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Abstract

This paper describes the extension of a tropical cyclone track prediction model
(MUDBAR) to fourth-order accuracy, focusing on the details of the higher-order dis-
cretization for the streamfunction and vorticity equations. For the Helmholtz problem
for the streamfunction, we use a fourth-order FMG algorithm, including: (1) fourth-
order compact discretization on the finest level of each V-cycle, (2) Gauss-Seidel relax-
ation with red-black ordering, (3) two V(1,1) cycles on each level, and (4) sixth-order
initial interpolation. For the vorticity equation we prove that no fourth-order general-
ization of the Arakawa Jacobian is both compact and conservative; consequently, we use
the noncompact fourth-order conservative Jacobian originally proposed by Arakawa.
Numerical tests show that every component of the solution is fourth-order. We also
compare the fourth-order model to the original second-order version, and quantify the
gains in accuracy and efficiency achieved by fourth-order discretization.
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1 Introduction

The multigrid method is a fast and flexible numerical technique for solving partial differential
equations. This method can be applied to a given problem in conjunction with any of
the known discretization techniques, such as finite differences, finite elements, and spectral
methods. Furthermore, the Full Multigrid (FMG) algorithm can solve problems to the
accuracy of the truncation error in a number of operations that is proportional to the number
of unknowns. Multigrid processing can be combined with local mesh refinement to provide
higher resolution where needed.

This paper examines the application of adaptive multigrid methods to the problem of
tropical cyclone track prediction. This problem involves a small-scale vortex (the tropical
cyclone) embedded in a large-scale environmental flow, with an order of magnitude difference
in the typical scales of (horizontal) variation, and thus benefits greatly from local mesh
refinement. The underlying dynamical model represents two-dimensional incompressible
flow. It consists of two partial differential equations: a vorticity equation, expressing the
conservation of absolute vorticity, and a Helmholtz problem relating the streamfunction and
vorticity. A second-order accurate adaptive multigrid model (MUDBAR) based on these
equations has been developed[4, 5]; the goal of the present paper is to extend this model to
higher-order accuracy.

In this paper, section 2 introduces the background of the adaptive multigrid tropical
cyclone track model, and details the governing equations and the time discretization. Sec-
tion 3 describes the fourth-order space discretization used to solve the Helmholtz problem
and vorticity equations. Numerical results are summarized in section 4 and the conclusions
are given in section 5. Appendix A gives the details of the the sixth-order FMG interpola-
tion, and Appendix B shows that no fourth-order generalization of the Arakawa Jacobian is
both compact and conservative.



2 Model Description

The MUDBAR model is an adaptive multigrid tropical cyclone track model based on the
nondivergent barotropic vorticity equation. In this section set the stage for our extension
of this model to fourth-order accuracy by reviewing the governing equations, outlining the
space discretization, and detailing the time discretization.

2.1 Governing equations

We formulate the model on a section of the sphere, transforming longitude A\ and latitude ¢
to Cartesian coordinates x and y via the Mercator projection

x = (A — Ao)acos ¢y, y = [tanhfl(sin #) — tanh ' (sin gbo)] a Ccos ¢y, (1)

where a is the radius of the earth, so the projection is true at a specified point (Ao, ¢9) where
(xz,y) = (0,0). The governing equation is the modified barotropic vorticity equation

¢ _ 5 oy 22
= —m2J — = 2
o =m2J(Cw) = Bms 4 vmtVAC, 2
with the relative vorticity ¢ and the streamfunction ¢ related by
2
o 2 7 ¢
Lip = <V _W>¢_W‘ (3)

Here V? = 9%/0x* + 0*/0y?, J((,v) is the Jacobian of (¢,1) with respect to (z,y), 8 =
2w cos(@)/a (with @ and w the radius and rotation rate of the earth), m = cos(¢g)/ cos(9)
is the map factor, v is the diffusion coefficient, and ~ is the inverse of the effective Rossby
radius. The model domain is a rectangle €2 in z and y centered at (z,y) = (0,0). At the
boundaries of © we specify the streamfunction ¢ (and thus the normal component of the
velocity); where there is inflow, we also specify the vorticity (.

2.2 Space discretization

To discretize (2) and (3) in space we use finite differences. To summarize the approach,
first consider the discretization on a single uniform grid €2, of mesh size h covering the
computational domain Q. We write the space-discretized versions of (2) and (3) in the form

d h
% ()
and .
gt =S (5)
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where the grid functions (" and " represent the values of the approximate solution on a grid
), of mesh size h. The details of the finite-difference approximations L” to the Helmholtz
operator L and G" to the terms in the vorticity equation (2) will be given in section 3.

However, since a tropical cyclone is a small-scale vortex embedded in a larger-scale sur-
rounding flow, obtaining the solution with optimum efficiency and accuracy requires using
local mesh refinement. To do so we use a single “base grid” covering the entire domain
and—in the region of the vortex—superimpose nested overlapping “grid patches” with suc-
cessively smaller mesh sizes. On each grid the equations take the same form (4)—(5); the
problem is solved on each in turn using the Berger-Oliger algorithm|[2]. Since we use a multi-
grid method (as detailed in section 3) to solve the streamfunction equation (5) on each grid
with optimum efficiency, it is possible to combine this multigrid processing with the local
mesh refinement to obtain adaptive grids. In this approach, estimates of the truncation error
computed during multigrid processing are used to decide where to refine—or coarsen—the
grids. Here we take a simpler approach and use only movable grids, i.e., we specify the grid
sizes in advance and move the grids to keep them approximately centered on the vortex as
it moves. Details of both approaches—for the original second-order model—are given in [5].

