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1 Introduction

A great deal of work has been done on what are generally called “linear preserver”
problems in Banach algebras. Such results demonstrate that a given linear map between
Banach algebras must preserve some structure - such as the norm, the spectrum, or
a subset of the spectrum - or that linear maps that preserve such structure must also
be multiplicative (see [11] and the references therein). Recently there has been a move
towards addressing these problems without the assumption of linearity on the map, and it
is shown that such maps are nonetheless linear and multiplicative or weighted composition
operators.

In [9], Kowalski and Stodkowski showed that, if A is a complex Banach algebra (not
assumed to be unital or commutative), then any map 7': A — C that satisfies 7'(0) = 0
and T(f) — T(g9) € o(f — g), where o(f) = {\ € C: f— X € A7'} is the spectrum
of f, is linear and multiplicative. Later it was shown by Molndr [14] that a surjective
map T C(X) — C(X), for a first-countable compact Hausdorff space X, that satisfies
o(T(f)T(g)) = o(fg) is a weighted composition operator, and, in particular, an iso-
metric algebra isomorphism if 7" is unital (i.e. 7'(1) = 1). Rao and Roy extended these
results in [15, 16]. Further work has been done analyzing maps between uniform algebras,
Lipschitz algebras, and more general semi-simple commutative Banach algebras that sat-
isty o, (T'(f)T(g9)) = or (fg), where o, (f) = {\ € o(f): |A| = ||f||} is the peripheral
spectrum of f (see [2, 4, 5, 8, 12]).

Most recently, work has been done analyzing other maps that polynomially pre-
serve the spectrum or peripheral spectrum in the sense o(p(T'(f),T(g))) = o(p(f,g)) or
o (p(T(f), T(g))) = o (p(f,g)) for some polynomial p(z,w). Rao, Tonev, and Toneva in
[17] showed that if a surjective map T': A — B satisfies o (T'(f) +T(g9)) = o (f + g) for
all f,g € A and also satisfies a criterion on the maximum modulus of sums of elements,
then T is an isometric algebra isomorphism. In [4], Hatori, Miura, and Takagi have more
generally classified certain polynomials for which o(p(T(f),T(g9)) = o(p(f,g)) implies
T must be an isometric algebra isomorphism. Generalizing further to norm conditions,
Lambert, Luttman, and Tonev [10] showed that a surjective, homogeneous map satisfying
IT(A)T(g)+1]| = ||fg+1]|l is an isometric algebra isomorphism, and Honma [6] has shown
that a surjective, unital map 7': C'(X) — C(Y') that satisfies | T(f)T(g) — 1| = || fg— 1|
must be an isometric algebra isomorphism.

More generally, Hatori, Miura, and Takagi have characterized maps T: A — B be-
tween semisimple commutative Banach algebras that satisfy r(fg—1) = r(T(f)T(g) —1)
for all f,g € A, where r(f) is the spectral radius of f. Denoting by dA the Choquet
boundary of A, we give the uniform algebra formulation of their theorem [3, Corollary
7.5].

Theorem. Let A and B be uniform algebras on compact Hausdorff spaces X, and Y,
respectively. If X € C\{0} and T: A — B is a surjective map satisfying |T'(f)T(g9)—A|| =
|fg—All for all f,g € A, then there ezists a homeomorphism ¢: 6B — dA, a continuous
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function n: B — {£1}, and a clopen set K C 0B such that

fle(y), yekK

T =n(y) x §
(D) =nty) {ﬁf(w(y))a y€0B\K

holds for every f € A and every y € 0B.

Rather than a pointwise characterization of the mapping 7', it is also possible to
characterize T' as an operator (not necessarily linear). We thus give in this work an alter-
nate characterization and a simplified proof of the above result and prove the following
theorem:

Main Theorem. Let A and B be uniform algebras on compact Hausdorff spaces X and
Y, respectively, and let A € C\ {0} and v = ﬁ If T: A — B is a surjective map, not
assumed to be linear, and

IT(HT()+ M =Mfg+ Al vV f.9€A4, (1)

then there exist an idempotent e € B, a function k € B with k2 = 1, and an isometric
algebra isomorphism T: A — Be ® B(1 — e) such that

T(f) = & (T(fe +4T(F)(1 =)
forall f € A.

