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Why are Discrete Maps Sufficient? 
 
Why do dynamical systems specialists study maps of the form )(1 nn xfx =+ , (time is 
discrete) when much of the world around us evolves continuously, and is thus well 

modeled by a differential equation, of the form ),( txf
dt
dx

= ?  (Time is continuous.)  The 

answer to this question is due to a far reaching simplification that Henri Poincare' 
developed into a technique which is now known as the Poincare' map corresponding to a 
flow. 
 
This project will walk you through two different kinds of Poincare' sectioning techniques: 
I)  Stroposcopic section. 
II) Successive Maxima technique. 
The purpose of this project is to deepen you understanding of the link between the 
discrete dynamical systems we can study in detail, and their continuous cousins.  As with 
all math problems, any technique which allows you to change the form of a problem, 
hopefully from a hard problem to an easier problem, is a good idea.  Poincare' maps are 
just such a tool, as you saw in the previous chapters that a great deal of closed form 
analysis can be performed for certain maps. 
 
I) Stroboscopic map: 
 
1. Example via the "Duffing Oscillator."   First we will derive the Duffing oscillator.   
 
a. Another form of Newton's famous law F=ma, "force is proportional to acceleration" 

can be interpreted as "force is the negative gradient of the potential field."  So for one 
dimensional motion, (x(t) is 1-d) of a body moving in a potential field given by a 
function P(x) (position dependent only)  F=ma takes the form : 

 

=
2

2

dt

xd
-
x

P

!
!

.        (*)  

 
For the special case of a pendulum, P(x)=1-cos(x).  (The pendulum is hanging from 
the ceiling, and x measures angle of displacement from vertical at time t.  Take 
nondimensional units, m=1, g=1, and therefore mgh=1-cos(x), where h is height.) 
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i. Derive the pendulum equation =
2

2

dt
xd

-sin(x) via Eq. (*), and oh, by the way, 

derive the famous "harmonic oscillator" you spent so much time studying in 
SM212 or SM222.  (Recall that xx !)sin(  for small x), and therefore interpret 
what kind of pendulums move according to the harmonic oscillator. 

ii. Plot the potential function of the pendulum.  (Plot P(x) ). 
iii.  Now there are other kinds of potential functions which a particle might move 

in.  Suppose 2/4/)( 24
xxxP != .   Plot this P(x) ).  Interpret physically what 

kind of particle might move in such a potential field. 
iv. Derive the differential equation for a particle in this potential field via Eq. (*). 
v. Show that for such a simple gradient system that the energy function 

)(
2
1

),( 2 xPxxxE += &&  (t is implicit in x(t))  is conserved along orbits.  (Hint: 

Show that dE/dt is zero along orbits via the chain rule.) 

vi. Plot contours of the )(
2

1
),( 2

xPxxxE += &&  for the above potential function, 

and interpret these contours as containing solutions of the differential 
equation.  Where are the fixed points, and what kind of other solutions do you 
see?  (Hint:  In Maple, you could plot the pendulum energy function by the 
three commands: 

>with(plots): 
> E(x,y):=y^2/2+(1-cos(x)); 
> contourplot(E(x,y),x=-2*Pi..2*Pi,y=-2*Pi..2*Pi,contours=40); 
 

       to be modified for the potential function in question.) 
vii. Now for the Duffing oscillator.  Add a damping term xa& and a periodic 

forcing term )sin(tb  to finally make the equation 
 

)sin(3 tbxxxax =+!+ &&&       (**)  
 

       and interpret the new added terms physically. 
viii.  Finally write this nonautonomous 2nd order differential equation as three first 
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order coupled differential equations.  (Hint, let 1,, === txyxx &&  ) Is it linear 
or nonlinear?  Is it autonomous or non-autonomous?  Does it satisfy the 
existence and uniqueness theorem? 

 
2. The stroboscopic map. 
 
i. Notice that sin(t) is !2 -periodic.  Therefore, argue that the solution of Eq. (**) 

will be the same for every initial condition ),( 00 yx , whether they are started at 

time 
0

t , or any other time of the form, !2
0

kt + , BUT NOT necessarily the same 
for other times. 

ii. Now this means that we can make a time-2Pi map which advances any initial 
condition ))()((

nn
tytx  by time 2Pi, to ))()(( 11 ++ nn tytx  as long as !21 +=+ nn tt .  

The differential equation is therefore a "stroboscopic" map (a function)  
22: RRD ! , which exists, virtually, even if you can't write down the function as 

a closed form expression.  Argue why this paragraph (ii) is not true if we do not 
advance initial conditions always by exactly 2Pi. 