2.3 Time discretization

Both the second-order and fourth-order versions of the model use the same time discretiza-
tion, namely, the classical fourth-order Runge-Kutta (RK4) scheme. A single step of the
RK4 scheme (from ¢ = ¢, = nAt to t = t,,1) then consists of the following four stages:

Stage 1:
- 1 n At n
Ch,n—i—2 — Ch, 4 7Gh, (6)
Stage 2:
Ch,n+% _ Ch,n + géh,n—k% (7)
B 2
Stage 3: 3 .
Ch,n-l—l — Ch,n 4 AtGh,n+§ (8)
Stage 4: )
Ch,n-l—l — Ch,n 4 AtGh’n+1 (9)

Here ("™ and ™" are the time-discrete approximations to ¢ and 9" at t, = nAt, respec-
tively, G = Gh(wh,n’ Ch,n)’ Ghmts — Gh(zﬂh’“%, 5h,n+§)’ Ghnts — Gh(¢h,n+%, Ch,n+%), and
Ghrtl = L(Gh 4 2Ghm s 4 2GR +3 4 Ghntl)| For each stage, after getting the new value
of ¢" from the RK4 scheme, we solve (5) for the corresponding 9" using this ¢".



3 Fourth-Order Discretization

The original MUDBAR model[5] used second-order discretizations in space; to obtain fourth-
order accuracy overall we must replace these with fourth-order discretizations. This section
details these discretizations, using using finite differences on a uniform grid

of mesh size h. We describe in turn the discretization of the streamfunction equation (3), a
multigrid algorithm for its solution, and the discretization of the vorticity equation (2).

3.1 Streamfunction equation

The streamfunction 9" is computed from the vorticity ¢* by solving a discrete version of
the Helmholtz equation (3) with Dirichlet boundary conditions (i.e., 1" is specified at the
boundary points of €25,). The second-order model used the usual five-point discretization of
Laplacian operator, resulting in the discrete equation

1
1 —4-2 1 |¢h=
1

¢ Fh. (11)

1
Lt = < -

h?

Here the stencil notation gives the contributions from the point at which the equation is
applied and from its neighbors. Gauss-Seidel (GS) relaxation for this discretization updates
the values of an approximate solution " via

2\ 1 2
~ 0% ~ ~ ~ ~ h
Vij (4 + W) [(wil,j + Vi1 + i1+ Vi) — WCi,j] ; (12)
where 1@] denotes the current approximation to v¢; ; = (s, y;) and G ; = ¢z, y;). The
corresponding residual is given by

o [cns + o g+ i = (44 28) o)
Tig = 5~ 2 ' (13)

To obtain fourth-order accuracy we must replace (11)—(13) with fourth-order analogues.
According to the conclusion of Schaffer [6], the Mehrstellen Verfahren (MV) discretization
was the most accurate among the fourth-order discretizations he studied. Thus, the fourth-
order MV difference stencil was applied here, giving the discrete problem

1 4 1 1
1 1
L' =gz |4 —20-x 4| =g 5|1 8 1| =F" (14)
1 4 1 1



Since this discretization is compact, i.e., it involves only the nearest-neighboring points, it
can be applied at all interior points on the grid. Gauss-Seidel relaxation for (14) gives the
iteration

2

0% h
Vij < — (20 + —mQ) l—2m2 (8 + Ci1 + Gim,j + Giyj—1 + Gijjg1)

fi v - = 15
- (1/)z'—1,j—1 + Yic141 + Yig1-1 + wi+1,j+1) (15)
—4 (1/71'—1,]‘ + 1/~Jz'+1,j + '(z;i,j—l + J)z',j—i-l)] .
The corresponding residual is given by
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(16)

where 9" is the current approximate solution.

In the second-order model, red-black ordering was used in the finite difference discretiza-
tion. This ordering is often used in multigrid methods since it gives better smoothing factors.
We also use the red-black ordering in the higher-order model.

3.2 Multigrid algorithm

Multigrid methods solve discretized elliptic problems such as (11) or (14) by combining
relaxation (to reduce errors on the scale of the grid) with corrections computed from coarser
grids (to eliminate the smoother error components). An introduction to multigrid methods
can be found in [3] and [7]; here we simply give the details of the components of the multigrid
algorithm used here. Our focus here is on choosing these components so the resulting solution
is obtained to the level of truncation error. That is, we want ||r"|| < ||7"|| in an appropriate
norm, where r* = F* — Lh)" is the residual and 7" = L") — F" is the truncation error.
When this happens, [|1/"* — " || is sufficiently small so that ||ty — "|| = ||y —1"|| and further
computational work would be wasted.

3.2.1 Relaxation sweeps

The effectiveness of relaxation as a smoother is measured by the multigrid smoothing factor
fi. This number is defined as the maximum convergence factor for high-wavenumber errors for



one relaxation sweep; it is computed by local mode analysis[3]. Schaffer[6] gave the smoothing
factor 1 = 0.464 for the fourth-order MV discretization with lexicographic ordering; our
numerical results are slightly better, giving an effective convergence factor per sweep of
about 0.38. The optimum number of relaxation sweeps per level in a multigrid V-cycle
depends on [i; for example, Taft[8] used three relaxation sweeps per level in a multigrid
algorithm using the MV discretization with lexicographic ordering.