We begin by providing definitions and notations required for the above results. The
set of peaking functions of a uniform algebra A is F(A) = {h € A: o, (h) = {1}}. If
h € A is a peaking function, then the set of points for which A takes the value 1 is called
the peak set of h and is denoted by P(h) = {x € X : h(x) = 1}. The set of peaking
functions that peak at a point zy € X are denoted by F,,(A) = {h € F(A): zo € P(h)}.
A point 2y € X that is the intersection of peak sets is called a p-point, and the set of
p-points is well-known to form a boundary for A, i.e. a set on which all functions f € A
attain their maximum modulus. A simple proof of this fact is given in [10, Lemma 5].
The set of p-points is the Choquet boundary of A, denoted by d A, which is dense in the
Shilov boundary, the smallest closed boundary of A. If X is metrizable, the Choquet
boundary is the minimal boundary of A under inclusion.

An essential tool used in results of this type is the following result due to Bishop:

Lemma 1.1. [1, Theorem 2.4.1] For every peak set E C X and every f € A with f|g # 0,
there ezists a peaking function h € F(A) such that P(h) = E and fh attains its mazimum
modulus exclusively on FE.

It is well known that the exponent of a uniform algebra, e* = {e/ : f € A}, consists
of invertible elements, and we now show that the peaking function h given by Bishop’s
Lemma can actually be chosen to be an element of e?.



Corollary 1.2. If E C X is a peak set, and f € A is such that f|g # 0, then there
exists h € F(A) N e such that fh attains its mazimum modulus exclusively on E. In
particular, h is invertible.

Proof. We will use the following inequality, easily verified with Rolle’s Theorem.
etV <z, Vre[27h1), Vn>2 (2)

Let E be a peak set and f € A such that f|g # 0. By Lemma 1.1 there exists h € F(A)

such that P(h) = E and fh takes its maximum modulus only on E. Choose n > 2 such
that (e’%) < HHfTh”” and define k = "1, Firstly, for all € X, |k(z)| = erBeh@)—1) <
eReh@)=1 < 1 since Re h(x) — 1 < 0. Also

1 =|k(z)] <= n(Reh(z) —1)=0 <= Reh(z)=1 < h(z) =1,

and thus 1 = |k(x)| implies k(z) = 1. Therefore k € F(A) and P(k) = P(h) = E.
Also for any = € X with || fh| = |f(z)h(x)|, we have x € P(h) = P(k), which implies
[FRll = [f)h(2)] = | f(2)k()] < | FE]-

Finally we show that fk attains its maximum modulus exclusively on E. Let x € X

M=

|[f@)k(@)| < [f@)h(@)] < |[fhl < [IfKI - .
) <
i1 i1

such that z ¢ P(k). Then = ¢ P(h) and —1 < Reh(z) < 1.
Case 1: L <Reh(z) < 1. Then |k(z)| = e"Beh®~1) < Reh(z) < |h(z)|, by (2), so
Case 2: Reh(z) < 2. Then Reh(z) — 1 < —2 and |k(z)| = (efe"@-1)" < (e‘
At Thus | f(@)k(2)] < [|FIYFE = 1 £Rll < I1FR
Since |f(x)k(x)| < ||fk| for all z ¢ P(k) = E, fk attains its maximum modulus
exclusively on E.

2 Reduced Norm Condition

In order to prove the main theorem, we first analyze surjective maps that satisfy

17T (9) + 1 = [l fg + 1], (3)

and this will be used to prove the general case.

Lemma 2.1 (Identification Lemma). Let A be a uniform algebra on a compact Hausdorff
space X and f,g € A. If ||fk+ 1|| = ||gk + 1|| for all k € A, then f = g.

Proof. Suppose that ||fk + 1|| = ||gk + 1| for all £ € A but that f # g. Then there
exists g € 0A such that f(zg) # g(xo).

