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Abstract

Braman [[1] described a construction where third-orderdenare exactly the set of linear
transformations acting on the set of matrices with vecterscalars. This extends the familiar
notion that matrices form the set of all linear transformiasi over vectors with real-valued
scalars. This resultis based upon a circulant-based temdtiplication due to Kilmeet al. [4].

In this work, we generalize these observations further bwirig this construction in its natural
framework of group rings. The circulant-based productsesais convolutions in these algebraic
structures. Our generalization allows for any abelian griureplace the cyclic group, any
commutative ring with identity to replace the field of reahmoers, and an arbitrary order tensor
to replace third-order tensors, provided the underlying is commutative.
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1 Introduction

Matrix multiplication is an example of aontracted product between two second-order tensors.
Namely, for two matricesA = (a;;) andB = (b;i,), whereA, B € R™*", their productC’ = AB
is defined as
Cik = Zaijbjk, or S|mply Cik = aijbjk. (1)
J

The latter notation was attributed to Einstein, where a sation is implied whenever two indices
appear exactly twice. With this notation, the inner prodafdwo vectorsu = (u;) andv = (v;)
is denoted byu;v; and the matrix-vector product of andu is denoted by;;u;. Itis possible to
extend this contracted product to higher-order tensotst lacks the closure property on odd-order
tensors (as the example on vectors showed). So, it is notbp@$s define a tensor multiplication
for odd-order tensors based on contracted product if wanethe closure property.

Recently, Kilmeret al. [4] proposed an interesting tensor multiplication for dharder tensors
based on circulant matrices. A standdrgcirculantn x n matrix A (seel[2]) is defined completely
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by its first row asu; ; = ag j—; = a;—;, where subtraction is done moduto

ago p—1 QAp—2 ... Qa1
‘ al aO an_l [P CL2

A = circ({ag,a1,...,an-1)) = : : : I @)
Ap—1 Ap—2 Ap—3 “e a

We view third-order tensorgl, B € R"*"*" as a sequence of matricegs= (Aj;) andB = (By),
where Ay, B, € R™ ™. Then, theircirculant productC = A % 1 is given by

Ag A1 Ao ... Ay By Co
Ay Ag A1 ... As By 4
: : : S A i )
Apn1 Apo Apz ... Aol [Bnat Ch-1

whereC = (C}) (viewed as a sequence of matrices) withe R™*". This tensor multiplication has
the important closure property lacking in a contracted povdnd allows a singular value decompo-
sition to be defined easily for third-order tensors (5ée M note that = (C}) is simply thecon-
volution between the two matrix sequencds= (A) andB = (By,), sinceCy, = . ., A, Bs.

By viewing a matrix as a sequence of vectors, we can use tbelant-based tensor multiplication
to define a tensor-matrix product similarly.

A fundamental fact in linear algebra states that the set>of, matrices is isomorphic to the set
of linear transformations over the vector sp&e A matrix A linearly maps a vecton to another
vector v through a matrix-vector produst = Au or v; = a;ju;, defined using a contracted
product. This observation is difficult to generalize for emtder tensors since the matrix-vector
product does not map a vector space to itself. Building onihik in [4], Braman[[1] proved the
following surprising property of third-order tensors: et of all third-order tensors form precisely
the set of linear transformations on a module (vector spaee ng) defined by second-order
tensors (matrices) with scalars from first-order tensoextfrs). In this sense, Braman’s result
recovered the fundamental isomorphism between matricgdiraear transformations on a vector
space (over a field). This answered one of the main questiosedpin [5]:to characterize exactly
the objects operated on by (third-order) tensors.

Braman’s construction relied on a set of carefully defineatdpcts between vectors (namely,
a ® b), between vectors and matrices (namely, X), and also the circulant product between
third-order tensors (namelyl x B) which also includes a product between third-order tenancs
matrices (namelyA ~ X). Figure[1 contains a description of these products and tieinitions
in [I]. Using these products, Braman proved that the set dfioes forms a unitary free module
with scalars that are vectors. Moreover, any third-ordesae is a linear transformation over this
module and any linear transformation over the module carepeesented as a third-order tensor.
An interesting diagonalization theorem for third-ordemders was also proved which recovers the
eigenvalue-eigenvector equations for diagonalizableiogst This answered another main question
posed in[[5]: to determine the singular or eigenvalues of tensors and to see if these are possibly
vectors rather than scalars.