For the second-order discretization (11) it can be shown that red-black ordering (as in a
checkerboard) gives significant improvement over lexicographic ordering (z = 0.25 instead of
i = 0.5). This result rests on a complicated interaction between Fourier modes made possible
by the five-point nature of the operator in (11). Since this five-point structure is lost in going
to the MV discretization (14), it might be supposed that there would be no advantage here
to using red-black ordering. However, our numerical results show an effective convergence
factor per sweep of about 0.32 in this case. This is small enough that two relaxation sweeps
per level suffice. Thus, our multigrid algorithm uses V(1,1) cycles, i.e., V-cycles with one
sweep each before and after the coarse-grid correction.

3.2.2 Control algorithm

To control the multigrid processing we use the Full Multigrid (FMQG) algorithm. This pro-
ceeds from the coarsest to the finest grid, solving on each grid with one or more multigrid
V-cycles and then interpolating that solution to the next finer grid to serve as the initial
approximation there. Properly designed, this algorithm solves to the level of truncation er-
ror, independent of the mesh size h. The key here is that the work done by the V-cycle(s)
on each level must reduce the residual by at least the same factor that the truncation error
is reduced by going to that level; this guarantees that the problem is solved to the level
of truncation error on all levels. For our fourth-order algorithm with a mesh refinement
ratio of two, that factor is 2¢ = 16. It would appear that one V(2,1) cycle would suffice,
since the corresponding residual reduction is (0.32)® = 0.03 < 0.0625 = 1/16; however, this
neglects the additional error introduced by grid transfers. In practice, two V(1,1) cycles per
level suffice; the corresponding residual reduction is about (0.32)* ~ 0.01, which is less than
1/16 = 0.0625. Thus, we use the 2-FMV(1,1) algorithm, i.e., using two V(1,1) cycles per
level in the FMG algorithm.

Within the algorithm, the fourth-order MV discretization need only be used on the
“currently finest level”, i.e., the finest level yet reached[6, 11]. Thus, the problem to be
solved on that level is (14), it is smoothed by the corresponding relaxation (15), and the
corresponding residual (16) is transferred to the coarser grid. However, on that coarser grid
(and any still coarser), the second-order discretization (11)—(13) suffices (it is actually better
and faster). No special grid transfers are needed within the V-cycle: the residuals can be
transferred using normal full weighting (see also section 4.4) and the corrections can be
transferred using bilinear interpolation. However, to achieve best performance overall, using
higher accuracy in the initial (FMG) interpolation to the next finer level is advantageous[9].
Here we use sixth-order interpolation as detailed in Appendix A.



3.2.3 Summary

To summarize, the fourth-order multigrid algorithm for the Helmholtz problem consists of
the following components:

e Full multigrid (FMG) algorithm,
e Sixth-order initial FMG interpolation,
e Two V(1,1) cycles per level,

e Fourth-order (MV) discretization on the currently finest level and second-order dis-
cretization on coarser levels,

e Gauss-Seidel relaxation with red-black ordering,
e Full weighting for the transfer of residuals,

e Bilinear interpolation for the transfer of corrections.

Numerical results (see section 4) show that this multigrid algorithm solves to the level of
truncation error (i.e., residual norm less than the truncation error norm) for the problems
with known (smooth) solutions, independent of the mesh size h. Almost any change (e.g.,
fourth-order initial FMG interpolation) destroys this property.

3.3 Vorticity equation

It might be hoped that obtaining fourth-order accuracy in the streamfunction equation (5) as
described here might be enough to increase the overall accuracy of the model. Unfortunately,
Burgess and Fulton[11] observed that this is not the case: we must seek a higher-order
discretization of the remaining equation for vorticity. Thus, we turn next to the discretization
of the spatial terms in the vorticity equation (2) to produce the term G" in (4). We focus
on how to approximate the Jacobian

JCY) =5 — 55 (17)

with fourth-order accuracy, since the approximation of the remaining terms by fourth-order
finite differences (uncentered where needed) is straightforward.

The second-order version of the model uses the Jacobian of Arakawa[l], which can be
written as

TG ) = 5 [T7HG ) + TP (G0 + TG w). (18)



Here

FFHC) = g (Geny — Gor) Qg — i)

- (Ci,j+1 - Ci,j—l) ("/Ji—f—l,j - wi—l,j)] )

1
i (G ) = 2 [Git1,5 (Vig141 — Yig15-1) — Gy (Yic1j41 — Yic15-1)

— Gij+1 (Vig1+1 — Yic141) + Gijo1 (Wig1,j-1 — Yic1j-1)]

and

1
Ji5t (¢ ) = ) [Givrgr1 Wiger — Vivrg) — Girg1 (i1 — Yij1)

— G141 (Wij11 — Yi1j) + Girrj—1 (Wig1,; — Yij-1)],

(19)

(20)

(21)

This second-order discretization of Jacobian is both compact (involving only nearest-neighbor
points) and conservative (exactly conserving discrete analogues of vorticity, enstrophy, and
kinetic energy). It is natural to ask whether a fourth-order analogue with these same two

properties exists; unfortunately, the answer is no, as shown in Appendix B.