 
The reason for the colloquial term "stroboscopic map" should now be obvious.  It is 
rather like viewing a process which evolves continuously by blinking your eyes open (for 
just an instant) every 2Pi seconds. It would seem like the object were jumping forward 
discretely.  One gets the same sensation with a disco strobe light. 
 
(Hint: You may find pages 300-304 useful in working the above two problems.) 
 
3. Getting at the stoboscopic map numerically on the computer.  You will now 

be asked to integrate the above equations in MatLab.  (See your Student Edition 
5.3 MatLab manual pages 179-182). 

 
For the following Problem, Choose a=0.02, and b=3 in Eq. (**). 
 
 
i. Build an integrator, based on MatLabÕs built in integration routine ODE45 which 

evolves an initial condition )1,1(),())0(),0(( 00 == yxyx , where 00 =t .  Report a 
good numerical estimate of x(10) and y(10). 

ii. Plot a time-series of the solution t versus x(t) and also a time-series of the solution 
t versus y(t) , and describe the picture.  Integrate long enough to see many 
oscillations.  Title the graph, and label the axis.  Your picture should look like: 
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iii.  Plot a phase portrait, i.e., plot the parametric curves of x(t) versus y(t), for the 

same values used in ii) above..  Compare this picture to the contour plot picture 
you created in 1vi) in Maple.  Your picture should look like: 
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iv. Choose a VERY close initial condition to the one used above, 

)1,1(),())0(),0(( 00 == yxyx ,  and then plot both orbits on the same time-series 
and interpret what you see.  Also plot both orbits on the same Phase portrait, 
using different colors. 

v. Now build a MatLab function subroutine that simply takes as an input an array of 
two values ))0(),0(( yx , assumes them to be initial conditions at time t=0, and 
then returns upon exit the corresponding array of two values ))2(),2(( !! yx .  Call 
this function DuffMap. 

vi. Using DuffMap, and given )1,1(),( 00 =yx , report numerical values of ),( 11 yx  and 

),( 22 yx .  These are the solutions of the ode at successive 2Pi time Òsnapshots.Ó 
vii. Choosing initial conditions )1,1(),( 00 =yx , plot the next N iterates on an x versus 

y axis.  I used N=50,000 and got the picture,  
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4. You can now experiment with your map DuffMap, even though you do not 

have it analytically but only numerically. 
 
i. Choose a grid of initial conditions spread around a small circle of radius 0.01, and 

centered at )1,1(),( 00 =yx .  Plot the grid (the circle) and then plot the iterate of the 
WHOLE circle.  What shape do you get?  Iterate this shape again, and again 
several times, and plot each time.  In what way is the circle deforming upon 
iteration? 

ii. Compare the major ellipse of the resulting ellipses to what you have learned about 
stable and unstable manifolds in Chapter 2. 

iii.  Use a large number of grid points, and then plot the 5th iterate of the circle.  
Describe what happens, and compare the implications to what you know about 
sensitive dependence to initial conditions.  (Where might anyone of the initial 
nearby initial conditions end up relative to the orbit of (1,1)?) 

 
5. EXTRA CREDIT (5pts) : Draw a numerically calculated bifurcation diagram for 

a range of 0<b<3 values versus x in analogy to the similar diagram you calculated 
for the logistic map. 
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II)  Successive Maxima technique 
 
Example via LorenzÕs equations.   In the 1960Õs many believed with the (then!) 
supercomputers available, and our abilities to collect lots of data, that better weather 
forecasting was just around the corner.  While most were going to ever more and more 
complex models, Edward Lorenz of MIT wanted to see what a simplified problem would 
yield.  To make a long story short, he started with partial differential equations which 
describe the fluid motions of a convection roll of air in the atmosphere; cool air sinks, but 
as it falls it comes near the warmer ground, and then wants to rise again, thus making 
ÒconvectionÓ rolls of air which can rotate one way and then the other.  Then his major 
simplification was to keep only the first order terms in a Fourier expansion of the full 
solution.  The equations of motion of these coefficients are: 
 

bzxyz

yrxxzy

xyx

!=

!+!=

!=

&

&

& )("

 

which displays a characteristic butterfly-shaped attractor when we choose  
)28,3/8,10(),,( =rb!  which Lorenz made famous.  Lorenz soon realized that even this 

extremely simplified model was chaotic, and concluded that there must be little hope of 
making long range weather forecasts based on fuller models.  (YupÉthere is no work for 
you to do on #6!) 

 
6. Starting with LorenzÕs equations, I will pass you MatLab code that draws the 

following beautiful picture: 
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This problem simply asks you to learn how to run the MatLab code I pass you, and 
therefore reproduce a picture similar to the above, called the 3-D "phase portrait." 
 
