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ABSTRACT

This study considers how spectral methods can be applied to limited-area models using Chebyshev polynomials
as basis functions. We review the convergence of Sturm-Liouville series to motivate the use of the Chebyshev
polynomials, and describe the tau and collocation projections which allow the use of general (nonperiodic)
boundary conditions. These methods are illustrated for a simple model problem, the linear advection equation
in one dimension, and numerical results confirm their high accuracy.

Time differencing and efficiency are considered in detail using both asymptotic analysis and numerical results
from the model problem. The stability condition for Chebyshev methods with explicit time differencing, often
thought to be severe, is shown to be less severe than that for finite difference methods when high accuracy is
desired. Fourth-order Runge-Kutta time differencing is the most efficient of the many schemes considered.
When the accuracy desired is high enough, Chebyshev spectral methods are more efficient than finite difference
methods; numerical results suggest that this may be true in practice even for very modest accuracies.

1. Introduction

Numerical models of the atmosphere begin with a
set of governing equations in continuous form which
must be discretized in order to solve them on a digital
computer. One way to do this is finite difference meth-
ods, which represent the dependent variables by their
values at discrete gridpoints and approximate the de-
rivatives by finite differences. Alternatively, one can
approximate the dependent variables by truncated se-
ries expansions in terms of known basis functions. If
the basis functions are Jocal, i.e., individually nonzero
over only a small part of the computational domain,
the method is called a finite element method; if the
basis functions are global, i.e., individually nonzero
over essentially the whole computational domain, it is
called a spectral method.

The primary appeal of spectral methods is their high
accuracy. Finite difference and finite element discre-
tizations give algebraic convergence, i.e., the discreti-
zation error is O(N ?) where N is the number of degrees
of freedom (gridpoints or basis functions) and p is a

" small positive integer giving the order of the method
(usually 2 or 4). In contrast, a properly formulated
spectral method gives exponential convergence, i.e., the
discretization error is O(e~*") for some positive number
a. Thus spectral methods can give very accurate so-
lutions with relatively few degrees of freedom, so they

require relatively little storage and are potentially very
efficient.
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Spectral methods have been used quite successfully
in global atmospheric models (e.g., Bourke et al., 1977,
Machenhauer, 1979) for studying or predicting the
global-scale circulation. With present computer capa-
bilities, however, global models cannot achieve suffi-
cient resolution for the detailed study or prediction of
smaller-scale phenomena such as fronts and tropical
cyclones. One way to achieve the needed resolution is
to restrict the computational domain to less than the
entire globe, resulting in a limited-area model. In such
a model one must apply lateral boundary conditions
at computational boundaries, i.e., boundaries of the
computational domain which have no physical coun-
terparts. Formulating these boundary conditions so that
they do not distort the solution in the interior of the
domain is a difficult task. Unless the behavior of the
solution is artificially restricted by applying periodicity
or wall conditions, the choice of appropriate basis
functions for a spectral method is not readily apparent.

Perhaps for this reason, spectral methods have sel-
dom been used for limited-area atmospheric modeling.
DeMaria and Schubert (1984) used a Fourier spectral
technique in a primitive equation hurricane model with
the simplifying but unrealistic assumption of period-
icity in both horizontal directions. Spectral methods
based on normal mode expansions also have been used
in hurricane modeling (Schubert and DeMaria, 1985);
this technique is promising, but requires boundary
conditions which reflect propagating gravity waves.
However, more general spectral techniques based on
Chebyshev polynomial expansions have been devel-
oped (e.g., Orszag, 1971a, b; Orszag and Israeli, 1974;
Gottlieb and Orszag, 1977). These techniques are ca-
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pable of handling quite general boundary conditions,
and have been used in a limited-area ocean model
based on the barotropic vorticity equation by Haidvogel
et al. (1980). The purpose of the present study is to
investigate the usefulness of Chebyshev spectral tech-
niques for limited-area atmospheric modeling.

Part I consists of an overview of the basic concepts
of spectral models as appropriate for limited-area
problems. Section 2 reviews appropriate choices of basis
functions and projections, and section 3 demonstrates
the Chebyshev spectral methods by applying them to
a simple model problem. Questions of time differencing
and the resulting overall efficiency are discussed in sec-
tion 4, and our conclusions are summarized in section
5. In Part II (Fulton and Schubert, 1987) we show how
Chebyshev spectral methods can be applied to more
complicated problems, using the nonlinear shallow
water equations with open boundary conditions as a
simple prototype of a general limited-area model based
on primitive equations.