A fourth-order discrete Jacobian which maintains conservation by sacrificing compactness

was given by Arakawa[l]. This can be written in the form

J4(C7 1/)) = 2J1(C: ¢) - JZ(Calp) = ‘](Ca 1/)) + O(h4)

Here J;((, ) is the usual second-order Arakawa’s Jacobian given by (18) and

JXX + Jix'* , + JZ*X ,
tmcw=[ (¢, %) ng) (¢ )]

is second-order non-compact conservative Jacobian, where

1

TEC) = g

[(Ci-l—l,j—i—l - C’i—l,j—l) (wi—l,j—l—l - dji—kl,j—l)

= (CGim1j41 = Git1,j-1) (Wig1,j+1 — Yic1,5-1)]

1
Jii () = 32 [Git1,j41 (Va2 — Yivos) — Go1j1 (Yimay — Yij—2)
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and

1
Jii(Gw) = 2 [Giv2,i (Vir1541 — Virr5-1) — Gimag (Vi1 11 — Yic11)

= Gij+2 (Wir1j11 — Yicrj+1) + Gij—2 (Wig1,j-1 — Yic1,5-1)] - (26)

This fourth-order discretization of the Jacobian also conserves the square of vorticity, en-
strophy and kinetic energy. However, this discretization not only uses the nearest-neighbor
grid points, but also involves the additional grid points (i +2, j), (i — 2, j), (4, 7+ 2), (¢, — 2).
Thus, the Arakawa fourth-order Jacobian can be applied to all interior points in the grid
except those along the first interior lines (adjacent to each boundary). At those points, we
use the second-order discretization (18); at the boundary points, we use the first-order dis-
cretization described by Fulton [4]. Since the set of points where lower accuracy is used is
small, this has negligible effect on the overall accuracy.



4 Numerical Results

This section describes results of numerical tests verifying the fourth-order discretization of the
Helmholtz problem and the Jacobian, as well as numerical results showing the convergence
and efficiency of the higher-order model as a whole.

4.1 Numerical tests for the Helmholtz problem

To test the fourth-order multigrid algorithm for the Helmholtz problem, we specified ¢ as
_ T2 o5 (™
¥(@.y) = o cos (1 ) cos ( Ly) , (27)

where 1)y is constant, and L, and L, are x-scale and y-scale of the environmental flow,
respectively. With m = 1 and v = 0 in the Helmholtz problem (5), the corresponding

vorticity is
1 1 T ™
((z,y) = -7 (L_?c + L_i) g cos <L_m) coS (L—g:> . (28)

Using the values L, = 2048 km and L, = 1638.4km, we ran the model and computed the
residual, truncation error, and solution error for different values of the mesh size h. We
measured these quantities using the /, norm

Il = 3 12 (29)

Table 1 lists the norms of the truncation error 1h = L") — F" residual 7", and solution
error 1) — " for various values of the mesh size h. Also listed is the ratio ||72*||/||7"|| of

where f; ;i = f(zs,y;)

Table 1: Fourth-order Helmholtz solver: residuals and errors

ho(km) | |l7% | ratio | [Ir"l | [l —@*)| | llv — 9" | ratio
128 | 2.888(-4) | — | 1.113(-4) | 3.990(7) | 3.499(7) | -
64 | 1.869(-5) | 15.45 | 7.025(-6) | 2.604(6) | 2.196(6) | 15.32
32 | 1.185(-6) | 15.77 | 4.040(-7) | 1.654(5) | 1.374(5) | 15.74
16 | 7.453(-8) | 15.90 | 2.417(-8) | 1.039(4) | 8.591(3) | 15.92
8 | 4.636(-9) | 16.08 | 1.484(-9) | 6.457(2) | 5.327(2) | 16.09
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Figure 1: Fourth-order Helmholtz solver: residuals and errors

truncation errors and the corresponding ratio of solution errors. These ratios show that
both the discretization and the resulting solution have accuracy O(h*). The table also
shows that the problem was solved to the level of truncation error (||| < ||7?]|), and that
|1 — 9"|| ~ || — ¢"||. Figure 1 shows the same conclusion graphically: the norm of the
residual less than the norm of the truncation error. We tried many different cases, i.e., other
values of L, and L, and other specified solutions ¢ (results not shown). Almost every case
is solved to the truncation error; in the few cases which are not, the approximate solution is
still very close the solution.

4.2 Numerical tests for the Jacobian

To verify the accuracy of the Jacobians (18) and (22) as coded in the model, we specified ¢
and 1 as

Y(z,y) = —uey + % sin(kz) — % sin(lz), (30)
and
((z,y) = —kvy sin(kz) + luy sin(ly), (31)

and substituted ¢ and ( into the second-order and fourth-order Jacobians for different mesh
sizes h. For these tests we used the domain [0, 2] x [0, 2] and the values k = 3.87, | = 7/2,

11



ug = 2, uy = 8, and v; = 3. To verify the order of Jacobian we computed the effective
order P := log <||J — 2R/ - Jh||) /log2, where .J is the continuous Jacobian, J" is the
discrete Jacobian on the grid A, measuring the results in both the /., and /5 norms.

In Tables 2 and 3, we give the results in the /o, norm. The results in the l; norm are
shown in Table 4. The tables include three kinds of results: PP, means the order of truncation
error computed over all points, P, omits the boundary points, and P; omits the boundary
and first interior points. Recall that at the boundary points we use the same Jacobian as in
[4], which is only first-order. Thus, the values of P; in Tables 2 and 3 are about 1. Similarly,
since the fourth-order Jacobian (22) is noncompact, it cannot be applied at the first interior
lines, so we must use the second-order Jacobian (18) there. Thus, the values of P, in Tables
2 and 3 are about 2. The values of P; in Table 2 is also about 2, and P; for the fourth-order
Jacobian in Table 3 is about 4. These [, norm results show that the Jacobians have the
expected order pointwise.

