger.

Table 5 summarizes the results of running the algorithm FMG4C (which uses the fourth-
order discretization L%, on only the current finest grid in the FMG algorithm). The results
are quite similar to those from FMG4.

Table 6 summarizes the results of running the algorithm FMG4F (which uses the fourth-
order discretization L%, on only the finest grid in the FMG algorithm). Again, the results are
quite similar to those from FMG4. Note, however, that in this case the algorithm uses three
cycles on the finest level (instead of the two cycles used on all other levels). This was needed
to obtain fourth-order convergence: Table 7 shows that with only two V-Cycles on the finest
level, the convergence is only second-order. One interpretation of this result is that the
initial approximation on the finest grid is better in the FMIG4C algorithm (which produces

14



Table 5: FMG4C Results

h| lle"l | ratio | |Ir] I flops
£ | 7-893(-3) | — | 9.762(-2) | 4.938(-1) | 33983
2= | 4.645(-4) | 16.99 | 2.446(-3) | 3.426(-2) | 184578
a5 | 2.859(-5) | 16.25 | 5.407(-3) | 2.197(-3) | 821741
& | 1.713(-6) | 16.69 | 2.054(-3) | 1.382(-4) | 3084562
Table 6: FMG4F Results
hi| el | ratio | [Ir"| Il flops
£ | 6.784(-3) | — | 4.338(-3) | 4.938(-1) | 41369
&= | 4.589(-4) | 14.78 | 1.193(-3) | 3.426(-2) | 203620
=5 | 2.868(-5) | 16.00 | 1.146(-3) | 2.197(-3) | 884803
o | 1.907(-6) | 15.04 | 8.429(-4) | 1.382(-4) | 3681014

it using MGVA4F cycles on each of the coarser levels) than in the FMGA4F algorithm (which
produces it using MGV2 cycles on each of the coarser levels). This additional V-Cycle in
the FMIG4F algorithm adds extra work, but also results in slightly lower final residuals (but
still not below the level of truncation error).

Figures 3 and 4 show some of the above results graphically. Each of the three FMG
algorithms achieves fourth-order convergence, but none of them consistently solves below
the level of truncation error. In summary, there is no clear winner between the three FMG
algorithms considered here: all three work well and the differences in accuracy achieved are
small.

Table 7: Solution errors for FMIG4F with only two V-Cycles on the finest level

h lle| ratio
£ |7.893(-3) | -

&= | 5.447(-4) | 14.49
& | 7.592(-5) | 7.17
a | 1.582(-5) | 4.80
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Figure 4: Residual norm ||7"|| for the FMG algorithms
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Table 8 TAU4 Results

h ||en| ratio
L12366(-3) | -

a5 | 1.685(-4) | 14.04
& | 1.059(-5) | 15.90

4.3 Numerical results from tau extrapolation

Table 8 summarizes the results of running the fourth-order tau extrapolation algorithm
TAU4. This method successfully achieves fourth-order convergence, but the accuracy
achieved using the tau discretization is less than that from the MV discretization, as re-
ported by Schaffer[5] (the errors are nearly an order of magnitude larger). In addition,
obtaining this fourth-order convergence depends on doing two tau-correction cycles on the
finest grid; with only one such cycle (steps 2-4 in the TAU4 algorithm) the convergence is
only second-order. Due to this extra complexity and the reduced accuracy of the resulting
solution, tau extrapolation will not be considered for application to the adaptive multigrid
hurricane model MUDBAR in the next section.
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5 Application to the MUDBAR Hurricane Model

The MUDBAR hurricane model[2, 3] is a barotropic numerical model designed for studying
hurricane dynamics and tropical cyclone track prediction. The model solves the nondivergent
barotropic vorticity equation

o¢ | 06, ¥)

oy
ot + o(z,y)

5 =0 (36)

+ 5
for the vorticity ¢, and the Poisson problem

Vi =¢ (37)

for the streamfunction v, using an adaptive multigrid method to refine the mesh around
the vortex as it moves and evolves. The model is formulated on a rectangle, with Dirichlet
boundary conditions for the Poisson problem (37). The original version of the model used
second-order centered finite differences to discretize both equations. Improved accuracy
could presumably be obtained by using fourth-order discretizations for both equations. What
improvement might be possible by solving just the Poisson problem (37) using a fourth-order
discretization?

To answer this question, we implemented the FMG4F and FMG4C algorithms in the
model, retaining the second-order discretization of (36). The test problem consisted of the
motion of a vortex as described in [2], using a single uniform grid (with underlying coarse
grids for the multigrid solver). The accuracy of the model was measured by the track error
(I3 norm of the position error relative to a high-resolution reference run) at ¢ = 24 h, ¢t = 48 h,
t = 72h, and averaged over the 72h model run. The computational work was measured by
the CPU time required on a SUN Ultral0 workstation.