We prove two cases. First suppose that |f(x)| < |g(zo)|. Then there exists a neigh-
borhood V' of zg such that |f| < |g| on V. By Corollary 1.2 there exists h € F,,(A) such
that P(h) C V and gh and fh attain their maximum moduli only on P(h), and note
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that, since |f| < |g| on V, || fRh]| < ||gh|. Let 2’ € P(h) be such that |g(z’)| = ||gh]|, and
suppose that g(z') = re?. Then

lghll + 1= [|g (e7*h) + 1 = ||f (e7h) + 1|| < [IfR] + 1 < [lgn]l +1,

a contradiction.

In the second case, |f| = |g| on 64 and f # g. Since f(xq) = re?, we have that g(xq) =
re? for some v # 0. Since f and g are continuous, there exists an open neighborhood V'
of g, such that f(V)Ng(V) = 0. By Corollary 1.2 there exists h € F,,(A) such that
P(h) C V and fh attains its maximum modulus only on P(h). Since |f| = |g|, gh also
attains its maximum modulus only on P(h). Let 2/ € P(h) be such that |f(z)] = ||fh/l,
and suppose that f(z') = ce™. Then, since g(z) # ce for any x € V|

lghll + 1 = [IfR] + 1= ||f (e7"R) +1|[ = ||lg (e7"h) +1|| # lgh| + 1,

a contradiction. Thus f = g.

Note that the proof requires the condition be met only for all k of the form k = eh
with 6 € [0,27) and h € F(A)net C A~

In the remainder of this section we assume that T: A — B is a surjective map
satisfying (3).

Lemma 2.2. The map T satisfies
(a) T is injective,
(b) fe A7l if and only if T(f) € B™Y, and
(c) o(T(i)) C {xi} and o(T'(—i)) C {£i}.

Proof. Suppose T'(f) = T(g) for f,g € A. Then
IfE+ 1 = IT(NHT k) + 1| = T (g)T(k) + 1| = llgk + 1]

for all k € A. By the Identification Lemma 2.1, f = g, which proves (a). Since T is bijec-
tive, there exists a well-defined, bijective map T—': B — A such that || T-'(f)T'(g) +
1] =|lfg+1| forall f,g € B.

Let f € AL Then 0 = [[(f) (—f~) + 11| = IT(f)T (—f~) + 1] Thus T(f)T (—f1) =
—1, which implies that T'(f) is invertible and

T(f) ' =-T(-f"). (4)

A similar argument applied to 7! completes the proof of (b).
Lastly, notice that

0= =1+ =" +1 =T +1,

which shows that T'(i)> = —1. Thus o(T(i)) C {£i}. A similar argument holds for
T(—1), proving (c).



A mapping T is called norm-multiplicative if it satisfies || fg|| = ||T'(f)T(g)| for all
f,g € A. Following an argument similar to that of Honma [6, Lemma 3.3], we next show
that T satisfies the norm-multiplicative property when at least one of factors is invertible.

Lemma 2.3. For all f € A and g € A7 |T(/)T(g)|| = [Ifgll and |T(H)] = I /1]

Proof. Let g € A~! and K,, = T(—ng)T(g)~*. Then
1) =1 < || Ko = 1] = I T(=ng)T(9)~" = 1| = |T(=ng) (-=T(9)™") + 1.
By (4), =T(g)™' =T (=g7"), s0
17 (=ng) (=T(9)™") + 1| = [T(=n9)T (=g7") + 1]| = [[-ng (=g7") + 1| =n +1.
Thus ||[K,|| <7 +2. Let f € A, then

nllfgll =1 < |lfng =1 = If(=ng) + 1| = |T(F)T(=ng) + 1| < |T(/)T(—ng)ll +1
= |TNET(9 + 1 < ETHT 9N +1 < (n+2)[T()T ()] + 1.
Simplifying yields

")+ 2,

1f9ll <
n

which shows that ||fg| < [|T(f)T(g)| by letting n — oo. A similar argument with 7~
shows that |[T(f)T(g)|| < |Ifgll, yielding ||fg|| = |T(f)T(g)||. The second assertion
follows immediately noting that |7°(i)| = 1.