2. Spectral discretizations for limited domains

The problems considered in this study consist of
partial differential equations of the general form

%t—) +Lu(x, D=f(u, x, 1),

2.1)
where x and ¢ represent space and time coordinates, u
is the unknown, L is a linear operator involving space
derivatives, and f represents nonlinear terms and/or
specified forcing. We want to solve (2.1) on a limited
domain in x subject to appropriate boundary and initial
conditions. Only one-dimensional problems will be
considered in Part I; however, problems in more than
one spatial dimension and systems of equations also
fit the same conceptual form with x and u, respectively,
interpreted as vectors. Spectral discretizations for (2.1)
are based on approximating the unknown % by a trun-
cated series expansion of the form

N
un(x, )= 25 t()pu(x),

n=0

2.2)

where ¢g(x), . . . , pn(x) are fixed basis functions which
are global, i.e., individually nonzero over essentially
the whole model domain. The spectral coefficients %y(?),
..., Uy(f) in the expansion (2.2) are determined by
requiring that the governing equation (2.1) be approx-
imately satisfied with u replaced by uy; in mathematical
terms this amounts to a projection of the true solution
u into the space spanned by the basis. We will consis-
tently use the hat notation to denote spectral coefhi-
cients as in (2.2). In the following sections we examine
the choices of basis functions and projections for prob-
lems of the form (2.1).
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a. Basis functions

The notion of orthogonality is central to most prac-
tical spectral methods. Consequently, basis functions
are often chosen as solutions of an appropriate Sturm-
Liouville problem. Here we review the convergence of
expansions based on such functions in order to choose
basis functions suitable for use in general limited-area
models.

The general Sturm-Liouville equation is

Lg ¢(x) = —(p(x)' (X)) + g(x)p(x) = Aw(x)¢(x), (2.3)

where primes denote differentiation with respect to x.
We seek solutions of this equation on a finite interval
[a, b] which corresponds to the limited domain on
which a problem of the form (2.1) is to be solved. With
suitable boundary conditions and restrictions on the
functions p, g, and w, (2.3) has a countably infinite set
of solutions {¢,(x)}=, corresponding to discrete ei-
genvalues {\,}52o, with A\, < A,y and X\, = oo as n
— 0. The eigenfunctions are orthogonal in the inner
product
b

(o= [ reogeomear . @4
and for purposes of analysis it is convenient to assume
they are normalized so that (¢,,., u)w = Omn (Opn = 1
if m = n and 0 otherwise). Furthermore, they form a
complete set in the sense that any suitably smooth
function u#(x) may be expanded as

u(x) = 2 Upn(x)

n=0

(2.5)

where

U= (U4 Pn)w- (2.6)

This completeness property says that the true solution
u of (2.1) may be expressed exactly as an infinite series
of such eigenfunctions. However, their usefulness as
basis functions for a spectral method depends on how
fast the series converges, i.e., how many terms must be
retained in a truncated series in order to adequately
approximate u.

~To address this question let uy(x) denote the series
(2.5) truncated after n = N. Following Gottlieb and
Orszag (1977), we use the Parseval relation to write the
error # — Uy in the norm | f||,, = (f; /)" generated
by the inner product (2.4) as

"u_uN”w = ” E ﬁn¢n||w2= z ﬁnz- (27)

n=N+1 n=N+1

Thus the rate at which the error ||u — uy ||, decreases
with increasing N is governed by the rate at which the
coeflicients i, decrease with increasing n. In particular,
ifd, = O(n™") as n = oo for some r > 1 then it is easily
shown from (2.7) that |u — uyll, = ON'?>") as N
— o0. To estimate #, we substitute for ¢, in (2.6) from
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(2.3) and integrate by parts twice (assuming u is suffi-
ciently smooth so that this is valid) to obtain

e =N~ '(t, W' L) = Ny '[(V, b+ B(st, b))
(2.8)

Here v = wlLg u and
B(u, ¢n) = { DU (X)p(x) — X)W }325.  (2.9)

The term (v, ¢,), in (2.8) is bounded independent of
n, since by the Cauchy-Schwartz inequality {(v, ¢,),|
< [lvllul¢xllwand [|¢,ll, = 1. The size of the boundary
term B(u, ¢,) depends in general on the behavior of
both the function u and the eigenfunctions ¢, at the
boundaries.