Table 9 presents results from a set of experiments using the mesh size h = 32 km (128 x128
grid intervals), and Table 10 presents analogous results using the mesh size h = 16km
(256 x 256 grid intervals). Results are given for various algorithms, listed in order of in-
creasing CPU time. The baseline is the standard second-order 1-FMG method FMG2 of
the original model: second-order discretization L% Gauss-Seidel relaxation with red-black
ordering, full weighting of residuals, bilinear interpolation of corrections, and bicubic initial
FMG interpolation. Other algorithms considered include FMG4F and FMG4C, modified
by using either the 1-FMG or 2-FMG algorithm and/or additional V-Cycles on the finest
grid level.

The most notable feature of these results is the similarity of the errors: each algorithm
gives essentially the same accuracy. Thus, increasing the discretization accuracy for the
Poisson equation (37) alone is not enough: to increase the overall accuracy of the model, it
will be necessary to use a higher-order discretization of the vorticity equation (36) as well.
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Table 9: Results of MUDBAR on grid with ~ = 32km

Additional track error (km) CPU
Method V-Cycles | t=24h|t=48h |t="T2h | mean | time (s)
FMG2 - 53.970 | 24.622 | 52.336 | 40.123 18
FMGA4F with 1-FMG - 54.693 | 24.788 | 51.275 | 39.802 20
FMG4C with 1-FMG - 55.640 | 25.952 | 52.242 | 40.297 25
FMG2 1 04.875 | 24.014 | 50.368 | 39.514 28
FMGA4F with 2-FMG - 55.122 | 24.279 | 50.577 | 39.695 33
FMGA4F with 2-FMG 1 05.115 | 24.253 | 50.561 | 39.687 43
FMGA4F with 2-FMG 2 95.116 | 24.253 | 50.561 | 39.686 53
FMGA4F with 2-FMG 3 95.116 | 24.253 | 50.561 | 39.686 64
Table 10: Results of MUDBAR on grid with A = 16 km
Additional track error (km) CPU
Method V-Cycles | t=24h|t=48h|t="72h | mean | time (s)
FMG2 - 4.113 4.413 11.714 | 7.651 162
FMGA4F with 1-FMG - 4.137 4.457 11.675 | 7.666 207
FMGA4C with 1-FMG - 4.304 4.673 11.709 | 7.750 216
FMG2 1 4.196 4.518 11.680 | 7.692 286
FMGA4F with 2-FMG - 4.217 4.551 11.687 | 7.704 350
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6 Conclusions

We have considered six fourth-order multigrid methods for the Poisson problem. All achieved
fourth-order convergence for the test problem. The five algorithms based on the fourth-
order compact Mehrstellen Verfahren (MV) discretization produced solution errors which
were nearly an order of magnitude smaller than those produced by the fourth-order tau
extrapolation algorithm. The MV algorithms are also somewhat simpler to implement.
Observed smoothing rates for relaxation with the MV discretization closely matched those
predicted by the theoretical multigrid smoothing factor.

None of the algorithms solved to the level of truncation error (residual norm less than
truncation error norm) with a fixed number of cycles: the two V-Cycle algorithms required
an increasing number of cycles with decreasing mesh size, and the three FMG algorithms
required extra V-Cycles (one required an extra V-Cycle to achieve fourth-order convergence).
Thus, while fourth-order accuracy may indeed be achieved using multigrid methods in a
variety of ways, we have not yet found a specific fixed algorithm which guarantees solution
to the level of truncation error as does the standard 1-FMG algorithm for second-order
discretizations.

Using fourth-order multigrid algorithms based on the MV discretization in the adap-
tive multigrid hurricane model MUDBAR produced fourth-order accuracy for the Poisson
equation relating streamfunction and vorticity. However, the overall accuracy of the model
showed negligible improvement. We attribute this to the fact that the other model equation
(for advection of vorticity) retained a second-order discretization; improvement in overall
accuracy will require implementing a fourth-order discretization for that equation as well.
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A Appendix: Accuracy of the MV Discretization

We seek the truncation error of the MV discretization, that is,
m™(u) == Lyu — I'f, (38)

where f = Lu = ugz, + uyy and the difference and averaging operators are given by

HEEEE
L u = 4 —20 4 |u (39)
1 41
and
. 1
I"fi=—118 1]|f (40)
12 )

as in section 2.6.2. To show that the discretization is fourth-order, we will expand L%, and
I using Taylor series, with the assumption that u € C%(€2) and thus f € C*(9).