Similarly, Table 4 gives the values of P; for the second-order and fourth-order Jacobians
in the /5 norm. Since these results show overall second- and fourth-order convergence, re-
spectively, we conclude that the effects of lower accuracy on and adjacent to the boundaries
are small.

Table 2: Effective order for second-order Jacobian (/. norm)

h P1 P2 P3

411.3441 | 2.1727 | 2.3088
L10.7557 | 2.1140 | 2.2091
110.8976 | 2.0634 | 2.1209
L 10.9529 | 2.0337 | 2.0655

Table 3: Effective order for fourth-Order Jacobian (/o norm)

h P1 P2 P3

4 | 1.3441 | 2.1727 | 4.2666
L1 0.7557 | 2.1140 | 4.1983
L 10.8976 | 2.0634 | 4.1180
-L10.9529 | 2.0337 | 4.0647
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Table 4: Effective order P; for second- and fourth-order Jacobians (l; norm)

h | Second-order P; | Fourth-order P;

5 1.8544 3.8128
1
& 1.9150 3.9046
1
o 1.9554 3.9528
o5 1.9775 3.9768

4.3 Overall model convergence

Having verified that all components of the model are indeed fourth-order accurate, we now
run the whole model to verify that it is fourth-order accurate overall. Following DeMaria[10],
we initialize the model with a hurricane-like vortex embedded in a larger-scale environmental
flow. The vortex is defined by

vy = () Sfeel) o

where V' is the tangential wind at the radial distance 7 from the vortex center (z¢, yo) and V,,
is the approximate maximum value of V' near r = r,, (exact when a = 0). The exponential
factor in (32) ensures that V' decreases quickly as r becomes large. The environmental flow
is a zonal current with streamfunction defined by
2wy)
— . 33
(7 )

i) = (%4)

50 = (2 o
The computational domain is a square of side length 4096 km on a (-plane centered at
latitude 20° N, with the vortex centered initially at xq = 768 km and y, = 768 km. We use
the values V,,, = 30ms™!, r,,, = 80km, @ = 107%, b = 6, @y = 10ms™!, L = 4096 km, and
v =0.

To quantify the model performance we use the forecast (track) error, defined as the
difference in vortex position compared to that computed in a high-resolution reference run
(h = 4km). We run the fourth-order model with h = 16, 32,42.666,51.20, 64, 128 km, and
run the second-order model with h = 16,32, 64,128 km. Figure 2 shows the forecast error
as a function of h for these uniform-grid runs of the second-order and fourth-order models
at 24, 48, and 72 hours and the mean errors over each 72 hour model run. The slopes of the
curves verify that the overall model converges at approximately the proper rate.
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Figure 2: Overall convergence of the model:
(a) second-order version, (b) fourth-order version.

14

10

3



4.4 Accuracy vs. efficiency

Asymptotically, fourth-order differencing is superior to second-order differencing: for mesh
sizes h smaller than some critical value, the fourth-order solution will be more accurate.
However, this does not account for the computational work involved in computing the higher-
order approximation. Taking this into account, does the asymptotic superiority of fourth-
order differencing pay in practice? To answer this, we ran both models with a variety of
grids (uniform grids and local refinements using patches of various specified sizes). Figure 3
shows the resulting mean forecast errors as a function of the computer time (for a 72 hour
model run). For the uniform-grid runs (points joined by lines in Figure 3) the fourth-order
model is approximately 5-10 times faster than the second-order model (for the same level of
error); for the same amount of computer time, it is at least 5 times more accurate. With local
refinement (remaining points in Figure 3), fourth-order differencing shows some advantage
for moderate resolution (e.g., errors of 10-30 km).
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Figure 3: Forecast error vs. CPU time for second-order and fourth-order models.
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In an attempt to improve the model performance, we considered the choice of operators
used to transfer the fine-grid vorticity to the coarse grid at end of each time step with nested
gird patches. Normally (e.g., Fig. 3) we use standard full weighting (as used for the residual
transfer). Since this is only second-order accurate, we consider the results of two other
methods: (1) injection and (2) fourth-order full weighting, defined by the stencil

10 -9 —-16 -9 0 1

00 0 0 00 0

1 —9 0 81 144 81 0 -9
12’1:@ —16 0 144 256 144 0 —16 (34)

-9 0 8 144 8 0 -9

00 0 0 00 0

| 10 -9 -16 -9 0 1

Figure 4 is the results with fourth-order full weighting and Fig. 5 is the results with injection.
Compared to Fig. 3, we see that neither method improves the results significantly.
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Figure 4: Forecast error vs. CPU time with fourth-Order full weighting.
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Figure 5: Forecast error vs. CPU time with injection.