If p(a) # 0 and p(b) # 0 in (2.3) and appropriate
linear homogeneous boundary conditions are applied,
the Sturm-Liouville problem is regular at both end-
points. Examples of appropriate boundary conditions
include periodicity and the conditions

#(a) cosa — ¢'(a) sina =0 }
¢(b) cosB+ ¢'(b) sinB=0 ) °

where a and § are specified constants. In this case the
eigenvalues and eigenvectors have the asymptotic be-
havior A, = O(n?), ¢.(x) = O(1), ¢\(x) = O(n) as n
— oo (Courant and Hilbert, 1953, pp. 336-339). If u
does not satisfy the boundary conditions applied to the
Sturm-Liouville problem, then B(u, ¢,) = O(n) and
hence 4, = O(n™") [if w(a) = w(b) = O then B(u, ¢,)
= O(1) so i, = O(n~?)]. This slow (algebraic) conver-
gence is a reflection of the Gibbs phenomenon asso-
ciated with u not satisfying the boundary conditions
satisfied by the expansion functions ¢,; this phenom-
enon is discussed in detail in Gottlieb and Orszag
(1977). If u does satisfy the boundary conditions, B(x,
. $») vanishes and the integration by parts argument may
be repeated (again assuming u is sufficiently smooth)
to obtain

(2.10)

Un= N ?[(2, $n)w+ B(, $1)], 2.11)

where z = w™'Lg; v. Again (z, ¢,),, = O(1) and B(v, ¢,,)
= O(n), so i, = O(n">) and the convergence is faster.
However, in general the argument may not be repeated
again since B(v, ¢,) # 0. Therefore, the rate of conver-
gence of expansions based on eigenfunctions of a regular
Sturm-~Liouville problem depends both on the smooth-
ness of the function being expanded and on its behavior
at the boundaries. This is a generalization of the state-
ment that ordinary Fourier series converge rapidly only
if the function being expanded is both smooth and pe-
riodic.

If p(a) = p(b) = 0 in (2.3) the Sturm-Liouville prob-
lem is singular at both endpoints. In this case B(u, ¢,)
= 0 for any bounded function w, so the integration by
parts may be repeated as long as the function being
integrated is smooth enough,; if u is infinitely differ-
entiable then #, = O(n™") for all r > 0 so the conver-
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gence is exponential. (Exponential convergence may
also be obtained in the regular case with periodic
boundary conditions, but only if u is also. periodic.)
Therefore, the rate of convergence of expansions based
on eigenfunctions of a singular Sturm-Liouville prob-
lem depends only on the smoothness of the function
being expanded and not on its behavior at the bound-
aries. Such expansions are therefore appropriate for
limited-area spectral models in which the behavior of
the solution at the boundary is not artificially restricted
by applying periodicity or wall conditions.

The actual choice of basis functions is guided by
some practical considerations in addition to those de-
scribed above. Polynomials are particularly convenient
as basis functions, especially since their derivatives are
again polynomials and thus are exactly expressible in
terms of the basis. Two sets of common orthogonal
polynomials satisfy Sturm-Liouville problems which
are singular at finite endpoints as discussed above: the
Legendre polynomials P,(x), for which [a, b] = [~1,
+1], p(x) = 1 — x2, g(x) = 0 and w(x) = 1, and the
Chebyshev polynomials T(x), for which [a, b] = [~-1,
+1], px) = (1 ~ x%)'2, g(x) = 0 and w(x) = (1 — x2)~ 2,
Although Legendre series may give better approxi-
mations than Chebyshev series at the endpoints (Lan-
czos, 1973), the latter are usually preferred in limited-
area models for the following three reasons. First, Che-
byshev series give somewhat better (global) approxi-
mations than do Legendre series for the same number
of terms. In fact, the Chebyshev approximation of de-
gree N of a function is very nearly equal to the best
approximation which can be obtained by any poly-
nomial of degree N, in the sense of minimizing the
maximum pointwise error (Rivlin, 1969). Second,
Chebyshev series converge faster than Legendre series
when the function being expanded is not smooth (Got-
tlieb and Orszag, 1977, §3). Third, and perhaps most
important, Chebyshev series can be evaluated very ef-
ficiently using the Fast Fourier Transform (FFT) al-
gorithm. We will discuss the properties of Chebyshev
polynomials in section 3a below.