In this work, we generalize Braman'’s result [1] in severaysvaFirst, we show that all of the
different products defined in the construction are, in fastvolutions in various group rings. This



product|| Z,-circulant matrix|| abstract convolution relevant group ring
a®b circ(a) - b axb V =Rg
aoX X - circ(a) ax X RG andVg

Ax X circ(A) - X Ax X T = Mg
AxB circ(A) - B AxB T = Mg

Notation: a, b are “vectors”, X is a “matrix”, A, B are “tensors”.

Figure 1. A comparison of tensor products defined by Brarhdnvhich is based on circulant
matrices, and our interpretation, which is based on comawis in group rings. The ingredients in
our construction are: an abelian groépa commutative rindR with identity, a group ringy = RG,

a matrix ringM = M, (R) (viewed also as a group rifgg), and a group rindl = Mg.

provides a unifying picture to Braman’s construction ondforder tensors. Then, we extend the
construction to arbitrary order tensors (beyond thirdeoydby viewing the set of tensors equipped
with addition and convolution product as a (commutativey nvith identity. This extends previous
constructions which defined the tensors over the field ofaeabmplex numbers. Our generaliza-
tion also allows the underlying circulant matrices to beegahized to anyabelian group-theoretic
circulant. Within our algebraic setting, we also identif@&dman’s clever choice of a basis for the
unitary free module of matrices, which is not the naturalsfs this group ring. Figurgl1 describes
the new interpretation in our framework of the tensor praslused in[[1].

This paper is organized as follows. In Sectidn 2, we desaeb®vant notation and algebraic
background which will be used throughout. In Secfibn 3, wa/jole a unifying view of Braman'’s
construction by defining a tower of group rings which forme tiatural setting for her construction.
Some additional products which arise naturally from theetioof rings are described in Section]3.1.
In Sectiori 4, we prove that the set of matrices is a unitasyinedule under a special scalar product
between vectors and matrices. In Seclibn 5, we show thaethaf sensors is isomorphic to the set
of module homomorphisms over the set of matrices. Finallgectiol 6, we show that the module
structure on tensors admits a particular form of tensoratiatization.

2 Preliminaries

Notation The Kronecker delta; ;. is defined to be if j = k and0 otherwise. We will adopt the
convenient Dirac notation for matrices. Hefg) will be used to denote a x 1 matrix (column

vector) which is one at positiohhand zero elsewhere. The correspondingn matrix (row vector)

will be denoted agk|. Thus,(j| X |k) denotes théj, k)-entry of an x n matrix X. As is standard,
the Dirac bracket (inner product) {g|k) = d;, while the outer produdlj) (k| is a matrix whose
(J, k)-entry is1 and the other entries are zero.

For a groupG and a ringR with identity 1r, thegroup ring RG is the set of all formal sums
>_geg 4gl9), Wherea, € R. Here, we use the notatidp) to denote a placeholder for the group
elementyg, which may also be viewed as the unit vector which is one onpoaition indexed by,
and zero elsewhere. 1If; is the identity ofG anda € R, thena|lg) is simply written as:. Also,
1Rr|g), for g € G, is simply denoted byg). The group ringRg is a ring under component-wise
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Figure 2: The group ring basidg) : g € Z,,} of V = RZ,,.

addition and convolution-like multiplication. More sp&cally, addition is defined as:

(Z aglg)) + (Z bglg)) = Z(a9+b9)|9>> (4)

g€y geg g€y

and multiplication is defined as:

O aglg)) « O_balh)) = > cxlk), wherec, = > agbp, (5)
9@ heg keg g,heg:
gh=Fk
where we let(alg))  (b|h)) = (ab)|gh), for a,b € R andg, h € G. This multiplication is simply a
convolution (with respect to the grou@) between the “sequenceg’andb. It is known thatRg is
a commutative ring with identity if and only R is commutative with identity and is abelian (see
[3], page 117).
Let R be a ring with identity. A(left) R-module 9t is an abelian group together with a scalar

multiplication o : R x 9t — 9t which satisfies the following axioms. For amyb € R and
X, Y € 9, we have:

ao(X+4+Y) = aoX+aoY (6)
(a+b)oX = aoX+boX @)
(axb)oX = ao(bolX). (8)

The moduleDt is calledunitary if there is an elemenitg € R so thatlg o X = X, for all X € 9.
9 is called afree module if there is a linearly independent §&t= {By,...,B,} C 9, so that
any elementX € 9 can be written a3~ _, a;, o By, for somea;, € R. Such a sef is called a
basis for 9t.

If 91, andMt, are modules over a ring, a functiony : My — My is anR-module homomor-
phismif for all X,Y € 9, anda € R:

VX +Y) = P(X)+y(Y) 9)
PaoX) = aoy(X). (10)
If R is a division ring, theny is called alinear transformation (see [3]). For a modulé), we

denote the set of aR-module homomorphisms frofit to itself ashomg (1) (also calledendo-
morphisms). Notehomg (901) is a ring under component-wise addition and composition apsn

Fact 1 (Ribenboim [6]) For a commutative ring R with identity, a group ring RG is unitary free
module. A natural basisfor RG is{|g) : g € G}, where|g) is shorthand for 1g|g).
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Figure 3: Tower of rings: the case whén= Z,,.

3 Tower of rings

We view Braman'’s constructiofl[1] in an algebraic framewiorlolving group rings.

1. LetG be an abelian grou@ of ordern.

The choice oiG determines the type of convolution or circulant used. Ad&ad choice is
the cyclic groupZ,, of ordern as used in[4,11].

2. LetR be a commutative ring with identity.

This choice reflects the underlying algebraic ring struetamd it generalizes the case where
R = R is the field of real numbers.

3. LetV be the group rindrg.
This is a commutative ring with identity whenev@iis an abelian group an is a commu-

tative ring with identity (se€ [3], page 117). A natural exgenhere isV = R™ which is the
n-dimensional vector space over the reals.

4. LetM be the matrix ringV/,, (R).
This ring admits two alternate interpretations:

() M = homg(V): M is the ring of all module-homomorphisms ovér(see [3], p330).
(b) M =2 VG: M is a group ring built from the rin§y and the abelian groug.



Note the matrix ring and the group ring interpretations areatgebraically equivalent since
the former is not a commutative ring while the latter is. Anstard example here &l =
M,,(R) or the set of» x n real matrices.

5. LetT be the group ringMG = homg(V)G.
A main example is the set of x n x n tensors over the reals.

We will denote a convolution in a group ring generically hyNote this generic construction can
be extended to arbitrary order tensors by letfiige acommutative ring of tensors with identity.

3.1 Induced products
We describe some additional products which are induced fhemings involved.

e The natural product among tensorslin= homg(V)G is simply their (convolution) product
in the group ring itself. This product recursively uses tbmposition map between module-
homomorphisms ilomg (V).

e A natural tensor-matrix product between element® ahdM can be defined as follows. Let
*: T x M — M be a convolution between an elemenflof homg (V)G and an element of
M = VG. This product recursively uses the module-homomorphisimraonV in a natural
way. Alternatively, we may view this tensor-matrix prodast the (convolution) product in
T sinceV is isomorphic to a collection of “constant” homomorphisfis, : v € V}, where
oyv(z) =v, forallz € V.

e A “scalar” product betweema = > a.|[r) € VandX = ) X,|s) € M is defined as a
mixed convolutiona o X = ax X, where

axX =) (D axXJlg), (11)
g

rs=g
and the produch, x X is a convolution inV (viewing a, € R asa,|1g) € V).

Remark: Braman [1] used a ring anti-isomorphisgof V (see [3], page 330) to define the scalar
product asa o X = ¢(a) » X, whereg (> aglg)) = >, aylg~1). This definition is equivalent
to ao X = X - circ(a) and reflects the transposition present in the matrix midgbn.