Lemma 2.4. Forall f € Aand g€ A, 1 € o.(T(f)T(g)) if and only if 1 € o.(fg).
Proof. Suppose that 1 € o, (T'(f)T(g)). Then

ITNHT I+ 1 =TT (9)+ 1 = [lfg+ 1 < Ifgll +1 = ITHT (I + 1,

where the last equality holds by Lemma 2.3. Thus || fg|| + 1 = ||fg + 1|, which, along
with ||fg]| = 1, implies 1 € 0,(fg). The other direction follows similarly.

Lemma 2.5. Foralla,3 € C and ally €Y,
(a) [T(a)(y)| = |,
(b) ReT(a)(y)T(B)(y) < Reaf,
(c) T(—i) = =T(i), and
(d) T(1)? =1.

Proof. Take a € C and y € Y. If @ = 0, by Lemma 2.3, T(0) = 0. Otherwise a € A™!

and |a~ ! = ||t so

T(e) " ) < IT(e) M = | = T(=a Il = o] = |a| ™"
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Thus |af < [T(a)(y)| < |T(a)| = |al, proving (a).

Now for all a, 8 € C,|T(a)(y)T(B)(y)+1| < || T()T(B)+1|| = |af+1]|. Squaring both
sides gives (Re T'(a)(y)T(8)(y) + 1) + (Im T()(y)T(8)(y))* < (Reaf +1)* + (Im /3)?
which yields |T'(a)(y)[*|T(8)(y)|* + 2Re T(a)(y)T(8)(y) < |af’|8° + 2Reaf. Thus (b)
follows, since |T'(«)(y)| = |«| and |T(B8)(y)| = |5]-.

From Lemma 2.2 (¢), o(T'(z)) C {%i}, and o(T(—i)) C {&i}. By examining the cases
we get T(() (')() y) = T(i)(y) or T(—i)(y) = —=T(i)(y) for all y € Y. In fact, if we define
E = =TUTEY then

L if T(=i)(y) = T(i)(y)
0 if T(—=i)(y) = =T(i)(y).

The lemma follows if £ = 0. Suppose E # 0 then ||E|| = 1. Clearly T'(i)E = T(—i)E. Let
e=T"YT@H)E) and \ € a,r_( e). Since 1 = H@H llel|, A =1 and 1 € o-(Ae). Applying
Lemma 2.4 gives 1 € UW(T()\)T_(B)) = UW(T()\)T(i)f_?), ie. 1=T\)(y)T(i)(y) for some
y € P(E). By (b), 1 = ReT(A\)(y)T(4)(v') < ReXi = ImA. Thus o.(e) = {\} = {i}.
This gives 1 € o.(—ie), so by Lemma 2.4 1 € o,.(T(—i)T(e)) = o.(T(—i)T(—1)E) =
o.(—FE) = {—1}, which is a contradiction, proving (c).

By (0), ReT(1)(y)T(i)(y) < 0 and —ReT(1)(y)T(i)(y) = ReT(1)(y)T(—i)(y) < 0
and so ReT'(1)(y)T'(i)(y) = 0 for all y € Y. Since T'(i)(y) =i or —i, ImT'(1)(y) = 0, so
(d) follows from (a).

E(y) =

Lemma 2.6. If T(1) =1 and T(i) =i, then T(a) = « for all a € C.

Proof. By (4), T(—1) = —1, and by Lemma 2.5 (¢), T'(—i) = —i. Applying Lemma 2.5
(b) successively with =1, —1,4, —i yields

ReT(a) < Rea —ReT(a) < —Rea

ReiT(a) < Reia —ReiT(a) < —Reiq,
which imply ReT'(a) = Rea and ImT'(«r) = Im av.

Lemma 2.7. Under the hypotheses of Lemma 2.6, o (f) = o (T(f)) for all f € A.
Furthermore, T(F(A)) = F(B).