b. Projections

Having discussed the 'basis functions in terms of
which the dependent variables in a spectral model are
to be expanded, we turn now to the approximation
methods which relate those expansions to the problem
to be solved. Such methods are known as projections,
since they project the true solution into the space
spanned by the basis functions. Replacing the true so-
lution u(x, ¢) in (2.1) with the spectral approximation
un(x, t) as given by (2.2) results in the residual

dun(x,t)
At

which in general is nonzero. The three projections dis-
cussed below seek to make the residual approximately
zero; they differ in the sense of approximation used.

rv(x, )= f(x,0)— — Lupy(x,t), (2.12)
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The Galerkin projection is the classical approxi-
mation used in spectral models in spherical geometry
(Machenhauer, 1979). It defines uy by requiring the
residual to be orthogonal to each of the basis functions
&0, - . ., ¢x in some inner product ( , ), so the re-
sidual is approximately zero in the sense that it has no
projection onto the basis functions used in the model.
Thus the Galerkin equations are

du
(a—;V+LuN,¢,,)=<ﬂ¢n) (=0, -, N). @.13)
The dependent variables are the spectral coefficients
1,; they are initialized by projecting the initial condi-
tion u(x, 0) = U(x) via (uy, ¢,) = (U, ¢,). If the basis
functions are orthonormal in the chosen inner product
then (2.13) simplifies to

di, ¥

24 D (Lo b= (56 (120, N).
m=0

(2.14)

Solution of these equations is facilitated by choosing
the basis functions ¢, and inner product ( , ) so
that the summation in (2.14) involves relatively few
terms. In particular, if the ¢, are the normal modes of
the system (i.e., the eigenfunctions of L) then (2.14)
reduces to

dii,
dt

Mty =(f;62) (n=0,-+-,N) (2.15)

where L¢, = \,¢,. In this manner the equations are
decoupled, except for possible coupling through non-
linear terms represented by f.

In the Galerkin projection the boundary conditions
of the problem are treated implicitly by building them
into the basis functions. That is, the basis functions
must be chosen so that they individually satisfy the
boundary conditions; these conditions must be linear
and homogeneous so they will be satisfied by the linear
combination uy. Since suitable basis functions which
individually satisfy open boundary conditions usually
cannot be found, the Galerkin approximation is not
well suited to many limited-area problems. However,
a simple modification removes this difficulty, leading
to the zau projection of Lanczos (1938, 1956). In the
tau approximation the basis functions need not indi-
vidually satisfy the boundary conditions of the prob-
lem; rather, these conditions are applied explicitly to
the truncated series u, as a whole. With M as the num-
ber of independent boundary conditions to be applied,
these equations simply replace the last M of equations
(2.13). Other than this treatment of the boundary con-
ditions, the Galerkin and tau projections are identical.

In contrast, the collocation projection defines uy by
requiring the residual to vanish at selected points
known as collocation points. Usually it is most con-
venient to choose basis functions which do not satisfy
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the boundary conditions of the problem, and then ap-
ply these conditions explicitly as in the tau method.
Denoting a collocation point by X;, the collocation
equations consist of N + 1 — M equations
a—uﬂ+LuN=f at x=x;,
ot _
together with the M boundary conditions applied to
uy. In this method the dependent variables are the val-
ues () = un(X;, 1) at the collocation points and the
boundary values of uy, rather than the spectral coef-
ficients #,,; they are initialized directly from the initial
condition on u. We will consistently denote values at
collocation points using overbars. Note that the col-
location projection uses the series expansion (2.2) only
in evaluating uy. Spectral methods using the colloca-
tion projection are often called pseudospectral (Merilees
and Orszag, 1979); this terminology emphasizes the
connections with classical spectral (Galerkin and tau)
methods—global basis functions and exponential con-
vergence—and deemphasizes the connections with fi-
nite element collocation methods. The collocation
projection is usually very easy to implement, even when
the problem to be solved is highly nonlinear.

