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Abstract

We examine several versions of the notion of “emergence” in the con-
text of random Boolean networks. Certain properties of the behavior of
these networks have often been claimed to be emergent. We discuss the
strengths of these claims under different interpretations of emergence and
different standards of mathematical proof.

1 Introduction

“Emergence” is a term from dynamical systems theory that, like the related
term “complexity,” seems to have a variety of meanings. We will discuss some
of these meanings, first in the general context of dynamical systems theory, and
then for a specific class of dynamical systems known as agent-based models,
where the term may have some utility.

A dynamical system is described by a pair (S, R), where S is its set of states,
and R is the rule defining the state transitions. The rule can be deterministic,
nondeterministic, or probabilistic. For example, the state of a Boolean network
is specified by the values of its nodes, the functions assigned to the nodes, and
the connections between the nodes. In Kauffman’s random Boolean networks
[10], all of these features are chosen randomly at the start, but once chosen, the
functions and connections stay fixed. Therefore only the values of the nodes
change during a transition, and since the next value of each node is uniquely
specified by the present values of its input nodes, Kauffman’s Boolean networks
are deterministic. On the other hand, the Boolean networks of Derrida and
Pomeau [4] are probabilistic because the functions and connections are randomly
chosen at each step.



We propose the following as a strict definition of emergence.

Definition 1. Let P be a proof system. An emergent property of a dynamical
system (with respect to P) is a property that is not a logical consequence of the
definition of the system.

Proofs of emergence thus belong to metamathematics, since they are proofs
of unprovability, and as Professor Malaterre points out, such proofs are very
rare.

To give an example of an emergent property that has a perhaps superficial
relation to questions about stability and order, take any class of dynamical sys-
tems that has the capability of universal computation, such as Turing machines
or cellular automata and any consistent proof system in which the transition
rules can be defined, and consider the property that the system halts on every
starting state. Halting may be regarded as a very strong form of stability, where
every component in the system eventually stops changing. It follows from stan-
dard arguments about Turing-recognizability that there are systems for which
this property is emergent. Thus we have an emergent property involving sta-
bility. This argument could not work for the Boolean networks of Kauffman
and Derrida and Pomeau because nodes are never created once a network be-
gins operation, and therefore it can only reach a finite number of states from
any given starting state. But if the transition rules included the possibility of
adding nodes, then Boolean networks with the capability for simulating univer-
sal computation could be defined, and certain forms of ordered behavior would
be emergent. Of course, these examples of emergence would be very artificial,
and it seems unlikely that any property that is provably emergent in the strong
sense would have biological relevance.

Even though examples of strict emergence are very uncommon and the
known examples are not interesting from a scientific viewpoint, biologists still
use the term frequently, albeit casually, and some even claim that it is a useful
notion. We will describe one such version of emergence that is often applied to
agent-based models. An agent-based model is a type of dynamical system where
states consist of populations of agents or individuals, with structural relations
imposed on the agents. The structural relations can pertain to the individuals
themselves or to pairs of individuals, triples, and so on. Boolean networks are
agent-based models, where the nodes are the agents, and the structural relations
are the Boolean functions assigned to the nodes and the connections between
the nodes. Grimm and Railsback [8] propose the following criteria for emergent
properties of agent-based models:

e Emergent properties are not just the sum of the properties of the individ-
uals.

e Emergent properties are of a different type than the properties of the
individuals.

e Emergent properties cannot be easily predicted from the properties of the
individuals.



Admittedly, these criteria are not precise, but Grimm and Railsback claim that
emergence is a meaningful concept that can lead to better understanding of
behavior.

When scientists design a model to explain some form of behavior, they can
either impose the behavior explicitly on the individuals, or they can try to model
the true actions of the individuals and hope that the desired behavior emerges.
In general, the latter approach results in more complex models, and poses the
problem of explaining the emergent behavior.

Grimm and Railsback give numerous examples of both approaches in ecology,
but the same principles apply to any domain where agent-based modeling is
used.

According to the criteria above, the existence of a critical connectivity K for
random Boolean networks is emergent. It is certainly difficult to derive from the
properties of the nodes. Kauffman hypothesized K, = 2 and made several other
conjectures about ordered and chaotic behavior of random Boolean networks
in the late 1960’s [9], but it was not until 1991 when Luczak and Cohen [11]
published the first mathematically rigorous proofs of any of Kauffman’s claims,
and strictly speaking, the question of existence of a critical connectivity is still
not completely resolved.

In addition to being unexpected, the existence of a critical connectivity il-
lustrates significant differences in outlook between two scientific communities.
Derrida and Pomeau [4] proved K. = 2 for the annealed version of Boolean
networks, and then extended it by analogy to Kauffman’s quenched model. The
analogy is that in the thermodynamic limit the two models show similar be-
havior. More specifically, for any time ¢, as the number of nodes N — oo, the
behavior of a given node at time ¢ is asymptotically the same in both mod-
els. Although this is true for fixed ¢, what really needs to be shown is that, as
N — oo, for all t, the behavior of a given node at time ¢ is asymptotically the
same in both models.

There is now a substantial body of analytic work, mostly by physicists such
as Derrida and Pomeau, on random Boolean networks. There is a much smaller
body of work by mathematicians. Luczak and Cohen (who cited Derrida and
Pomeau) proved that Kauffman’s K = 2 networks exhibited certain forms of
stable behavior. They left open some questions about other forms of ordered
behavior, in particular the conjectures that the average limit cycle size was
on the order of v N when K = 2, and that K > 2 was the onset of chaotic
behavior. The first conjecture was later shown to be false: the average limit
cycle size when K = 2 grows faster than any polynomial in N [12]. There are
some results indicating that networks with K > 2 are not as stable as networks
with K < 2 [13], but they fall short of proving long-term chaotic behavior.
Thus the picture is more complicated than originally supposed, and it is not yet
complete.

A fundamental question is whether the results about Boolean networks ex-
trapolate to real genomic networks. Here the picture is more uncertain. The
review by de Jong [3] and the book by Bower and Bolouri [2] give an idea of the
variety of more complex models of genomic and metabolic networks. It is not at



all clear when and if more complex models are better than Boolean networks for
capturing essential features of biomolecular systems. There are some arguments
that, at least in some cases, the Boolean formalism is adequate [1, 7], provided
nodes with different numbers of connections are allowed.

Analysis of more complex models is more difficult, of course. Again, the
physicists have led the way. Professor Malaterre mentioned the work by Solé,
Luque, and Kauffman [16] on networks contructed from multivalued logic nodes.
Other authors have investigated how different probability distributions on the
Boolean functions assigned to nodes and the connectivity between nodes affect
the critical connectivity [6, 14, 15]. Most of their arguments rely on mathemat-
ically unwarranted assumptions like the thermodynamic limit analogy and the
mean-field assumption, which essentially says that a population of diverse in-
dividuals behaves like a homogeneous population of average individuals. Other
than the citations already listed and several related papers, there seem to be
very few mathematically rigorous papers analyzing extensions of the basic ran-
dom Boolean network model.

Finally there are the meta-theoretic questions of whether the informal notion
of emergence as used by biologists and physicists can be defined more precisely,
and whether that would be useful. Perhaps the best view of emergence is that it
is simply a way of identifying challenges to scientists, and progress occurs when
a property formerly regarded as emergent is no longer regarded as such. As
stated by di Paolo, Noble, and Bullock [5], “For a simulation model to be of any
use, both obvious and nonobvious patterns must be explained and not brushed
under the carpet of emergence as this amounts to an admission of failure.”
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