
Harold W. Ellingsen Jr.: Growth Functions for Finitely Generated Algebras.

This project is a continuation of the work of three previous REU groups. We can associate a growth function to
a finitely generated, finitely presented algebra. Its domain and codomain are the set of natural numbers. Such an
algebra is isomorphic as a vector space to a vector space whose basis consists of words in a finite alphabet such that
the product of two words in the basis is either in the basis or zero. The number of words of length at most n for
any natural number n is the value of a growth function at n. It turns out these functions are either polynomial- or
exponential-like functions. We can construct a directed graph whose vertices are basis elements of a certain length.
The cycle structure of this graph determines the type of growth function. We will restrict our attention to algebras of
the from F < x, y > /I where F is a field and I is an ideal of the free algebra F < x, y > generated by finitely many
words in x and y of the same length.

My 2012 group proved that the highest possible degree for polynomial growth is Z(d) = 1
d

∑
k|d φ(k)2d/k, where

φ is Euler’s phi function. This used a fact about de Bruijn graphs. The next step is to investigate how sharp this
bound is. This will involve constructing an undirected graph whose vertices are Z(d) the cyclic shift cycles of the
above undirected graph and trying to determine whether or not it is Hamiltonian. We know that it is Hamiltonian for
d ∈ {2, 3, 4, 5, 6, 7, 9, 11, 13, 15}. We used a computer program for the larger values of d. We know that the undirected
graph is not Hamiltonian for d even and d ≥ 4. We discovered a technique, which we called re-cycling, in which we
take two cycles from the directed graph and create two new distinct cycles. Replacing the original cycles with these
new ones as vertices in the undirected graph helps us to find a Hamiltonian path. The 2014 group formalized this
technique.

After reading the previous groups’ works, we will continue this investigation into the sharpness of the above bound.
This will also lead to questions about Hamiltonian graphs and the combinatorics and periodicity of words.
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