(2.16)

3. Model problem: the linear advection equation

To illustrate the concepts and methods discussed
above we apply them to the one-dimensional linear
advection equation

ou du

_+.a;=f(x’[) (—-l<x<1l) (3.1a)

ot
with the boundary and initial conditions
u(—1,1)=g), (3.1b)
u(x,0)= U(x). (3.1¢)

Here f represents specified forcing and g and U are
specified boundary and initial values. This problem is
the simplest prototype of a limited-area model involv-
ing wave or advective processes. When f = 0 it has the
analytical solution

U(x—1),
glt—x—1),

representing propagation or advection in the +x di-
rection with unit speed.

x—t=z—1
R (3.2)
x—t<-—1

ux,t)= {

a. Chebyshev polynomials

From the discussion in section 2a, the Chebyshev
polynomials 7,(x) are appropriate basis functions for
this problem. They are defined with the substitution x
= cosf by

T,(cos®)=cos(nd) (n=0,1,- ). (3.3)



1944

-0.5 4 4

P R SR o

-0.5 0.0 0.5 1.0
X

-1.0 .
-1.0

FIG. 1. The first five Chebyshev polynomials T;(x).

As shown in Fig. 1, each T, has zeros at

.+1
Xj(")= osl:.(_Jn—i)W] (j=0,-+.n— ) (3.4)
and extrema at
)—C;;("): COS(’J;:E) (j:(), .. .,n) (35)

with T,(x;") = (—1). The Chebyshev polynomials
have the orthogonality property

2, n=0

3.6
I, n>0, (36)

(Ts Ty =5 Cobms cn=[
2
where { , ) denotes the Chebyshev inner product
' f()gx)
oy [ Lo,
Po=) Joa

In view of (3.6), if a function Y¥(x) can be expanded in
a Chebyshev series

3.7

W)= 2 P Tnlx) (3.8)
n=0
then its spectral coefficients ¢, satisfy
. 5 |
=< T = Y .
—y WT,y (n=0,1,--+) (3.9

Equations (3.8) and (3.9) constitute the continuous
Chebyshev transform pair [cf. (2.5) and (2.6)]. For the
problem (3.1) we seek an approximate solution in the
form of the truncated Chebyshev series

N
un(x, )= 2 U ()T (x). (3.10)

n=0
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b. The Chebyshev-tau method

The tau approximation to (3.1) in the inner product
(3.7) is defined by

<a(;‘t”+%“’v > LTy (n=0, -+, N—1;¢>0)
u(—1,0)=g() >0)
(s T,Y=(U, T,y (n=0, - + -, N;t=0).
(3.11)

The effects of this approximation are easily seen by
expanding the residual ry in a Chebyshev series and
using (3.11) to obtain

= o= = () Tn(x) + Z JADT ),

n=N+1

(3.12)

where the coefficient 7(¢) is uniquely determined by the
boundary condition. If £, is small for » > N (i.e., N is
large enough to resolve /) then the residual ry is dom-
inated by the term 7(£)Tv(x); since Tn(x) oscillates with
equal amplitude on the interval [—1, 1], the residual
is distributed with equal magnitude across the domain.
The use of the coefficient 7 by Lanczos is the source
of the name “tau method.”

Substituting from (3.10) for uy and using (3.6) and
the property T,(—1) = (—1)", the tau equations (3.11)
reduce to

di, . . '
;‘t+u9>=ﬁ, (n=0, -+, N—1;t>0), (3.13a)
N
S(=Wi,=g (@>0), (3.13b)
n=0
4,=U, (n=0,:+«+,N;t=0), (3.13¢)
where
auN 2 N
‘51 N ) Tn =— Am .14
m-+n odd

denotes the spectral coefficients of the x-derivative of
Uy. To solve this system for the spectral coefficients
W, . . . , Uy using explicit time dlfferencmg, one uses
(3.l3a) to predict new values of d, ..., ly-; from
those at the previous time level, and then uses (3.13b)
to diagnose iy. Since the derivative relation (3.14) can
be evaluated recursively from

Cpi 0D, — a1, =2nd, (n>0) (3.15)
starting with 7%}, = dyV =0, this (linear) tau model
requires only O(V) operations per time step, in spite

of the global nature of the spectral approximation.
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¢. The Chebyshev-collocation method

For the collocation approximation to (3.1) we choose
as collocation points the points X; = XV = cos(jx/N)
forj=0, - - -, Nat which Tx(x) has extrema [cf. (3.5)];
this choice allows the necessary transforms to be com-
puted easily, as subsequently discussed. Since xy = —1
is the boundary point, the collocation equations are

-‘Zd%+ﬁjm=f_j (j=0,.--,N—1;t>0), (3.16a)
uy=g (@(>0), (3.16b)
4=U; (j=0,-:-,N;t=0), (3.16¢)

where i{"(r) denotes the value of the x-derivative of
uy at the collocation point X;. To solve this system for
the values 1, . . . , 4y using explicit time dlfferencmg,
one uses (3. 16a) to predlct new values i, ..., Uy
from those at the previous time level and then uses
(3.16b) to diagnose ity.