5 Conclusions

We have developed a fourth-order version of the MUDBAR model. The Helmholtz problem
for the streamfunction is solved by an FMG multigrid method, using fourth-order compact
discretization on the finest level in each V-cycle, sixth-order initial interpolation, Gauss-
Seidel relaxation with red-black ordering, and two V(1,1) cycles per level. Numerical results
showed that this algorithm solves the Helmholtz problem to the level of truncation error.
For the vorticity equation, we applied the fourth-order conservative Jacobian of Arakawa;
this is not compact, but no compact version exists as shown in Appendix B. Numerical
results verified that the whole model is fourth-order accurate. Compared to the second-
order model[5], the fourth-order model provides higher accuracy (or efficiency) when using
a single uniform grid; when used with local mesh refinement, fourth-order accuracy provides
less benefit.
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A FMG interpolation

This Appendix details the sixth-order initial interpolation used in the FMG algorithm. For
the fine-grid points which coincide with coarse-grid points, the values are simply copied from
the coarse grid to fine grid. For the remaining fine-grid points, the values are obtained by
one-dimensional interpolations in x and y, using sixth-order interpolation where possible as
follows.

If the coarse grid contains at least six points in a given direction, we use sixth-order
interpolation. At the first interior grid points this takes the form

W ﬁ[% o 315 —210 126 —45 7]y (35)
or 1
whz%[’? —45 126 —210 315 e 632", (36)

where " and %" are the approximate solutions on the fine and coarse grid, respectively.
Here, the numbers in the stencils denote the weights applied at the coarse-grid points and
the bullet e shows the location of the resulting fine-grid value. Likewise, at the third interior
grid points we use

Yt 256[ 7 105 e 210 —70 21 -3y (37)
or 1

¢h~256[ 3 21 =70 210 e 105 —T7]p**, (38)
and at the remaining interior grld points we use

PP~ 256[3 —25 150 e 150 —25 3yt . (39)

If the coarse grid contains four or five points in a given direction, we use cubic interpo-
lation: at the first interior grid points we use

o L ° _ h

Wb oe 15 =5 1y (40)
or 1

whzﬁu 5 15 e 52, (41)

and at the remaining interior grid points we use

wh“%[—l 9 e 9 1y (42)

Finally, if the coarse grid contains three points in a given direction, we use the quadratic
interpolation

whz%[?) o 6 —1Jy2h (43)
or
w’wé[q 6 o 3% (44)
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B Compact conservative Jacobians

This Appendix reviews and extends the arguments of Arakawa[l] to find all discretizations
of the Jacobian which are both compact (involving only nearest-neighbor points) and con-
servative (exactly conserving discrete analogues of vorticity, enstrophy, and kinetic energy).
We show that these discrete Jacobians form a one-parameter family; however, all are only
second-order accurate, and the classical Arakawa Jacobian is the optimum choice.

Following [1], we can write a relatively general discrete form of the Jacobian as

Jig(C0) =D > cujrin jnCigir g Vigin g0 (45)

il GG Gl
VR NY)

Here, ¢ and j index the point (z;,y;) on a uniform grid €2, of mesh size h where the Jacobian
is to be computed, (; 1y 1+ is the vorticity at a neighboring grid point (%iti, Yj+j), Vit jti7
is the streamfunction at a neighboring grid point (z;ji,y;+;7), and the sums extend over
whatever points near (i,j) which we choose to use. Since we assume a uniform Cartesian
grid here, the coefficients ¢; ji.;» j» may be assumed independent of the point (7, j) at which
(45) is applied. Our goal is to choose these coefficients so that the resulting discretization
has the desired properties.

One essential property is consistency: comparing the continuous Jacobian J to its dis-
cretization J; j, we need |J;;(¢,v) — J(¢,v)(zi,y;)| = 0 as h — 0 for all suitably smooth
functions ¢ and . Since J((,%) = 0 when either ¢ or ¢ is constant, we will require
Jij(1,4) = 0 and J;;(¢,1) = 0 for all suitably smooth functions ¢ and . In view of (45),
these conditions lead to the constraints

Z Cil,jl;iII’jH = 0 (each ’ill,jll) (46)
i’,j’

and
Z Cit jtsi! " = 0 (each il,jl). (47)
i”,j”

Additionally, since J(z,y) = 1, we will require J; ;(z,y) = 1. Using (45)—(47) and the
substitutions z; = x¢ + th and y; = yo + jh, this condition leads to the constraint

h2 Z Z ilj”Ci’,j’;i”,j” = 1 (48)

N
VARV

Arakawa|[1] showed that in addition to consistency, the discrete Jacobian must mimic the
conservation properties of the continuous Jacobian for the resulting solutions to be of much
value. The continuous Jacobian satisfies

/Q J(C,¥) dzdy = 0, (49)

| (¢, v) dedy =, (50)
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and

| 9. ¥) dady =0 (51)

when 1 is constant on the boundary of the domain ©; from (2) we see these correspond
(at least when m = 1, 8 = 0, and v = 0) to conservation of vorticity, enstrophy (square
vorticity), and kinetic energy, respectively.