7. Now modify this MatLab program (under a new name!) so that it will plot a time-

series.  Plot a time-series for x(t), another time-series for y(t), and a third for z(t), 
for THE SAME data used to produce your 3-D phase portrait above. 

8. Choose an initial condition whose x-value differs by 8
10

!  from the values used 
above, but the initial y and z values are the same, and then integrate.  Plot both x 
time-series produced on the same picture (in different colors!)  What happens 
once a difference shows-up?  Would the same thing happen if you had chosen a 
much smaller initial x variation?  What is the name of the property which 
describes this phenomenon? 

9. Successive Maxima Map: Lorenz had a suprisingly simple idea which actually 
worked which ends-up showing that the 3rd order Lorenz differential equation can 
be closely related to the  material you studied concerning one-hump maps (e.g., 
the logistic map, the tent map, etc.)  Inspect your  z-time series solution, circle all 
LOCAL maxima, and index them left to right, thus naming an infinite list of 
numbers at discrete (albiet not uniformly spaced) times.  I want you to do this by 
hand to your z-time-series.  Make a table of z-values at local maxima, and the 
corresponding times.  What is surprising, is that in the long run the next maximal 
value IN Z seems to be a function ONLY of the previous maximal value.  In other 
words, there is some function f such that )(1 nn zfz =+ .  Given the table you just 
produced, you should be able to verify the veracity of this statement with a careful 
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hand drawing on graph paper.  The picture is the proof that he is on to something.  
This ÒtrickÓ is not expected to work in general, but works for a surprisingly wide 
range of real and physical systems. 

10. I will pass you MatLab code that integrates the Lorenz equations right up to each 
local maximal point in z(t), given initial condition (x(0),y(0),z(0)) as an input.  It 
then outputs the (x(t),y(t),z(t)) AT THE TIME t OF THE NEXT MAXIMA.  Use 
this code as your mapping routine inside a loop which iterates it to produce the 
following figure: 

 
11. Is there any evidence to support the existence of a period-3 orbit of this map?  If 

there is, what conclusions can you make concerning the existence of chaos in light 
of the Li-Yorke theorem?  

 
12. How would you define symbolic dynamics for this map? 
 
13. EXTRA CREDIT 5pts : Draw a numerically calculated bifurcation diagram of a 

range 0<b<3 values and x in analogy to the similar diagram you calculated for the 
logistic map. 
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Poincare' Section in General: 

 
A more general setting of PoincareÕ section maps is as follows.  Let )(xfx =& , n

Rx !  be 
an autonomous differential equation in n-dimensional Euclidean space.  Then PoincareÕs 
idea was to just consider the flowÕs piercings of a Òtransverse surfaceÓ which is called !  
(which will be n-1 dimensional).  The intersection is a point.  Considering all such 
intersections makes the so-called PoincareÕ map, !"!:F . 
 
Consider for example solutions of a differential equation in 2R .   An unstable spiral 
source z of the differential equation for example could be characterized by a sequence of 
numbers ,...},{ 210 yyy , which are (parameterized) points on a transverse surface to the 
flow.  If the sequence of numbers converges to z, then z is a stable.  In the figure above, 
we see the sequence of numbers marching away from z.    In general, the flow and the 
surface together make a map.  Considering that sequences of numbers are much easier to 
deal with than curves; such represents a big simplification, not to mention the reduction 
in dimension of the problem.  (Here from a 2-d flow to a 1-d map on !  which is here 
just a line.) 
 
 
14. Draw a two dimensional flow, and a surface of section !  which is a transverse 

line, such that the flow has a period-1 orbit of the PoincareÕ map on ! .  
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15. Extra Credit 3pts: Discuss the role of existence and uniqueness of solutions of 
the differential equation )(xfx =& , nRx !  so that the corresponding Poincare 
map !"!:F  is well defined. 

 
Just a few pictures for the roadÉÉ  
 

 
The stroboscopic surface of sections for your Duffing oscillator can be considered to be 
planes of fixed time snapshots every !2kt = , transverse to the flow in (t,x,y) space. 



Homework 3: A Link between Continuous and Discrete Models: PoincareÕ Section 
MA563 Dynamical Systems Prof Bollt 

 

 

The Rossler differential equations are another famous system which yield chaos, which 
are 

zcxbz

ayxy

zyx

)( !+=

+=

!!=

&

&

&

 

live in a 3-D phase space, and hence the surface of section must be a two dimensional 
manifold, as is the plane !  depicted above. 

 
 
 
 
 
 
 

 