4 Unitary free module

We prove some properties showing the interplay between igima products involving vectors,
matrices and tensors, and show thlahas a vector space structure over the underlying ring.

Lemma?2 Foranya,b € Vandany X € M, we have
ao(boX)=(axb)oX. (12)
Proof By associativity of convolution, we have
ao(boX)=ax*x(bxX)=(axb)xX =(axb)o X, (13)

which proves the claim. O



Figure 4: Theransposed basis®B = {B, = |¢)(0| : g € Z,,} for the moduleM = VZ,, with scalar
productac X (used by Bramari [1]). A more natural but unsuitable basj$Big= |0)(g| : g € Zy}.

Lemma3 For anytensor 7" € T, vector a € V and matrix X € M, we have

Proof We use associativity and commutativity properties of curtian:

Tx(aoX)

which proves the claim.

Tx(axX)
(T xa)* X,
(axT)* X,
ax(Tx*X),
ao(T*X),

Tx(aoX)=ao(T*X).

by associativity
by commutativity

by associativity again

(14)

(15)
(16)

17)
(18)

(19)

O

A natural basis for the group ringl = VG is B = {Eg = ly|g) : g € G}, which in Dirac’s
notation isB, = |1g)(g|. But to show thafM is a free module under the scalar produci X,
Braman [1] showed that thansposed basis forM is more suitable.

Theorem 4 The group ring M together with the scalar product a o X is a free unitary (left) V-
module, wherethe basisis®B = {B, = |g)(1g| : g € G}.

Proof We verify the unitary module properties Bf = VG with the scalar producio X = a x X.

1. Scalar product distributes over vector addition:

ao(X+Y)=aoX+aoVY.

This follows by distributive law for convolution.

2. Scalar product distributes over scalar addition:

(a+b)oX =aoX +bolX.

This again follows by distributive law for convolution.

(20)

(21)



3. Scalar product satisfies:
ao(boX)=(axb)oX. (22)

This follows from LemmaR.
4. Scalar product possesses an identity element:
lyoX =1lyx X = X. (23)
This follows sincely is the identity element of the group riig= RG.

To show thatM is a free module, we show th& is a basis fofM. We prove that for any matrix
X € M, there are vectors, € V so thatX = ), a, o B,. We have

GIXIE) = (i1 (acx Bo)lk), by definition ofa, o By (24)
)4
= (Jl Z Z(ag)krlBg|i>, by definition of convolution (25)
l 7
= (1) (ag)w-110)(1gli), by definition of B, (26)
= (aj):- Z (27)
Thud], definea, so that(ay), = (¢| X|k). O

5 Isomorphism

In this section, we show that the set of tensBiis isormophic to the set of module homomorphisms
over the module of matricédl. As proved by Bramari[1], this generalizes the fundamemtahec-
tion between the set af x n matrices and the set of linear transformations oven-atimensional
vector space.

Theorem 5 Let G be an abelian group and R be a commutative ring with identity. Also, let V =
RG be a group ring and M = VG be a free module with the scalar product a o X = a x X.
If T = M,(R)G isthe group matrix ring, where M,,(R) = homg(V), then

T = homy(M). (28)

Proof First, we show any tensd € homg (V)G is a module homomorphism ovdf = VG. Let

A, B € VGandv € V. Then,T x (A + B) =T x A+ T x B holds since convolution distributes

over addition. Also’ x (v o A) = v o (T x A) holds by Lemma&l3. This shovs € homy (VG).
Next, we show any module homomorphidhe homy (M) has a representation as a tengos

T. By Theoreml#{B, = |g)(1g| : g € G} is a basis for the modulel. Now, letL € homy(VG)

be so that its action on the basis elemBptis defined by

L(Bp) =Y agno By, whereay, €V. (29)
g9€g

1Using the natural basiB, = |1¢) (/| in Equation[[Zb), yields the degeneragyX |k) = (> (@) pe—1)(jl1g). This
allows only the first row ofX to be defined.