To formulate a discrete analogue of (49) for conservation of vorticity, we write (45) in
the form

Jig(C0) = i giivir jagrCivir gt (52)
il’jl
where
Qijsiit jag’ 7= Y Cit jrsin jnWiganr oo (53)
i”,j”

From (52) we see that a; j,;ts j+j/Civar j+j i the contribution to the rate of change of vorticity
at the point (7, j) due to interaction with the point (¢ + ¢, j + j'); similarly, a; i j4jri,iG.; 18
the contribution to the rate of change of vorticity at the point (i+14', j+j') due to interaction
with the point (7, j). Considering the case where ( = 0 except at the point (i, j), we see that
conservation of vorticity leads to the condition

Y Gipinigrig =0 (each 7). (54)
il jl

Substituting from (53) leads to

Z Z c—i’,—j’;i”,j"¢i—|—i’+i”,j—|—j’—|—j” = 0 (eaCh i,j), (55)

Z'I ’jl i”,j”
which we can rewrite by setting i = ¢/ +4"” and j = 5’ + j” to obtain
> (Z C—i’,—j’;i—i’,j—j’> Yisigey =0 (each i, 7). (56)
5,7 \t.5'

Since this must hold for all choices of ¥, we conclude that the term in parentheses must
vanish for all 7 and 7. Relabeling i and j as 7" and j”, respectively, leads to

Y coijrm—ingr— =0 (each i, j"), (57)
Z'I jl

which is the condition on the coeflicients ¢y ji.;» j» which ensures conservation of vorticity.

Similarly, to formulate a discrete analogue of (50) for conservation of enstrophy, we
multiply (52) by ¢, ; to obtain

Gigig (6 0) = D Gigiiri g Gig ikt g3 (58)

il,jl
From (58) we see that a;jitij+;7GijCivirj+ is the contribution to the rate of change of
enstrophy at the point (4,7) due to interaction with the point (i + ¢',j + j'); similarly,
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Qiit jjtsit 5 Givit j+5/Giyj 18 the contribution to the rate of change of enstrophy at the point
(i +4',7 +7') due to interaction with the point (7, 7). Since these two must cancel to avoid
false production of enstrophy, we see that conservation of enstrophy leads to the condition

it g+t = —Givigigig  (each i, j;4, j'). (59)

Substituting from (53) leads to

o .y oy
Z C’i’,j’;i”,j”wi—k’i”,j—i—j” = — Z C—i',—j';z’",j”¢i+i'+i”,j+j'+j” (ea,(j}] ’[,,], 3 ,] ), (60)
ill,jll ill,j”

which we can rewrite by setting i = ¢/ + 4" and j = 5’ + j” to obtain

D Cogrin Wi g = = D Coi gty Yivigrs  (each d, ;i ). (61)
i

o
ASY]

Relabeling 7 and j as i" and j”, respectively, we see that since (61) must hold for all choices
of v, we must have

_ Y R Y
Cir jrsin g = —Cir —jran—gr ju—jr (each 7', 554", j"), (62)

which is the condition on the coefficients c; j.;» j» which ensures conservation of enstrophy.
As a special case, we note that with ' = j' = 0, (62) reduces to

c0,0;i”,j” = 0 (eaCh 7:”, j"), (63)

which says that any discrete Jacobian which conserves enstrophy cannot involve the value of
(;,; when applied at the point (¢, j). It is interesting to note that by using (47) and (62), we
can derive (57); that is, for a consistent discretization, conservation of enstrophy suffices to
ensure conservation of vorticity. However, the converse is not true in general: a consistent
discretization may conserve vorticity without conserving enstrophy.

Similarly, to formulate a discrete analogue of (51) for conservation of kinetic energy, we
write (45) in the form

Jig(Co0) = D bigsivir jagnigir jrgo, (64)
i”,j”
where
Dijsiran jagn = D Cit jryin g Gikdt 57 (65)
il,jl

Proceeding exactly as before, we find that conservation of kinetic energy requires
—_ S I /]
bigiivinjagr = —biyinjjrig  (each 4,554, 5"), (66)
which in turn implies the condition
ci’,j’;i”,j” = —Cil_z'll,jl_jll;_z'll,_jll (eaCh il,j,; 1;”’ j”)’ (67)

which is the condition on the coefficients c; j.» j» which ensures conservation of kinetic
energy. As a special case, we note that with " = j = 0, (67) reduces to

Ci'§';,0,0 = 0 (eaCh Z.I,jl), (68)
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which says that any discrete Jacobian which conserves kinetic energy cannot involve the
value of 1; ; when applied at the point (g, j).

Alternatively, we can note that the continuous Jacobian satisfies the antisymmetry prop-
erty J(C,¢) = —J(¢, (), so we can require the discrete Jacobian to satisfy

Jii((,¥) = =Jij(¥,¢)  (each 4,}). (69)
Substituting from (45) then yields the condition
Ci’,j’;i”,j" = _Ci”,j”;i’,j’ (eaCh i’,j’; i”,j”), (70)

From this we see that for an antisymmetric discretization, the first two consistency conditions
are equivalent: using (70), (46) implies (47). Similarly, an antisymmetric discretization which
conserves enstrophy also conserves kinetic energy (and vice versa): using (70), (62) implies
(67).

The discrete Jacobian and some of the conditions derived above can be expressed con-
veniently in matrix form. To do so, we index the points at which the values of ¢ and/or
used in the discrete Jacobian are evaluated as

Here we assume the points are distinct, i.e., (ix, jx) = (4,7;) only if £ = [, and in view of
(63) and (68) we can assume (i, jx) 7 (0,0) for all k. Then defining

G = [Giria,tins Gitingbins - » Citimagtin] (72)
and
]T

Vij = [Yiri,jrir> Viingagar - - » Vikimgtinl (73)

we can write (45) in the form
1 o -
Jii((¥) = 2% AYi (74)
where A is the n x n matrix with entries

Ak,l = hQCik,jk;il,jl) k?l = 17 2’ cae, . (75)

The consistency conditions (46) and (47) then correspond to the column and row sum con-
ditions

> Ay=0 (=12, ...,n) (76)
k=1

and .
> A =0 (k=1,2,...,n), (77)
=1

respectively, and the antisymmetry condition (70) takes the matrix form

AT = —A. (78)
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Table 5: Indexing of nearest-neighbor points for compact Jacobians

k(1| 2|3|4|5|6| 7|8
w|1]-1(0 01 (-1] 1]|-1

eltol o1 |-1|1]-1]-1]1

The remaining conditions (48), (57), (62), and (67) all imply conditions on the matrix entries,
but the specific form of these conditions depends on the ordering of the points (71).