For the Taylor expansion of the difference operator L%, we rewrite (39) as

1 -2 1 1 10 1
L’;ﬂ:mh2 10 =20 10 [+ | =2 =20 —2 | pu= (J'DE, + J!Dy)u,  (41)
1 -2 1 1 10 1

where we have introduced the one-dimensional difference operators

1
1 1
Dgwuzzﬁ[l —2 l]u, Dgyuzzm{ -2 ]u (42)
1
and averaging operators
1 1 1
h, . L hy o *
Ty = 2 1(1) o, = o (110 1]w. (43)
From Taylor’s theorem we have the expansions
1,0 h? (20 R 30
e —hy) = ul@,y) =@, y) + Su® (@, y) - Fu(z,y)
h* h’ hS o
+ EU(AL’O) (.’13, y) - EU(&O) ("Ea Z/) + au(G,O) (.’E ay) (44)
for some &~ € (x — h,x), and
1,0 h? 20 R 50
uw+hy) = uz,y)+ bz, y) + 5u0(@,y) + u0(z,y)
h* (40 h® 50 | h® (60 |
+ Ju( ’ )(x:y)+§u( ’ )(may)+au( ’ )(i+ay) (45)
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for some &+ € (x,z +h). Here we are using the notation u(™™ = ™"y /02™0y™ for partial
derivatives. Substituting (44) and (45) into (42) and using the Intermediate Value Theorem
to combine the remainder terms yields

h? h*
D::I;u(xa y) = ua:a:(xa y) + Eu(4,0) ($, y) + %U(G,O) (ia y) (46)

for some & € (x — h,x + h). Similarly,

h? h* .
DZy’U,(x, y) = U:yy(ib‘, y) + EU(OA) (xa y) + %U(O,G) ($, y) (47)

for some § € (y — h,y + h). Since u € C%(S), we have u(®9(z,y) — u®%(z,y) and
u®9(z,9) — ul®®(z,y) as h — 0, so the last terms in (46) and (47) are O(h*).

Analogous calculations for the generic one-dimensional averaging operators

1
1 1
h, ._ h, ._
Amv.—2+a[1 a 1]1}, Ayv.—2+a clL ]v, (48)
for any function v € C*(Q2) and any positive number a yields
h h* a0 At (4,0)
A = ’ (2 49
bolay) = o(e) + 500 @) + V@) (49)
for some & € (x — h,x + h) and
h R e ht 0,4
Agv(@,y) = v y) + 5o (@,y) + e a)v( A (z, §) (50)

for some ¢ € (y — h,y + h). With the value a = 10 we see that (43) reduces to

h? h*
h — - (270) _ (450) 7 1
Jl‘v(m’y) /U(‘/I:7y) + 12U (x7y) + 144v (‘/Eiy) (5 )
and
h h2 (0,2) h4 (0,4) ~ 52
JyU(.Z',y) _’U(xay)—*_ﬁv ($,y)+ 144’1) (33,y) ( )

for some & and ¢ [not necessarily the same as in (46) and (47)]. Analogous expansions hold
with one or two less terms if v € C?(Q) or v € C(§2). Using (46), (47), (51), and (52) in (41)
then yields the expansion

2 h4
[u(4’0) +2u®? 4 u(0’4)] +

L’]f/[u = Ugg + Uyy + [U(4’2) (E1, 1) + ul (22, Z?Q)]

12 72
h4
+ 35g 107 (@5, 8) +u®® (@4, 5] (53)

where u and its derivatives are evaluated at (z,y) except where noted.

22



For the Taylor expansion of the averaging operator I" we rewrite (40) as

000
I"f:é{é[l 4 1

where we have introduced the one-dimensional averaging operators

+

[ N

010 2

010 .
0 4 0]}u=(fg+1;)f, (54)

1
1 1
hp._ + hp._ *
wa._6[141]f, ]yf.G{ 411 ]f. (55)
Using (49) and (50) with the value a = 4 we obtain the expansions
h? ht
L f(z,y) = Fl@.y) + = [0 (2,9) + = F40 (2, ) (56)
and
h2 2 h4 0,4 ~
for some & € (x — h,z+ h) and § € (y — h,y + h). Using these expansions in (54) yields
1 = 42 [0 4 p00] 4 P00 ) 4 jo0 e, g)] (58)
12 144 ’ ’ ’

where f and its derivatives are evaluated at (z,y) except where noted.

Finally, combining (53) and (58) with (38) and using f = ug; + uy, we obtain the
truncation error

h* . . . "
m™(u) = 790 {10 [U(4’2) (21,91) + ul (22, y2)] + 2 [U(G’O) (23,93) + ul®® (24, 2/4)]
= 5[40, y) + £ (2, 56)] }
ht 4,2 2,4 A
= oo 15 [u“P(@.9) +uP @, 9)] = 3 [u (@) + uCO (2, 9)] | + o(h?), (59)

showing that the MV discretization is indeed fourth-order accurate.
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