Then, for anyA € M with A = Zheg ay, o By, we have

L(A)=L(> apoBy)=> L(anoBy) =Y ayoL(By), (30)

heg heg heg

sinceL is a module homomorphism ovbit = VG. Therefore,

L(By)lk) = Y ajuBjlk), by equation[(29) (31)
jeg
= > (ejn)ri-1Bjli), by definition of convolution (32)
jeg i€g
= > (ejn)kli), sinceB; = j)(lgl. (33)
j€g

S, define a tensof € homg(V)G, whereT' =}, - Ti|k) so that the action of the homomor-
phismT}, on the basis elemeft) of V is given by

Tr(1h)) = (e n)kl)- (34)

J
So,L(By,) andT * By, are the same homomorphism (or matrix), since for dach

(T*Bu)lk) = Y Thor (Bul€)) = Y Tro-1(|0)(1g10)) = Ti(|R)) (35)

leg leg

Therefore, using Lemmad 3, we have

TxA=Y Tx(anoBy)=> apo(T*By), =Y apoL(By) = L(A). (36)
heg heg heg

This completes the isomorphism betwéemng (V)G andhomy (VG). O

6 Diagonalization

This section shows that thegenvalues andeigenvectors of a tensor can be recovered provided we
are given a diagonalizing equation for the tensor. Althotightheorem does not provide a method
to diagonalize a tensor, it shows that there is a familiaeulythg eigenvalue-eigenvector equations
that can be extracted from the diagonalizing equation.

A module-homomorphisni. € homg(V) is calleddiagonal if for all basis elementsk) of
the group ringV, we haveL(|k)) = ¢ x |k), for somel;, € R. A tensorD € homg(V)G is
calleddiagonal if D =) __; Dy|g), with eachD, being diagonal. We use juxtaposition to denote
composition of maps.

geg

2Using the natural basiB; = |1¢)(j| in Equation[[3R), leads to the degenerddyBy,)|k) = (22 (@jn)ki-1)1g).



Figure 5: Tensor diagonalization and the eigenvalue-gggnr equations.

Theorem 6 Let 7 =3 Tylg), X = >, Xglg),and L =} Ly|g) betensorsin T. Also, assume
that £ isdiagonal with L, (|k)) = r,*|k). For k € G,let X(*) € M and Ly, ;. € V bethefollowing

formal sums:

X0 =37 X,(1k)lg). L= _ralg) 19 R
96 geg

If 7TxX =X« L, then
TxX® =L pox®,

for each k € G.
Proof Note for anyh, k € G, we have

(T * X))y, = Ty 1 Xy(k) =D Ty P = (T % X®)y,.

geg geg

On the other hand,

(X% L)n(k) = > Xpg1Lg(|k)), by convolution inT

9€eg

= ) Xpg-1(rg*|k)), by definition of
geg

= Z rg*x Xpg-1(|k)), sinceX;,-: is a homomorphism
geg

= ) rgx X}E’;),l, by definition of.x'(*)
9€g

= (L x X%, by definition of Ly .

This shows that” x X¥) = £, o X,
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(39)
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(41)
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7 Conclusions

In this work, we generalized Braman'’s woiK [1] where it wasvad that third-order tensors are
exactly the set of linear transformations over a module &atrny second-order tensors (matrices)
with scalars that are first-order tensors (vectors). Oueg#ization is based on viewing Braman'’s
construction in an algebraic framework involving grouggsn An advantage of this viewpoint is that
the different circulant products used id [1] arise natyralh multiplications in various group rings.
This is because convolution is the natural multiplicatioriiiese group rings and a circulant-based
tensor product is a convolution based on the cyclic gidup

In our generalization, we are able to allow any abelian grGujp replace the cyclic group
Z,, (which defined the convolution), any commutative ring witlentity to replace the fiel® of
real numbers, and arbitrarily high-order tensors to reptaadd-order tensors provided they form a
commutative ring. Within this algebraic setting, we also identified Biamis clever choice of the
basis for the module of matrices, which is not the naturaistfas the group ring.
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