We turn now to compact discretizations, i.e., those involving only nearest-neighbor points.
For concreteness, we index those points using the ordering given in Table 5, with which (72)
and (73) become

¢ = [Gis1,4» Gt Girgorts Gimts Girtg41s Gimtgmts Girt g1, Gimr gl (79)
and .
¥ = Wis1,5, Yio1> Vi1, Yig—1, Yigrg1 Yicti1, Yin1j1, Yic1 i) - (80)
The condition (62) for conservation of enstrophy then implies that A must have the structure
[0 0 a b c 0 d 0]
0 0 —¢c =d 0 =b 0 —a
e f 0 0g 0 0 h
| -g =h 0 00 —f —e O
A= t 0 g5 00 0o 0 O (81)
0 —j 0 —2 0 0o 0 O
k 0 0 [0 0o 0 O
0 -l -k 00 0 0 O]

Applying the antisymmetry condition (78)—which together with conservation of enstrophy
ensures conservation of kinetic energy as discussed above—forces a = —e = -, b = g = —7,
c=f=—i,and d = —h = —k, so (81) reduces to

0 0 a b ¢ 0d 0
00 —¢c —d 0 =b 0 —a
—a ¢ 0 0 00 —d
-b d 0 0 0 —ca 0
A= —c 0 -b 00 0O O (82)
0O0b 0 ¢O0 00 O
—-d 0 0 —a 0 00 O
| 0 a d 00 00 0]

The consistency condition (76) [or (77)] then implies that ¢ = —b and d = —a. Finally, the
consistency condition (48) then implies that 6h?(a — b) = 1, reducing the number of degrees
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of freedom to one. If we define a = 6h?(a + b), we can write the matrix for the resulting
discrete Jacobian as

A=A +aA, (83)
where i i
0 0 1 -1 1 0 =1 0
0 0 -1 1 0 1 0 -1
-1 1 0 0 -1 0 0 1
1 1 -1 0 0 0 -1 1 0
Al_ﬁ -1 0 1 0 0 0 0 0 (84)
0 -1 0 1 0 0 0 0
1 0 0 -1 0 0 0 O
0 1 -1 0 0 0 0 0]

corresponds to the Arakawa Jacobian (18) and

o oo =HOO

OO OO RO

OO OO = OO

SO O OO~ —=O

(85)

SR OO Oo —~H

HO MR OR P OO
|
HO O R OO - =

—
[N}
oOR O R R EFROO

Thus, the conservative compact Jacobians form a one-parameter family, with the second-
order Arakawa Jacobian corresponding to the choice o = 0.

To derive the truncation error for the discrete Jacobian specified by (74) and (83), we
expand ¢ and v in Taylor series around the point (z;,y;). After some algebra we obtain

Ji,j(Ca ¢) = J(ga ,(/))
h? l@(j 0%y 0C Y . oY 3¢ Yo

Oxr oy> Oy ox® Oy ox® Ox 0y

6

0z 0220y Oy Ox0y? 0r2  9y? ) 8zdy

¢ b AC B ¢ ¢\ 9%
a )+ (5 5)

(86)

_<a¢ B¢ B¢ )_ (aw aw) 82¢

Ox 0220y Oy 0z0y? 0z 0y? ) 0zdy

ah? [02C 0% 82C 8%
o _

0y? 012 Ox2 Oy?

3 3 3 3

(L 9V X 0 00 0C 0V 0C )|
Oy 0x20y  Ox 0x0y?>  Ox 0xdy?>  OJy 0x%0y
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Since the O(h?) terms in (86) do not vanish for any choice of «, all compact conservative
Jacobians are second-order accurate: there is no compact conservative Jacobian of the form
(45) with fourth-order accuracy.

To find the optimum choice of the parameter «, consider the case where the streamfunc-
tion consists of a single wave

Y =—-UY + Asin(kX), (87)

where X = zcos(f) + ysin(f) and Y = —zsin(f) + y cos(f) are coordinates rotated by the
angle # as considered by Arakawa[l]. The corresponding vorticity is

¢ = —k*Asin(kX). (88)
Making these substitutions in (86) leads to the truncation error

A K
0X 6

[((:os2 6 + sin’ 0)2 — acosfsin@| + O(hY). (89)

As Arakawa pointed out, since the first term in the brackets is independent of 6, the corre-
sponding discrete Jacobian—to leading order—is isotropic. However, the second term does
not share this property (and it actually increases the truncation error for some values of ).
For example, the special cases « = 1 and a = —1 lead to particularly simple compact conser-
vative Jacobians, but each exhibits a directional bias: the former omits values at the points
(i+1,j+1)and (: — 1,7 — 1), and the latter omits values at the points ( + 1,7 — 1) and
(¢ —1,7 4+ 1). Thus, the optimum choice of « (in the sense of generating a truncation error
which is minimum and isotropic) is a = 0, giving the Arakawa Jacobian.
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