In computing the derivative values zZ,-(” one makes
use of the spectral representation (3.10) as follows. First,
the spectral coefficients ¢y, . . . , iy are computed from

the values u, . . . , iy via the discrete Chebyshev trans-
form
1
= N_ > Lar®, (3.17)
Cn j=0 G
where ¢; = 2 for j = 0 and j = N and 1 otherwise (note

that these coefficients will be different than those in

the tau approximation). Next, the recurrence relation

(3. 15) is used to compute the spectral coefficients i,(",

., iV of the derivative. Finally, these coefficients

are . used to compute the derivative values %", . . .
un'? via the inverse discrete Chebyshev transform

b

%= 2 iy VT (X))
n=0

(3.18)

The transforms (3.17) and (3.18) are discrete analogues
of the continuous transforms (3.9) and (3.8), respec-
tively. Referring to the values #; and coefficients #, as
“physical space” and “spectral space” representations
of uy, respectively, this calculation can be described as
transforming uy from physical to spectral space, com-
puting the derivative there, and transforming the result
back to physical space. Using the relation (3.3) the dis-
crete Chebyshev transforms can be written as discrete
cosine transforms, which in turn can be evaluated using
the FFT algorithm, so this whole procedure requires
only O(N logN) operations.

In results presented below we will identify the Che-
byshev-tau and Chebyshev—collocations methods de-
scribed above by the identifiers TAU and COL, re-
spectively. For this simple linear problem these meth-
ods differ only in the treatment of the boundary
condition (Gottlieb and Orszag, 1977, §2), as can be
seen by transforming (3.16a) using (3.17) and com-
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paring with (3.13a). The more significant differences
between these methods for nonlinear problems will be
discussed in part II.

d. Numerical results

To illustrate the accuracy of the methods described
above we compare them with simple finite difference
methods. Specifically, we consider the first-order up-
stream difference (FD1) scheme

dﬁ:] ﬁ - IZ-_I ~
A J I f 3.19
dt Ax A (3-19)
the second-order centered difference (FD2) scheme
di | By~ _ »
— =f; .20
dt 2Ax A (3:20)

and the fourth-order centered difference (FD4) scheme

i@ "ﬁj+2 + 8aj+1 - 811]‘—1 + ﬁj——z
dt 12Ax

Here (), denotes values at the gridpoints £; = —1
+jAx, (j=0 «, N), with Ax = 2/N. Note that the
centered schemes require computational boundary
conditions, which we obtain here by replacing the cen-
tered differences in (3.20) and (3.21) by uncentered
differences of the same order. In this section we are
concerned with space discretization errors only, and
hence solve the discretized equations with time steps
small enough so that the time discretization errors are
negligible in comparison.

The first test case considered here has the analytical

=f. (3.21)

solution X
—xo—1
u(x,2)= A exp[ —(X—Z"—) ] (3.22)
where 4 = h™Y)(x/2)""* so that the continuous L,

norm is 1. For all results we use the values x, = —0.5
and # = 0.2, and set f = 0 and evaluate the initial and
boundary values U and g directly from (3.22). Figure
2 shows the approximate solutions at ¢ = 1.0 obtained
by the Chebyshev-collocation method (COL) and the
three finite difference methods using N = 16 and N
= 24, along with the corresponding analytical solution.
Chebyshev-tau results are not shown, since they are
practically identical to the collocation results for this
problem. The spectral method clearly gives a much
better approximation than do the difference methods.
In particular, the spectral solution does not exhibit the
computational dispersion which broadens all of the dif-
ference solutions and introduces spurious oscillations
in the centered difference methods. Figure 3 shows the
corresponding error # — uy at t = 1.0 as a function of
N, using the discrete norm

2
fu—unla= 5

N

l 1/2
Zg[u(%,t)—uzv(ij,t)lzl . (3.23)

j=0Y