Proof. Let @ € C\ {0}. By Lemmas 2.4 and 2.6, 1 € o,(a"'f) if and only if 1 €
or(T(aNT(f)) = ox(a 'T(f)), which implies « € o, (f) if and only if a € o, (T(f)).
Since this clearly also holds for & = 0, 0 (f) = o (T'(f)) for any f € A. That T(F(A)) =
F(B) follows immediately.

By [10, Theorem 1], if T" is surjective, norm multiplicative, and T(F(A)) = F(B),
then there exists a homeomorphism ¢: 0A — §B, given by

hEF(A)



satisfying
IT(f) (@) = f(z)] VxedA (6)
Lemma 2.7 gives T'(F(A)) = F(B). It was only shown in Lemma 2.3 that 7" is
norm-multiplicative when one of the factors is an invertible function, but this is, in fact,
sufficient for the proof in [10] to be valid. These results lead to the following lemma,
which is a special case of [3, Corollary 7.5], provided here with an alternate proof.

Lemma 2.8. Let A C C(X) and B C C(Y) be uniform algebras. If T: A — B is a
surjective map, not assumed to be linear, that satisfies T(1) = 1 and T'(i) = i, and (3),
then T is an isometric algebra isomorphism.

Proof. Since T satisfies the hypotheses of [10, Theorem 1], the homeomorphism ¢ in (5)
exists and satisfies (6). We show that 7" is an isometric algebra isomorphism by proving

T(f)(p(x) = f(x) (7)

for all x € A and f € A.

Let x € 0A, f € A, and suppose that T'(f)(p(z)) = 0. Then f(z) = 0 by (6), and,
since the converse also holds, T'(f)(¢(x)) = 0 if and only if f(x) =

Now suppose that f(z) # 0, and let V' be an open neighborhood of x. Then, by
Corollary 1.2 there exists an invertible h € F,(A) such that fh attains its maximum
modulus only on P(h) C V, and therefore also 21 € P(h) such that f(z1) € o.(fh).
Letting o = f(x) yields 1 € o,(fa'h), so, by Lemma 2.4, 1 € o.(T(f)T(a"'h)). Thus
there exists 2 € dA such that

L=T(f)((2))T (e h)(p(x2)) (8)
and by (6), 1 = |f(ze)a  h(xs)|, so || fh] = |a| = |f(x2)h(xs)|. Since fh attains its
maximum modulus only on P(h), 5 € P(h). Therefore

T(a™ h)((22))] = la™ h(x2)| = la~'| = o™ ]| = [T (e~ R,

which implies T(a™'h)(p(xs)) € ox(T(a™h)) = o.(a'h) = {a'}, using Lemma 2.7.
Thus (8) becomes oo = T'(f)(p(x2)), i.e. f(z1) =T(f)(p(z2)). So for every neighborhood
V of = there exist 1, xo € V such that f(z1) = T'(f)(p(z2)). By the continuity of f, T'(f),

and @, T(f)(¢(x)) = f(z).

We return to analyzing T° without assuming it preserves 1 and ¢. This is done by
constructing a transformation of 7' that preserves both 1 and ¢, which will prove the
Main Theorem in case where A = 1.

Theorem 2.9. Let T: A — B be a surjective map that satisfies ||T(f)T(g) + 1| =
|\fg+1]|| for all f,g € A. Then there exist an idempotent e € B and an isometric algebra
isomorphism T: A — Be ® Be' such that

T(f) = T(1) (T(fe +T(f)e) (9)
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forall f € A, where e =1 —e.

Proof. Note that ¢’ is also idempotent and ee’ = e¢(1 — €) = e — ¢? = 0. This property
allows B to be written as the internal direct sum (as rings) of the ideals Be and Be'.
Also Be @ Be' C C(Y) is clearly a uniform algebra on Y.

Let e = %, then a direct computation, using Lemmas 2.5 (d) and 2.2 (¢),
verifies that e is an idempotent. Define T: A — Be & Be' by

for all f € A.

To see that T is surjective, take k € Be® Be'. There exists ki, ks € B such that kje+
ko€’ = k. Since T is surjective, there exists h € A such that h = T~ (T'(1) (kie + kq€')).
Then

T(h)="1T(1) (T(h)e + T(h)e’) =T(1) <k162 + koe'e + kiee’ + k,‘Qe’Q) = kie + ko',

Also, since ( ) T(1

nd T(i) = —T(i) by Lemmas 2.5 (d) and 2.2 (¢), T(1) =
T(l)(T T(1)€') 2le+e

)

T(1 'Y =1 and

=T(1)(TG)e+T@)e) = T(1)(T(i)e — T(i)e') = T(1)T(i)(2¢ — 1)
=T()T@)(—)T(1)T(i) = —iT(1)*T(i)* = —i(1)(—1) = i.

~—

Moreover, T satisfies the norm condition (3). To see this, note firstly that 7" satisfies
(3), but also [7(/) (1) T(9) (1)+1] = [T(£)(4)T(9)(y)+1] or [T())(5)T(g)(5)-+1] depending
on whether e(y) = 1 or efy) = 0. Since [T(7)()T(9)(s) + 11 = T + 11
I fg+ 1 = [|T(f)T(g) + 1] for all f,g € A. Thus, by Lemma 2.8, T is an isometric
algebra isomorphism onto Be @ Be'. To finish the proof note that T'(f)e = T(1)T(f)e
and T(f)e/ = T(1)T(f)e’. Thus

T(1) (T(f)e + T(f)e') = TO)(TOT(f)e + TOT()e)
— T(L2T(f)(e +¢) = T(f)

which justifies (9) and completes the proof.

3 Main Theorem

We will now prove the Main Theorem using the reduced norm condition result of the
previous section.

Theorem 3.1 (Main Theorem). Let A and B be uniform algebras on compact Hausdorff

spaces X and Y, respectively, and let X € C\ {0} and v = ﬁ IfT:A — Bisa

surjective map satisfying || T(f)T(g) + M| = ||fg+ Al|| for all f,g € A, then there exist an
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idempotent e € B, a function k € B with k?> = 1, and an isometric algebra isomorphism
T: A — Be® Be' such that

T(f) = (T(fe +1T (1))
forall f € A, where e’ =1 —e.

Proof. Choose « such that o = A, and define T'(f) = a 'T(af). Since « is invertible,
T’ is surjective, and | T"(f)T"(g9) + 1| = ||a 2T (af)T(ag) +1|| = ‘—i|||T(af)T(ag) + Al =
|—/1\|H042fg + Al = |Ifg + 1||]. By Theorem 2.9 there exist an idempotent e € B and an
isometric algebra isomorphism 7': A — Be @ Be’ such that T(f) =k <T(f)e + T(f)e’),
where k = T"(1). Thus

T(f) = aT'(a”'f) = ar (T(a™ " fle + T(a=' )¢
=K (T(f)e + o@flﬁe) =K (T(f)e + ’7%6’)

From the formula given for T', it is clear that T is an R-linear isometry. Also using this
formula, we may give sufficient conditions for T" to be an isomorphism or the conjugate
of an isomorphism.

Corollary 3.2. Let A and B be uniform algebras, A\ € C\{0}, and T: A — B a surjective
map such that

ITCHT(g) + All = 11fg + All

forall f,g e A. If
(1) T(1) =1 and T(i) = i, then T is an isometric algebra isomorphism.
(2) T(1) =1 and T(i) = —i, then T is a conjugate-isomorphism.

Proof. Theorem 3.1 implies T'(1) —iT'(i) = k(e + ve') — ik(ie — yie') = 2ke. In the first
case, 2 = T(1) —iT (i) = 2ke implies e is invertible and thus e = 1, since it is idempotent.
Then ¢ = 0,5 = 1 and T(f) = T(f).

In the second case 0 = T'(1) —iT'(i) = 2ke, which implies e = 0, since & is invertible.

Thus ¢ = 1 and T(f) = syT(f), but T(1) = 1 additionally requires that sy = 1 so
T(f) = T(f). Since o(k) C {£1}, k7 = 1 requires that either k =1 =y or K = —1 = 7.
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